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Abstract

This Master's thesis studies the Conjugacy Problem for extensions of Heisenberg groups from the per-
spective of Algorithmic Group Theory. After introducing the three-dimensional Heisenberg group Hs, the
work develops an explicit description of its endomorphisms and automorphisms, proving that Aut(Hs) =
72 x GLy(Z). Using these structural results, the thesis solves both the Conjugacy Problem and the Twisted
Conjugacy Problem for Hs, and proves that Aut(Hs), as well as every finitely generated subgroup containing
the inner automorphism group, is orbit decidable. Applying the Bogopolski-Martino—Ventura theorem, this
yields solvability results for the Conjugacy Problem in many extensions of H3. The thesis then generalizes
these methods to higher-dimensional Heisenberg groups H.», obtaining both positive and negative results
on orbit decidability for subgroups of the automorphisms group as well as on the Conjugacy Problem in
some of their extensions.
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1. Introduction

The study of Algorithmic Group Theory started more than a hundred years ago with the famous three
Dehn Problems (see the seminal paper [12]), namely the Word Problem, the Conjugacy Problem and the
Isomorphism Problem:

Word Problem, (WP(G)): For a finite presentation G = (X | R), given a word on the generators
w € F(X), decide whether w represents the trivial element in G, w =¢ 1.

Conjugacy Problem, (CP(G)): For a finite presentation G = (X | R), given two words on the generators
u,v € F(X), decide whether u and v represent conjugate elements in G, u ~¢g v.

Isomorphism Problem, (IP): Given two finite presentations, (X | R) and (Y | S), decide whether they
present isomorphic groups, (X | R) ~ (Y | S).

Although Dehn wrote his three problems with a clear intention to encourage the mathematical com-
munity to study and solve them as central points for the future theory, one of the first major developments
was done by Novikov [18] in 1955 and Boone [4] in 1958, showing that the Word Problem, and so the
Conjugacy Problem as well, are unsolvable in the sense that there does not exist any Turing machine able
to solve them. Soon, Adian [1] and Rabin [20] got the same result for the Isomorphism Problem.

These negative results redirected the field towards identifying broad classes of groups where these
problems remain solvable.

The present project aims to contribute in this direction, focusing on the Conjugacy Problem in close
relation with two more modern algorithmic problems: the Twisted Conjugacy Problem and the Orbit
Decidability Problem.

Let G be a group and ¢ € Aut(G), g — gy, be an automorphism. Two elements u, v € G are said
to be ¢-twisted conjugated, denoted u ~, v, if there exists x € G such that v = (xp)"Lux. It is easy to
see that ~, is an equivalence relation on G (which coincides with the usual conjugation when ¢ = Id).
This variation of standard conjugacy was first introduced by Reidemeister [21] back in 1936, with clear
topological motivations related to Nielsen Fixed Point Theory. The corresponding algorithmic problem is
the following generalization of the Conjugacy Problem:

Twisted Conjugacy Problem, (TCP(G)): For a finite presentation G = (X | R), given an automorphism
¢: G — G (by the images of generators), and two words on the generators, u, v € F(X), decide whether
u and v represent p-twisted conjugate elements from G, i.e., u ~, v.

Of course, CP coincides with the particular case of TCP with ¢ = Id; so, a positive solution to TCP(G)
immediately gives a positive solution to CP(G) (which automatically gives a positive solution to WP(G)
as well). However, as one might expect, in an arbitrary group G, twisted conjugacy classes may be much
more complicated to understand than standard conjugacy classes. For instance, in the case of free groups,
CP(F,) is very easy both conceptually and computationally, while TCP(F,) is known to be solvable but
much harder in both senses; see [6, Thm. 1.5]. Also, similarly to the classical result stating the existence of
a finitely presented group G with solvable WP(G) but unsolvable CP(G) (see, for example, [16]), there is a
more recent result stating the existence of a finitely presented group G with solvable CP(G) but unsolvable
TCP(G); see [7, Cor. 4.9].

In [6], Bogopolski-Martino—Maslakova—Ventura solved the Conjugacy Problem for free-by-cyclic groups,
CP(Fn x4 Z). The proof had two clearly separate ingredients: firstly a positive solution to the Twisted
Conjugacy Problem for free groups, TCP(F,), and, secondly, a result from Brinkmann [8] providing an
algorithm to decide, given an automorphism ¢ € Aut(F,), and two elements u,v € F,, whether v is
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conjugate to some iterated image of u, i.e., v ~ uapk, for some k € Z. On the other hand, more than 30
years earlier, Miller [16] already studied the much bigger family of free-by-free groups, and showed that the
Conjugacy Problem is unsolvable within that framework.

Few years after the publication of [6], Bogopolski-Martino—Ventura [7] realized that, in their solution to
CP(Fn x4 Z), the case where the two inputs belonged to outside the normal subgroup F, (i.e., u,v & F,)
boils down to TCP(F,), while the opposite case (u, v € F,) corresponded directly to Brinkmann's result
(note that if u € F, and v & F,, or viceversa, then they automatically cannot be conjugate to each other).
This pattern happened to be much more general: in the free-by-free group G = F, Xy, . o, Fm, the
decision on whether two elements u, v € F, are conjugated to each other in G boils down to TCP(F,),
while deciding whether two elements u, v € F, are conjugated to each other in G, becomes a much harder
problem than Brinkmann's one (and mandatorily sometimes unsolvable, according to Miller's result [16]).
Much beyond this family, the main result in [7] is the following one, exactly in the same spirit, but applying
to any (non necessarily split) algorithmic short exact sequence of groups:

Theorem 1.1 (Bogopolski-Martino-Ventura, [7]). Let 1 — F —% G 5 H 1 be an algorithmic
short exact sequence of groups such that (i) F has solvable twisted conjugacy problem; (ii) H has solvable
conjugacy problem; and (iii) for every 1 # h € H, the subgroup (h) has finite index on its centralizer
C(h), and there is an algorithm which computes a finite set of coset representatives, zp1, ..., zpt, € H,
Cr(h) = (hyzp1 U---U (h)zny,. Then, the following are equivalent:

(a) the conjugacy problem for G is solvable;
(b) the conjugacy problem for G restricted to F is solvable;
(c) the action subgroup Ac = {pg|g € G} < Aut(F) is orbit decidable.

Here, the action subgroup associated to a short exact sequence, Ag, is just the set of restrictions to
F <G, namely ¢z: F — F, of the inner automorphisms of G, namely v,: G — G, x — g~ !xg (note that
(g is not, in general, inner as automorphism of F; we can only say that Ag < Aut(F)). Finally, the notion
of Orbit Decidability is crucial:

Orbit Decidability Problem, OD(A): For a finite presentation G = (X | R) and a group of automor-
phisms A < Aut(G), given two words on the generators u,v € F(X), decide whether the corresponding
elements u,v € G can be mapped to each other by some automorphism in A, i.e., whether there exists
o € A such that ua = v.

A subgroup A < Aut(G) is said to be orbit decidable if OD(A) is solvable. Particularizing to the case
where both F and H are free groups (hypotheses (i), (ii) and (iii) do hold), the group G siting in the
middle of the short exact sequence is free-by-free, and Theorem 1.1 states that CP(G) is solvable if and
only if the corresponding action subgroup is orbit decidable: sometimes this is the case (for example, when
H = Z, in which case Ag/(Ag N Inn(F)) is cyclic and OD(Ag) is, precisely, Brinkmann's problem), and
sometimes it is not (like in the classical Miller's examples of free-by-free groups with unsolvable Conjugacy
Problem); see [7] for more details.

After the publication of [7], several research papers have appeared following the same strategy but
in other situations and groups: anytime we have a family of groups (to put in place of F) for which
we can solve the Twisted Conjugacy Problem, it becomes interesting to study Orbit Decidability for (all,
certain) subgroups of automorphisms A < Aut(F), and deduce from it the solvability or unsolvability of
the Conjugacy Problem for extensions of F by families of groups H satisfying (ii) and (iii) (for example,
torsion-free hyperbolic groups; see [7]). In particular, we have the following result, which proves that
torsion-free hyperbolic groups verify (iii) (and (ii) is a well-known result):



Theorem 1.2 (Bogopolski-Martino—Ventura, Proposition 4.11, [7]). Let H be a finitely generated hyper-
bolic group given by a finite presentation, and let h be an element of H.

1. There is an algorithm to determine whether or not the centralizer Cy(h) is finite and, if it is so, to
list all its elements.

2. If h has infinite order in H, then (h) has finite index in Cy(h) and there is an algorithm which
computes a set of coset representatives for (h) in Cy(h).

This strategy was followed in [7] itself to study the Conjugacy Problem within the family of free-
by-free-abelian groups, where the authors positively solved it for all groups of the form Z? x F,,, and
Z" x4 Fp, with virtually solvable action subgroup A < GL,(Z); and provided the first known examples of
groups of the form Z* x F, with unsolvable Conjugacy Problem. Similarly, Suni¢-Ventura [23] constructed
the first known examples of automaton groups with unsolvable Conjugacy Problem. Gonzalez-Meneses—
Ventura [13] followed the same project for Braid groups, showing that all Braid-by-hyperbolic groups have
solvable Conjugacy Problem. Burillo-Matucci—Ventura [9] did the same for Thompson's group F, proving
in this case the existence of Thomson-by-hyperbolic groups with unsolvable Conjugacy Problem. Recently,
Blufstein—Valiunas [5], Crowe [10, 11], and Mitra—Roy—Ventura [17] have followed similar projects for certain
large-type Artin groups, for dihedral Artin groups, and for Baumslag—Solitar groups BS(n, 1), respectively.

In the present Master’s thesis, we propose to follow a similar project for the Heisenberg's group Hs. In
particular, we will begin introducing the definition of this group. Next, we will study the automorphisms of
the group, so as to solve TCP(Hs). Once we have this, we will prove that the whole group of automorphisms
of Hs is orbit decidable, as well as every finitely generated subgroup of Aut(Hs) containing Inn(Hs). A
direct application of Theorem 1.1 will prove the solvability of CP for many extensions of Heisenberg's
group. In particular, the new results we will prove are

e TCP(Hs) is solvable.
e Aut(Hs) is orbit decidable.

e Every finitely generated subgroup A such that Inn(H3) < A < Aut(Hs) is orbit decidable.

Once we have this, we will extend the results of this section to higher dimensional Heisenberg's groups.
We will begin by defining these groups, and studying their automorphisms’ group, so as to solve TCP(Hj42).
In this scenario, however, we will find that some of the finitely generated subgroups of Aut(H.2) containing
Inn(Hy2) are orbit undecidable, which will lead to negative results of the conjugacy problem for some
extensions of the higher dimensional Heisenberg's groups. In particular, the new results we will prove are

e TCP(Hg42) is solvable.
o Aut(Hky2) is orbit decidable.

e The orbit decidability of a finitely generated subgroup A such that Inn(Hii2) < A < Aut(Hygs2) is
equivalent to the orbit decidability of the subgroup of matrices associated to those automorphisms
intersected with Spox(Z). In particular, this yields results of orbit undecidability for some of these
subgroups if k > 4.
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2. Heisenberg’s group of dimension 3

2.1 Definition of Heisenberg’s group

Consider
Hs = (a, b, c | [a, b]c, [a, c], [b, c]).

Theorem 2.1. Given w € F(a, b, ¢) a word, it can be written in Hs in its normal form as w =p, a™b"cP
with m,n, p € Z.

Proof. Let w € F(a, b, ¢) be a word on the generators of H3. We want to prove that w can be rewritten
as w =p, a"b"cP with m, n, p € Z.

First, we see, that we can always move c to the right of the word by multiplying by conjugators of the
relations:

Note that [d,c] € R is a relation for d = a,b. So, dc[d,c]c™ld™! = dcd~'cldcc™ld™! =
[d71, c71] € (R)). Furthermore, d[d,c] 'd™! = dc 'd tcdd™! = dc~'d7lc = [d ! ¢c] € (R)) and
also, c[d, c] tc7t =[d,c7 ] € (R).

If w= uc®*d®?v with u,v € F(a,b,c), d=aord=b, e1,62 € {—1,1}, then

w = ucd®?v =y, uc d?2w[d®?, v = ud®2ctv

Now, we see that if we have a b followed by an a in w, we can always exchange them at the price of
including ¢'s in the word.

Note that [a, bjc = a~lb~labc € R, so ba([a~!, b71]c1)a=1b™! = abca~ bt € ((R). In addi-
tion to this, ba([a, blc)atb~1b([a=1, c])b~L([b~ L, c]) = baa=tb tabca lb tbac lalcb lbclb7lc =
aba~lb7lc € (R)).

We can also see that a='ba([b, c]([a, b]c) ™ )a~tb~ta = alhab~lc lbcc ib ta tbaalbla =
a tbab~lc7l € {R) and ab=ta"Y([b7 !, c](aba~tb tc) Haba~l = ab lalbc lb lcclbablalaba ! =
ab~la=lbc! € (R)).

If w= ubav, then w = ubav =y, ubaw 1a=1b~labcv = uabcev.

-1 lyw=laba=lblev = va1blev.

If w=ub~lav, then w = ub~tav =, ub~taw ta=lbab~lclv = vab~1lc71v.

If w= uba~lv, then w = uba~lv =4, uba twlab~ta tbc v = ua=thclv.

If w=ub"la"lv, then w = ub 1o~ 1lv =H, ub~1la~

It is easy to see that if we keep doing these changes to the word a finite number of times, we get to
w =p, a"b"cP. ]

Theorem 2.2. Hs is isomorphic to the following matrices subgroup:

1 n p
Hy = 01 m)|mnpeZy, <SL3Z).
0 01
1 n p
Proof. Let G = 0 1 m]||mnpeZyp <SL3Z).
0 0 1
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1 00
=10 1 0
0 01
([b, c])® = (b7 ¢ bc)® = ((b)®) " ((c)®) " ((b)®)((c)®)
1 -1 0 1 0 -1 1 10 1 01
=10 1 O 01 O 010 010
0 0 1 0 0 1 0 01 0 01
1 -1 -1 1 10 1 01
=10 1 0 010 010
0 0 1 0 01 0 01
1 0 -1 1 01
=101 O 010
0 0 1 0 01
1 00
=10 10
0 01
So, ® is well-defined.
1 n p
Let's see that ® isonto. Let |0 1 m | € G, and consider u = a™b"cP € Hs, then, we have that
0 0 1
(1)@ = (a"b"cP)® = ((a)®)"((b)®)"((c)®P)”
1 0 O 1 n O 1 0 p
=10 1 m 010 010
0 0 1 0 01 0 01
1 n O 1 0 p
=10 1 m 010
0 0 1 0 01
1 n p
=10 1 m
0 0 1

So, ¢ is onto.
Let's see that @ is injective. Let u € Hs, then, by Theorem 2.1, u = a”b"cP € H; and we have that

1 00 1 n p 1 00
() p=101 0] |01 m|=[010|lem=n=p=0=u=1.
0 01 0 0 1 0 01

So, Ker(®) =1 and ¢ is injective. O

Corollary 2.3. Given w € H3, w can be written in a uniquely way in its normal form as w =p, a™b"cP
with m, n, p € Z.



Proof. Let w = a™b"cP = a™ b" cP’, then applying the isomorphism ®, we get

/ /

3>
jo]

1 1
a"b"cP =a" b P = |0 0 "V ep=pn=n""m=nm'
0 0

o R 3
— 3
Il
= 3

o =

This finishes the proof.

We also have the following property:

Corollary 2.4. Hs is torsion-free, that is, the only element with finite order is the trivial one.

2.2 Endomorphisms of H;

Lemma 2.5. /n H3, we have

Proof.

1
= (a™b ™).

And we conclude by the injectivity of ®.

1 n p 1 —n mn—p
=101 m 0

0 0 1 0

100
=(0 1 0] =(1)9.

0 01

So, by the injectivity of ®, (a™b"cP)(a~™b "c™"P) =1 and (a™b"cP)"t = a=Mb="cMP,
This finishes the proof.

Theorem 2.6. The center of H3 is Z(H3) = (c) = Z.
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Proof. Let u=a™ b" cP € Z(H3) and v = a™b"cP € Hs, then

! ! ! / / / ! ! ! ! / ! / /
uv = am b" P aMb"cP = 3™ BT aMB P TP = g™ aM BT " MBI P TP = gt mpnn cptptam
. . ! / / !
and, similarly vu = a™m*™™ pntm cPTP 1M Then by Corollary 2.3, we have

uww=vwu, Ve Hy & n"m=nm', VmneZ < m =n=0.
This finishes the proof. O
Theorem 2.7. The derived subgroup of Hs is Hy = (c) = Z.

Proof. Let [a™b"cP, a’"lb”/c”/] be a commutator. Then,
[aTb"cP, a’"/b”/cpl] = (a’”b"c”)*l(am/b"/cp/)*l(amb"cp)(am/b"/cp/)
— g mpnemn—pg=m' p=n' cm'n’=p’ ympn pym’ pn' op'
a—mb—na—m’b—n’ambnam’bn’cmn+m’n’
_ a—ma—m’b—ncm’nb—n’amam’bncm’nbn’cmn+m’n’

—m—m’ b—n—n’ m+m’bn+n’cmn+m’n’+2m’n

= a a

/ / ! / / Va ! Va !
—m-—-m' _m+m' p—n—n" _.—mn—m’'n—mn"—m’n’"  n4+n" _mn+m’n"4+2m’n
=a a b C b Cc

/ ’
m n—mn
=cC .

This proves that H; C (c). To see H D (c), since Hj is a subgroup, it suffices to show that ¢ € Hj.
Taking m'=1,n=1,m=0,n" =0, we have that [b, a] = ¢, and this finishes the proof. O

Observe that G’ is fully-characteristic in G, which means that for every ¢ € End(G), (G')p C G'.
In the case of Heisenberg's group, this means that if ¢ € End(H3), then (c)p = c© for € € Z.
Now, let ¢ € End(Hs), we can suppose that
w:H3 = H3
ar» amMipmzcht
b ampm2 P2

c— ct.

Then, ¢ must be well-defined, so

1= ([a, blc)p = (a~ b~ abe)p = ((a)) (b)) " ((a)2) (b)) ((c)p)

_ (amu pM2 ~P1 )—1 (am21 pM22 P2 )—1 M1 pMi2 -P1 yM21 pM22 P2 €
=M1 = M2 M1M12=P1 4= M21 [=M22 ~MR1M2=P2 M1 [MI12 ~P1 421 T2 P2 ~E
=ML = M2 4= M21 =22 41 M2 4M21 M2 ~M11M12-+M21 M2z +-e

=ML = M2 4= M21 [=M22 411 M1 M2 ~M12M21 M2 ~M11Mi2~+Mo1M22+e

—mi =M g—m2y b*m22am11+m21 bm12+m22 Cm12m21+m11 mi2+mo1ma+e

—Mmi1 =M My pmio C—m22m11+m12m21+m11m12+8

a
a
a
a
— g~ M T M2 g m21 am11+m21 p— 22— M22Mi1—M22m21 bm12+m22 Cm12m21+m11 mi2+mo1ma+e
a
g7 M1 g =Mz ~—M12mi1 (Mo C—m22m11+m12 mo1+miimia+e
C

€—my1map+miamy

10



mip mi2

This implies that
mo1 M2

= Mi1m2 — Mp1M2 = €.

The other 2 relations are trivially sent to 1 by the choice of (c)¢.

mi1 M2

We can associate to ¢ € End(H3), a matrix M =
m1 My

] and a vector p = [p1, p2]. Then, given
the image of a and b by ¢, the image of ¢ is already determined ((c)p = cdet(M)).

Theorem 2.8. Every endomorphism ¢ € End(Hs) has the form

(o H3 — H3
3 — gMi1pm2p1
b s M2t pm22 P2

c s cdet(M),

mi1 mi2
mp1  my
an endomorphism of Hs with the earlier form.

Reciprocally, given a matrix M = [ ] € Mo(Z) and a vector p = [p1, p2] € Z?, we can define

2.3 Automorphisms of H;

Now, we focus our attention on automorphisms, that is, bijective endomorphisms. We introduce a lemma
that will be useful for the computations.

Lemma 2.9. /n Hs,
(ambn)k — akmbknck(kgl) mn

Proof. It is trivially true for k = 0.
By induction on k, if k > 0:
If k =1, then (a™b")! = a™b".
Suppose it is true for k, let's see for k + 1:

k(k—1)
2

(ambn)k+1 — ambn(ambn)k =y ambnakmbknc mn

Kk(k—1)
— amakmankmnbknC72 mn
_ a(k-l—l)mb(k-l-l)nc(@-i-%)mn

— a(k+1)mb(k+1)nck(k2+1) mn.

If k<0, let/=—k. Then,

11
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(ambn)k — ((ambn)—l)l _ (b—na—m)l
— (a—mb—ncmn)l — (a—mb—n)lclmn

— —lmb—ln @mn Imn
7/mb /+1)
— aflmbflncfl(zlfl)mn
— akmbknck(kgl) mn
This finishes the proof. O

Now, given ¢ an endomorphism, we check under which conditions ¢ is also injective. If it is injective,
that means that Ker(p) = 1, so if (a”b"cP)yp =1, then m = n = p = 0. We denote ¢ = det(M).

(a"b"cP)p = ((a))"((b)#)"((c)p)”
(amu pm2 CP1) ( m21 pm22 ~p2 )NCEP
( m11bm12) ( m21bmz2)ncmp1+np2+8p

mm mm m(m=1) 11 o nm nm; A=) o m mp1-+npo+e

— gMmmu pmmi2 .= 11M12 yNM21 M2 = 21M22 ~mp1+np2+ep

— gMmi1 pmmiz 4Ny bnm22c'"( > =1 mpyimio+ n(n— )m21m22+mp1+npz+ep

— gMMmi1 yNM21 MMz MM Ma21 ([ NM2 m(r";l) miimia+ "(";1) ma1 M2 +mpy+np2+ep

— amm11+nm21 bmm12+nm22C%mumuﬁ-mnmlzmmﬁ- n(n 1)m21m22+mp1+np2+5p.

This gives us the equations:
mmi1 +nmy; = 0
mmi> +nmyy = 0
m(m—1 —1
pe + mpy + np2 + ( Y myymyg + 20 )m21m22 +nmmpmy; = 0

If we consider the first two equations, they form a linear system on variables m, n whose coefficient
matrix has determinant:

= Mmi1mo2 — MmMp1Mmiz = €.

mi1 mz1
M2 m22

So, this linear system has a non trivial rational solution (and therefore a non trivial integer solution
because it is homogeneous), if and only if, € = 0.

Assuming € # 0, necessarily, m = n = 0, and substituting in the third equation, we get pc =0 = p = 0.
This implies that our ¢ is injective, if and only if, det(M) # 0.

Since we want to focus on automorphisms, to see which endomorphisms are actually automorphisms,
we are going to use the fact that G’ is characteristic in G. This implies that, actually, if ¢ € End(Hs) is
an automorphism, then (c)¢ = c or (c)¢ = c71, so det(M) = +1 and M € GLy(Z).

We check that this condition is not only necessary, but also sufficient for ¢ € End(H3) to be an
automorphism.

12



Let

() H3 — H3
3 — gMi1pm2p1
b s M2t pm22 P2

cH— ct,

where € = det(M) = +1.

Notice that Im(p) = (a™1b™2cPr, aM21p™22cP2 c). Since (a1 h™M2cPL)TM22(gM2L hM22cP2)~M2 € Im(¢p).

Developing this expression:

mop(mpp—1)
2

(amu p™M2 P )m22 (amzl pm22 sz)*mlz — gMumz pmi2mz mi1ma2 ~M22p1

—myp(=myp—1)
2

—mo1m —moom mp1m: -m
a 21 12b 22 12C 21 22C 12 P2

mi1m: miom: —my1m — Mmoo m
=) 11 22b 12 2Qa 21 12b 221M12

m
miymyp+ 12

-1
% ma1 M22-+mo2p1—mi2p2

(my2+1)
2
2
mi1m —Mmp1m mio>m — M3, M1 M — Mmoo m
— M1M22 5= M21M12 (M2 M2 ~— My M21M22 [ —M22M12

ma1 M2+mp2p1—mi2p2

mop(mop—1)
> miimio+

myp(myp+1)
2

£

mpp(mpp—1)
= ac 2

myp(mp+1)
2

my1mia—myp mf2 mo1+ mo1 Moo+ M2 p1—mMi2pP2

2 2
Mon(mon —1 mis+mip—2m
% mi m12+¥ m21m2+mzzp1—mi2p2

2
moo(moo—1 myp—m
%mn mia-+—25—12 ma; moa+mpo p1—miap2

moo(moy—1 myo(myp—1
—3 C%mumu—%m21m22+m22P1—m12P2

So, this implies that a € Im(yp).
In particular, we can see that

myp(myp—1) mop(mop—1) )
m —-m 8( mo1mop— mi1mig—m2p1+miz2p2
(aM2fp M2 2 2 Jp=a

Analogously, (a™1b™2cPr)=m21(gMma1pm2cP2)™1 ¢ |m(p) and developing, we get:

_ _mi(mp;—1) my1(my1—1)
(amu pmi2 CPl) mo1 (amzl pm22 P2 )m11 — bec 5 miimi2+ 5

ma1 M2 —ma1 P1+miip2
So, this implies that b € Im(y).

In particular, we can see that

mpy(mpy —1) myy(my3—1)
—m E( mi1mi2— mo1Mo2+mo1 p1—miip2
(a~MEpmMicc 2 2 Jo=0>b

We have proven that Im(¢) = (a, b, ¢) = Hs.
And, in particular, given ¢, we have that:
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(pfl :H3 — H3

mop(myp—1)
2

myp(m1p—1) _
( 5 Mmp1 Mo

_ € mi1mi2—mo2p1+mi2 )
3 am22€b m12€c P P2

my3(my3—1)
2

mp (mpy —1) _
( 5 my1mi2

— € my1 map—+moi p1—mig 2)
b a mglebmnec P: P

cr ct

The conclusion of this section is the following:
Theorem 2.10. Let ¢ € Aut(H3), then

@ . H3 — H3
a— amu bm12 CP1
b —s am21 bm22 CP2

c = Cdet(M)

mi1 mi2

with M =
ma;  mo2

} € GLy(Z).

Reciprocally, an invertible matrix M € GLy(Z) and a vector p = [py, p2] € Z? define an automorphism
of Hz with the earlier form. ]

From now on, we will denote ¢y the automorphism with associated matrix M and vector p.

2.4 Structure of Aut(Hs)

Now, once we have Theorem 2.10, we want to deduce the exact structure of Aut(Hs). We start computing
how the composition of automorphisms works. Let ppp, ¢n.q € Aut(H3), then, denoting ey = det(M)
and ey = det(N),

PMp - H3 — H3
3 — M1 pm2 -P1
b — gM21 pm22 P2

c > c™M,

PN,q : H3 — H3
3 — M1 pm2 a1
b — g1 pn22 G2

c > BN,

14



Now, we compute Yy p©N.q:

(a)emppng = (3™ D™ P )pn g = ((a)pn.a) ™ (B)pn.a) ™ ((€)pn.a)™
— (ann pm2 Cch)mu (an21 pn22 CCIQ)mu cPiEn

— (3”11 b”12)m11 (3”21 bn22)m12 cMigitmigat+pien

my1(my1—1) 12(m1p—1)
2 2

m
mi1niy ymun N1 ,M12N21 |ymMi2N np1ny m m €
— gMuini pmine - 11M12 yMM2021 (M2 ~ 21M22 ~M1q1+Mi2G2+pien

mi1n mion: mi1n mi11mio2hi2n: mian:
EY) 11 lla 12 21b 11 12C 11M12n12 21b 1222

myp(m1p—1) (m11-1)
2 2

m
noy oo+ AL mini2+miiqi+mi2q2+piey

— gMu ni1+mi2n2 pmi ni2+mi2no?

myp(mip—1) myy
> n21n22+

(m11—-1)
c S n11n12+mimiz 221+ Mg+ mage+piey
,

(b)emppn,g = (a2 cP)on,q = ((a)en,a) ™ ((B)rn.q) ™ ((¢)pn.q)”
— (3”11 pM2 qu)m21 (3"21 p22 CQz)mzz cP2EN

— (3”11 pM2 )m21 (anzl bn22)m22 211 M2q2+P2gn

mo1 (mo; —1) mop(mop—1)
mo1n mo1n niin moon moon na1n m m €
— gMmaimi pmaimz - > 117112 5M22M21 |M22N22 - > 21122 ~M21q1+m22q2+p2En

mo1n moo n: mo1n mo1 Mmoo N1 N moo n:
=3 21 1la 22 21b 21 12C 21/M22N12 21b 221122

mop(mpp—1) (mp1-1)
2 2

m
no1 o+ —2L n11n12+me1qi+mqa+p2en

— gM2imitma2nzy pmo1m2+m2n2:

mpp(mpp—1) (ma1—-1)
2 2

m
no1mpp+ 2L n11n12-+me1 M2 N12N21+mM21q1+mqa+p2en
1

(C)SOI\/I,p(PN,q = (CEM)SDN,q = cEMEN,
We can see that the matrix associated to Yp pn.q is MN, so we can define an epimorphism:

G- AUt(H3) — GLQ(Z)
PMp — det(/\/l)l\/l

In fact, we have the following short exact sequence:
15722 % Aut(Hs) 2 GLy(Z) — 1

where pa = ¢ 5 and o p = det(M)M.

By [19], this short exact sequence splits. So, in fact, Aut(H3) = 72 x GLy(Z). Adapting the results of

the article to our notation, it splits as follows:
1 -1

First, take the presentation GLx(Z) = {(p, 7.k | prp = 7p7,(p7p)* = Lkt = 771 kpr

15
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K2 = 1), where

p corresponds to T := [é ﬂ ,

T corresponds to U := [ 1 O] , and

K corresponds to J := [_1 0] .

Define
s: GLy(Z) — Aut(Hs)
P = P10,
T PU,0,
K= ©_J-1,0]

See that s is well-defined:

e We check that the first relation (p7p = 7p7) is kept by s:

= (3)9T.0,9U,0,9T.0,

= (ab)pu,0,7.0,

= (aa 'b)eo1,0,

b

(a)(Tp7)s = (a)u,0,0T.0,%U.0;
= (a)eT,0,2U.0,

(ab)eu,o,
aa lb
b

(a)(prp)s

So, the images of a coincide.

I
—~

(b)(p7p)s = (b)¥T,0,U.0,£T.0,
b)eu.0,%T,0,
371 b)‘P T,0,

= (ab)71b

—~

|
—~

L
o}

I
~

(b)(1p7)s = (b)pu,0,T,0,%U,0,
a 'b)pT.0,0.0,
(ab)~'b)eu,e,

a 'c)eu,

_]_C

—~~
|

I
—~

Il
W
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So, the images of b coincide.
So, (pTp)s = (TpT)s.
e We check that the second relation ((p7p)* = 1) is kept by s:

From previous computations, we already know that (p7p)s acts as: a+ band b — a

a)((p7p)s)*
b)((pm)S)3
a tc)((prp)s)?

(a)((prp)")s = (
= (
= (
(((a)(p7p)s) () (pTp)s)((pTp)s)
= (
(
(
(

b=c)((prp)s)
(b)(pw)S) Y(e)(prp)s

=(ale)?
1

= (c "a)c

=a(c o)

It leaves fixed a.

It leaves fixed b.

So, ((pTp)*)s is the identity.

e We check that the third relation (k75! = 771) is kept by s:

-1

C.

17
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First, we verify the relation on a:

= (acH(cH~
=aclc
(a)(r)s=a

Next, we verify the relation on b:

(b)(kTr™")s = (b)(rs)(7s)(ks) ™!

e We check that the fourth relation (kprs~! = p~!) is kept by s:

First, we verify the relation on a:

CP for extensions of Heisenberg



Next, we verify the relation on b:

(b)(kpr~)s = (b)(rs)(ps)(rs) ™
= (b7")(ps)(ks) ™!
(((b)(ps)) ") (ks) ™

= (b7 (k)™
=(((b)(f<c$) H
= (b7
=b
()(p~)s=b

e We check the fifth relation (k% = 1) is kept by s:

First, we verify the relation on a:

k2 leaves a fixed.

k2 leaves b fixed.

So, K2 is the identity.

And it is clear that s = Idg,(z).
As a result, we obtain the following result:

Theorem 2.11. The group of automorphisms of Hsz is isomorphic to the following group:

Aut(Hs) = 72 x GLo(Z).
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2.5 Conjugacy Problem and Twisted Conjugacy Problem

Before studying the twisted conjugacy problem, we solve the conjugacy problem in Hs.

Given a'b°ct, a"b’c" € Hz, we want to see if there exists a¥b2c*® € Hsz such that a"b°ct =
(a1 b2 ) 1aubY cWat b2 c*s. Developing, we get the following:

arbsct — (a)q b2 s )—laubvcwaxl b2 s
— g XL p TR XIRTXE QU PV W X1 X0 X3
— a—xl b—xgaubvaxl bX2CW+X1X2
_ a—xlaub—x2 C—ux2 bvaxl bx2cw+x1x2
— a—x1+ub—x2+vaX1 bx2cw+x1X2—ux2
— a_X1+”aX1 b—x2+vc—x1x2+VX1 bX2CW+X1X2—UX2
_ au bVCW+VX1—UX2

Therefore, a"bct ~ a“b"c", if and only if, r = u, s = v and there exist x;,x; € 7Z such that
t = w+vx; —uxyp. Thisisequivalenttor =u,s=vandt=w (mod g) where g = gcd(u, v) = ged(r, s).

Now, we go to the twisted conjugacy problem. Given a"b°ct, a"b"c" € Hs and pump € Aut(Hs),

(Pl\/l,p . H3 — H3
a— am11 bm12 CP1
b — gM21 pm22 P2

c > c™M,

we want to see if a"b’ct ~,,  a“bYc". That is, if there exists a1b*c*® € Hs such that a"b°ct =
(a1 b2 ) ppmp) " tatbY ¥ a1 b2 3. Developing, we get
arbscl“ — ((axl b2 Cx_o,)(pM’p)flauvawaxl b2 X
= (()emp) ((B)pmp) 2 ((a)pmp) a"b M@t b2
— C—X3€M(am21 pM22 P2 )—X2 (amll pM2 P )_Xl UpY W L pe 3

= (a2t M2 ) T (M pIM2) X1 gU pY 2%1 pXo capi—xepat(l—em)x3+w

xo(xp+1) x1(x1+1)
2

57Xl p—Xamag AR ma My g —x1mu p—xim2 MM QU pV X1 pxo —X1p1—xepat(l—em)x3+w

— a*X2m21 b*X2m22 a*XI mi1 b*X1m12 au bVaXI bXZ

Xo(xp+1 x1(x+1
202 1 mpp+ 1O 1y myp —xa pr—xap2H(L—em)xa+w

Cc

—Xom: —X1m — X2 X1X2mM11m: —X1m u _x V VX1 WX
= 3 22la 111b 222C12 11 22b 112aalbc 1b2

miimiz—x1p1—xep2+(1—epm)x3+w

x(0+1) x1
5 mM21m2+

(x1+1)
C 2

—XoMo1—X1 M —X2Mpo2—X1 M u-rx VX
— g XeM21—X1MiL =X M2 —X1M12 jU+x1 pv+Xe

1 1
% M1 Mo2+x1X2 M11 M2+ % muimiz—x1p1tvxa—xep2+(l—em)xs+w

C

2
— g XeMmi—x1mi aU+X1 p X222 = X1 M2 — UX2 M2 — UX M1 — X1 X2 M2 —X] M12 bV+X2

+1 +1
C% M1 M2 +Xx1x2m1moo+ % miimi2—x1p1+vxi—xepa+(l—enm)xz+w
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— (l=mu)xi—mouxotu p—mxi+(1—ma)x+v

xo(xp+1) x1(x1+1)
C%m21m22+X1><2m11m22—UX2m22—u><1m12—X1X2m22—X12m12+%m11m12—X1P1+V><1—X2P2+(1—6M)X3+W

If we compare the two sides of the equality, this gives us

(1 — m11)X1 —My1 X = r—u (1)
—mpxy +H1-—mxa)xx = s—v,
and after solving this linear equation [x1, x2|(/ — M) = [r — u, s — v], if it has an integer solution, we have
to check the last equation:
x1(x1 +1
Ma1 Mo + x1x0( Mmoo — mpo) — xgmio + (2)m11m12
+ (v —umiz — p1)x1 + (—um — p2)xo + (1 —epm)xs =t — w,

X2(X2 —+ 1)
2

which can be rewritten as

1 1
§X12(m11 - 2)'7712 + X1X2m22(m11 - 1) + §X22m21m22

1 1
+ (v —umiz — p1 + §m11m12)X1 + (—ump — p2 + §m21m22)X2 +(l—emxs=t—w. (2)
An algorithm deciding whether two elements are twisted conjugated must first solve the linear system
(1). We distinguish the following cases:

e Incompatible System: The system has no solution. Therefore, the algorithm must answer no.
e Compatible Determined System: The system has a unique solution. We have two subcases:

— The system has a solution over the integers. We substitute the values of xi, x> in (2).

¥ If epg = 1, the value of x3 doesn’t matter, we just check if (2) is verified. If it is verified, the
algorithm must answer yes (Our possible conjugator is a1 b*2). Otherwise, the algorithm
must answer no.

x If epg = —1, we leave 2x3 on one side of the equality and check if the other side of the
equality is even. If it is even, dividing by 2, we get the value of x3, and the algorithm must
answer yes (Our possible conjugator is a*b*2¢*3). Otherwise, it must answer no.

— The system has no solution over the integers (the solution is rational). The algorithm must
answer no.

e Compatible Undetermined System: The system has an infinite number of solutions. We distinguish
two subcases:

— The freedom degree of the system is 2. This means M = [, r = u and s = v. Then (2) is
reduced to
(v—pi)xi+(-u—p2)a=t—w.
If gcd(v — p1, —u — p2) | t — w, then there exist x1, x2 € Z solutions of this equation, and
the algorithm must answer yes (Our conjugator is a1 b*2 for x1, x2 a solution of this equation,
which can be computed using Bezout's identity and Euclides’ extended algorithm).

Otherwise, the algorithm must answer no.
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— The freedom degree of the system is 1. Then, one of the two equations of the system is a linear
combination of the other. The system 1 reduces to ax; + Sx2 = v with ged(a, 8,7) = 1. We
know this equation has solution over the integers, if and only if, gcd(«, ) | 7. If this is not the
case, the algorithm must answer no. Otherwise, we denote g = gcd(a, 8), and let y1,y2 € Z
such that ay; + By» = g. Then x; = ylg, Xp = yzg is a particular solution of ax; + Gxp = 7.
The general solution of this equation (over the integers) is x; = ylg —i—)\g, Xo = ygg — )\% with
AEZ.

It is left to check whether equation (2) is verified for some A € Z or not. Substituting the
general value of x; and x2 on the equation, the only variables are A and x3. We distinguish two
cases:

x If epg = 1, then the value of x3 doesn't matter. Equation (2) reduces to a degree two
equation on A\. We can compute the solutions of this equation over C and check if any of
the two solutions is integer. If yes, the algoritm must answer yes, substitute the value of
A on the expressions of x; and x» and return a*1b*? as a possible conjugator.

If no, the algorithm must answer no.

* If epg = —1, then what we can do is to leave 2x3 on the right-hand side of the equality,
and the two-degree polynomial on A on the left-hand side. After multiplying by 2 if there
are any denominators on the coefficients of the two-degree polynomial on A, we can reduce
the equation modulo 2 or 4, and check for A € {0,1} ({0, 1,2, 3} if we have reduced the
equation modulo 4) if the equation has a solution modulo 2 (or 4). If it has no solution,
the algorithm must answer no. If it has a solution, the algorithm must answer yes. In
order to give a possible conjugator, it must substitute the value of A on x; and x», and also
on (2) and solve the equation for x3. Then, our possible conjugator would be a1 b*2¢c*3.

As a result of this section, we obtain the following theorem:
Theorem 2.12. The Twisted Conjugacy Problem is solvable in Hs. O

Now, we give an example of this. Suppose
1 1
M_[O _J, p=1[23]

We want to check whether abc? ~omp ab3c5. Thisis, r=1,s=1t=2u=1v=3w=5 We
start with the linear system (1):

[0, —2] = [x1, x0](/ — M) = [x1, %] [8 _21] — [0, —x1 + 2%0]

This is a compatible undetermined system with freedom degree 1. Our equation is —x; + 2x, = —2.
We can see that x; = 2+ 2\ and x2 = A for A € Z is the general solution of this equation (over the
integers).
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We substitute this values on equation (2):

2—5:;(2>\+2)2(—1)-1+>\(2)\+2)-0-(—1)+);-0-(—1)

1
+<2'1-1—1.1+3—2> 2\ +2)

1
+<2-0-(—1)+1—3)A+2X3,

“3= 2N 42X+ 1)+ A+ 1 —2) +2x3,

—2x3 = —2)\2 — B\ + 2.

Reducing this last equation modulo 2, we get A = 0 (mod 2). Substituting A = 0, we get x; = 2, xp =
0,x3 = —1. Therefore, a ¢ p-twisted conjugator is a’c1

c .
We verify it:

abc® =" ((c)emp)(2)emp) 2(ab?®)(2%c 1)
— (abc2)f2ab3a2cfl+571
= b lalp a7 1ap32%c7 L
= a b 1?32
= a 1a%bhc?

= abc?

2.6 Orbit decidability

For a finite presentation G = (X | R) and a group of automorphisms A < Aut(G), given two words on
the generators u, v € F(X), the orbit decidability problem, OD(A), consists on deciding whether the
corresponding elements u, v € G can be mapped to each other by some automorphism in A, i.e., whether
there exists ¢ € A such that (u)p = v

In this section, we study the orbit decidability of subgroups of the Heisenberg automorphism group.

2.6.1 OD(Aut(H3))

We start with the full automorphism group, which is orbit decidable.
Given u, v € Hs, we want to decide whether there exists ¢p, € Aut(Hz) such that (u)emp = v.

We consider u = a“1b*2¢*s and v = a"1b"2c"3. For these two elements to be in the same orbit, a
necessary condition is that there exists an invertible matrix M such that [u1, us]M = [vi, v»], which means
myjur + myjup = v;j, so ged(uy, u2) | vj, and furthermore, since M is invertible, gcd(vy, v2) | uj. This means
we must have ged(ug, u2) = ged(vi, v2) = g.

Therefore, a possible algorithm that checks whether u and v are in the same orbit, must first compute
ged(uy, up) and ged(vi, v2). If they are not equal, it must answer no.
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Suppose now ged(ug, up) = ged(vi, va) = g. Using Bezout's identity, there exist aj, a, by, by € Z
such that aju; + aoup = g = bivi + bova, computable using Euclides' extended algorithm. We define
g’ g’ g’ g’
Integer solutions of the equations uyx; + tpxo = 0 are of the form x; = —ac, xo = acy where o € Z.
A particular solution of uix; + upx2 = vj is x; = dja1, xo = djan.
Therefore, the coefficients of a possible matrix M must be of the form m;; = dja; + (—1)'ajcs—; for
i,j=1,2 and aj € Z a free parameter.

_ |diar —a1c dhar — 0
diar + a1c; dhar + anc

We compute det(M):

det(M) = dia; dhay —a10  dhag diar —o —10 —000
diaz draz aicr dhan diaz  anc aicr
—C a a —Q@ a —Q@
= a1d2 + a2d1 = (Oézdl — Ctldg)
c1  as a a 1

= Oégdl — a1d2 =&

We want € = +1, so oj = (—1)ebs_j + Bd;j for j=1,2 and 3 € Z.
Now, if a1b*2¢c** = (a"1b*2c"3)ppm,p, then M must have the form we just computed and the exponents
of ¢ must verify the following:

aipv2 s — (aul bU2CU3)SOM’p — guimuituzmey puimiztuzmz

mi1mi2+uiupmiomyi+ui p1+uzp2+eus

—1 —1
“2(”3 )m21m22+u1("§ )

C

ur(up — 1 ui(ug — 1
V3 —cu3 = 72( 2 )m21m22+71( 1= 1)
2 2
The equation uix; + uxxo = K has a solution over the integers if and only if g = gcd(u1, w2) | K.

In our case, if 21 g (if u; and up are not both even), then this last equation has a solution, if and only

if, vs = +u3 (mod g), since g | %

mii1mip + uruomiompy + U1 p1 + U2 P2

and g | uyup.

Otherwise, if u; and up are both even, it could happen that g { w In order to check whether this

equation has solutions or not, we can substitute m;; by the value we computed earlier and check whether

us(ur — 1 up(ug —1
2(22)m21m22 + 1(12)m11m12 +eus—v3=0 (mod g)
which can be reduced to
u u
& <2m21m22 + 1f7711n712> +euz —v3 =0 (mod g) (3)
2\g g
D

According to Lemma 2.16, which we will see in the following section, in this case, the value of D modulo
g does not depend on 3 or €, which are the free parameters we can choose to determine a possible matrix.
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Therefore, we just compute D modulo g for § = 0 and check if equation (3) is verified for ¢ € {—1,1}.
So, checking a finite number of possibilities, we can decide whether v and v are in the same orbit or not.

As a result, we obtain the following theorem:

Theorem 2.13. The full group of automorphisms of H3 is Orbit Decidable. O

A direct application of Theorem 1.1 gives us the following corollary:

Corollary 2.14. Let H be a torsion-free hyperbolic group (with n generators) and let wpy, o1, ..., M, pr €
Aut(Hs) be automorphisms such that (¢p, pt, ..., ©m,pn) = Aut(H3). Then the Conjugacy Problem is

solvable in any group of the form Hs X Dpgy ples P H. ]

2.6.2 OD({m,,p1+ -+ » PM,pn) INN(H3))

Now, we study the orbit decidability of any finitely generated subgroup A such that Inn(H3) < A < Aut(Hs).
For this purpose, we will use the following result:

Theorem 2.15 (Bogopolski—-Martino—Ventura, [7]). Every finitely generated subgroup of Aut(Z?) =
GLy(Z) is orbit decidable, i.e., there exists an algorithm deciding whether there exists N € (My, ..., M,)
such that [u1, uz]N = [v1, vo] and computing such N in the case it exists given [uy, o], [v1, vo] € Z? and
(My, ..., Mp) < GLo(Z).

Given u = a“1b*2¢'s, v = a"1b*?c* € H3, we want to find out if there exists ¢ € (o, pt, -\ ©M,.pr) INn(H3),
such that (u)y = v.

The algorithm solving this problem must first check whether there exists N € (My, ..., M,) such that
[u1, w2]N = [v1, v2]. If no, it must answer no.

Otherwise, suppose we have N = Mgl e I\/I,-I:’ such that [ug, w]N = [v1, vo] (gcd(u1, u2) = ged(va, v2) =

g in this case). We can compute ¢y, = cpkl ; -~gpk’ ;. Then, we have
' M;, p' M; .p'l

)

(ug—1) up(up—1
L= i maturumang + 23—

(U)SDN,r —_— bV2CU3€N+U1 n21n2+uirn+uxr

Let us call C the exponent of c in the last expression.
Recall that in this case, (u)pn,, ~ v (~ meaning they are conjugated), if and only if, v3 = C (mod g).
We can simplify C a lot modulo g. If 21 g, we have

C=ueny (mod g) (4)

If 2| g, we have
Uy U
C = uzey — £ <n11f712 + n21f722> (mod g) (5)
2\ g g

First, we will prove the following lemma:

Lemma 2.16. In the case 2 | g, if N, N" are two matrices such that [uy, up]N = [u1, up]N' = [vi1, v2], then

g (U1 2 _8 (W 2
5 <gn11f712 + gn21n22> =5 <g”/11”/12 + g”/21”/22> (mod g) (6)
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Proof. First, we see that (6) is equivalent to

uy uz uy
Enllnu + Englngg = —njynf, —|— e n21n22 (mod 2) (7)

To see this, notice that if [ug, io]N = [u1, wa]N' = [v1, vo], then [vi, L]NTIN' = [v1, v»], that is,
Q = N7IN" € Fix([v1, v2]).

— NQ = [nn 012] [qn %2] _ [nllchl + Mm2g21 Miqi2 + N2qg22
M1 M2 |q21 g22 n21q11 + N22Q21 N21412 + N22422

We have then

u up
”11”12 + P '721”22 = E(nllqll + maqo1)(N1gi2 + N2G22)
uz

+ E(”21Q11 + n22q21)(M21q12 + N22G22)
uy uy uy

= E”%1CI11€I12 + En11n12(Q11Q22 + q21912) + E”%2CI216722
u2 - uz uz -

+ E”21q11q12 + E"zlnzz(qn%z + Q21q12) + E”zzqzlqzz

uy uy uy
= 7”%1q11q12 + —minmoa(eQ + 2q21912) + —n%2q21q22
g g g
uz up us
+ *”%1‘711%2 + *”21”22(6Q + 2(7216112) + *”§2CI21€I22
g g 4
uy u» u uo
= —numa+ —nano + (”%1 +—= ”21) g11q12
g g 24 g
uy
+ Enlz + g n22 d21422 (mOd 2)

Therefore, in order to prove (7), we just have to prove that

u1
<gn11 +— z ”21) gi11912 + (gn12 + 2 n22> 21922 =0 (mod 2)

In addition, since an expression squared stays the same modulo 2, we can reduce it to
up
<n11 + n21) q11912 + <n12 + n22> q1q22 =0 (mod 2) (8)
g g g g

We note that [u1, up]N = [v1, vo] = [v1, v2] Q, which results, dividing by g, in the equations:

i up Vi Vi V2

—mi1+—m1=—=—qu+ —q¢u (9)
g g g g g
u V2 Vi V2
—n12+—n22 =—=—qu2+ —q» (10)
g g g g g

We also note that since gcd(‘:’?, %) =ged(, %) =1 and N, Q have determinant +1, we know that

% and ¥ cannot be both even, & and 2 cannot be both even and the two elements of the same row (or
the same column) of N or Q cannot be both even.
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Taking all this into account, if we assume

obtain

u

Therefore, (8) is true in this case.

Analogously, if we assume ? is even, then

un

Therefore, (8) is true in this case.

up
—ni+—n
g g

uz
—n12+ —nxp
g g

% is even, then % is odd, and reducing (9) modulo 2, we

0=go (mod 2)

‘2 is odd, and reducing (10) modulo 2, we obtain

0= di2 (mod 2)

We just have to check what happens in the case g and g are both odd. In this case, substituting in

and (10), we get

uy uz
—ni1+ —n
14 g
up un
—nN1p + —n»
14 g

The equation (8) is reduced to

gi11912 +

=1=qgu+qga (mod?2) (11)
=1=qi2+ g (mod2) (12)
g21g22 =0 (mod 2) (13)

We know that g11 + g1 is odd, therefore, we have two possible cases:

e gi1 even and g»; odd.

® d11 odd and do1 even.

We know that gi2 + g22 is odd, therefore, we have two possible cases:

e gi» even and gy odd.

® g1» odd and gx» even.
We have a total of 4 possible cases:

® gi1 even, go1 odd, gi» even and gy odd
2 as common factor.

® 11 even, gz1 odd, gi2 odd and gy, even
e g11 odd, g1 even, gi2 even and gy odd

e i1 odd, g1 even, gi» odd and go» even
2 as common factor.

In all cases, (13) and therefore, (8) is true.

. This case is not possible because row 1 of @ would have

. In this case, (13) is true.
. In this case, (13) is true.

. This case is not possible because row 2 of @ would have

So this finishes the proof of (6). O
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Notice that there could be more than one N € (My, ..., M,) verifying [u1, u2] N = [v1, v2] and also each
of these N could be rewritten in different ways as a word on My, ..., M, (what could change r). However,
by Lemma 2.16, in the case 2 | g, the second addend of the expression (5) does not depend on the choice
of N among all matrices N such that [u1, us]N = [v1, v2] and, in addition, neither (4) nor (5) depend on r.

The only thing that depends on the choice of N in both expressions (4) and (5) is ep.

If we want to decide whether there exists ¥ € (o, pts -2 @M, pr) Inn(H3) such that (u)y = v, after
making all these computations, if 2 1 g, we check whether

V3 = U3EN (mod g) (14)

or if 2 | g, we check whether

— g
V3 = U3EN — <

uy u»
—n11n2 + n21n22> mod g 15
£ (L + (mod g) (1)

If yes, the algorithm answers yes.

If not, but we have, in the case 21 g, that

v3 = —uzey  (mod g) (16)
or, in the case 2 | g, that
u u
V3 = —U3EN — £ (1'711”12 + 2f721f722> (mod g), (17)
2\g g

there exists ¢ if and only if there exists Q € (My, ..., M,) such that det(Q) = —1 and [v1, v2]Q = [v1, v2].

This is because if such Q exists, then NQ € (M, ..., M) and [u1, uo] NQ = [vi, v»], so substituting
N by N = NQ, the condition (14) transforms to (16) (en» = —ep) and the condition (15) transforms to
(17) (enr = —en and Lemma 2.16 tells us the second addend does not change modulo g).

If we are not in any of these two cases, the algorithm must answer no.

It remains to prove the following lemma in order to conclude the orbit decidability:

Lemma 2.17. There exists an algorithm determining whether there exists Q € (M, ..., M,) such that
det(Q) = —1 and [Vl, V2]Q = [Vly V2]-

Proof. If all M;'s have determinant 1, the answer is no.

Otherwise, assume without any loss of generality that M; has determinant -1. If there are other matrices
with determinant -1, for instance, M», we can substitute them by My M,. Then M; M, has determinant 1
and <M1, MQ, ey Mn> = <M1, M1M2, ey Mn>

Therefore, we can assume without any loss of generality that M is the only matrix with determinant
-1 and all other matrices have determinant 1.

We will prove that, in this case,

SLy(Z) N (My, My, ..., M) = (ME, Ma, ..., My, My *MaMy, ..., My M, My)

Clearly, we have the inclusion >.
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Then, to prove the inclusion <, given N € SLy(Z) N (M1, My, ..., M,), we know that

Ik

k
N=T] M = MM - M3 (18)
j=1

with ;€ {1,...,n} and &; € {—1,1} for j =1, .. k.

Since N € SLy(Z), we know that the number of appearences of M is even. We will prove that
N e <I\/Il2 My, ..., M,, I\/Ifll\/lzl\/ll, s M;anM1> by induction on the number of appearences of M.

If N has no appearences of My, then clearly, N € (Ma, ..., M) < (M2, My, ..., My, MMy M, ..., MM, My).
Now, suppose M; appears at least two times:
We look for the first and the second appearence of Mj in (18). If the second appearence of M has
the same exponent as the first appearence, we have
N = PM; QM;R
where P, Q € (M, ..., M,) and R € (M1, M, ..., M,,). We can rearange the expression as
N = P(M?)*M°QM;R
If the second appearence of M; has the opposite exponent as the first appearence, we have
N = PM; QMR
where P, Q € (Ma, ..., M,) and R € (M1, My, ..., M,,). If ¢ = —1, we can rewrite the expression as
N = PM QM 'R = PMZM; QMM ?R

Otherwise,
N = PM;1QM; R
Given M 1 QM with Q € (Ma, ..., M,,), clearly we have that M; *QMy € (M *MaMy, ..., M M, My).
In all of these cases, we have rewritten
N = SR

where S € (M2, My, ..., My, M{*MoMy, ..., MM, My), R € (My, Ma, ..., M,) and both S and R have
determinant 1.

Applying the inductive hypothesis to R, which has strictly less appearences of M; than N, we have that
R € (M2, M, ..., My, M{*MaMy, ..., MM My). So, N € (M2, Mo, ..., My, M{ * Mo My, ..., MM, My).

Once we have this, since SLy(Z) <2 GL2(Z), we know that H := SLy(Z) N (M, My, ..., Mp) <2
(My, My, ..., Mp) =: G,

The quotient G/H will have only the elements H (matrices of G with determinant 1) and My H (matrices
of G with determinant -1). Since H is normal in G, we have that My H = HM;.

Therefore, if there exists Q € G such that [v1, v»]Q = [v1, v»] and det(Q) = —1, then Q € M;H and
Q= M T where T € (M2, My, ..., My, M * Mo My, ..., Myt M, My).

The algorithm determining the existence or inexistence of @ must first compute [wy, wa] := [v1, vo] My
and then apply the algorithm of Theorem 2.15 with inputs [wy, wa], [v1, vo] € Z? and see whether there
exists T € (M2, My, ..., My, M "MaMy, ..., My *M,My) such that [wy, wo] T = [v1, va]. If T exists, the
algorithm must answer yes and Q = M1 T.

If T does not exist, then @ cannot exist and the algorithm must answer no. O
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As a result, we obtain the following theorem:

Theorem 2.18. Every finitely generated subgroup A of automorphisms such that Inn(Hz) < A < Aut(Hs)
is Orbit Decidable. O

A direct application of Theorem 1.1 gives us the following corollary:

Corollary 2.19. Let H be a torsion-free hyperbolic group (with n generators) and let wpy, o1, ..., M, pr €
Aut(Hs) be automorphisms. Then the Conjugacy Problem is solvable in any group of the form Hs X Py ot
H.

3. Heisenberg’s group of higher dimensions

3.1 Definition of Heisenberg’s group of higher dimensions

Consider

Hk+2 = <al, az, ..., dk, b1, bg, ey bk, Cc | [a,-, aj] Vi <j,
[b,', bj] Vi </, [a,~, bj] Vi 75], [a,-, b,']C Vi, [a,~, C] Vi, [b;, C] VI>

Theorem 3.1. Given w € F(a1, ap, ..., ak, b1, b, ..., bk, ¢) a word, then it can be written in Hyyo in its

normal form as w =p, ., aj"ay? - -~ a  *b*by? - - - bl¥cP with my, mo, ..., my, ny, no, ..., ng, p € Z.

In order to simplify notation, we will write an element w € Hy5 in its normal form as a™b"cP, where

M aM2 ... 3™ and the same for b". Therefore, m, n € Z¥ with this notation.

m -
is short for ay"ay” - -~ a),

a

Theorem 3.2. Hy., is isomorphic to the following matrices subgroup:

1 m nm -+ ne p
1 0 0 mq
1 n p 0 1 - 0 m
Hi 2 = of K m"|=|. . . | . my, my, ..., My, Ny, N2, ..., 0, pEZp < Sliyo(Z).
0 0, 1 -
0 0 1 my
o o 0 --- 0 1

Proof. Let G denote the above subgroup of invertible integer matrices.

Denoting the canonical vectors by e; = [0, ..., 0,1,0, ..., 0] € Zk*2 where the 1 is at the i—th position,
we define

®:Heip— G
ai—~I1+A fori=1,..,k
bj—1+B fori=1,..,k
c—I1+C
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with

-0
0
Ai=[0T 07 . 07 el,]=|e2|.
0
L 0 -
where the vector e, is in the (i + 1)—th row;
€it1
0
B =0T 07 e/ 07 7] =1 .
0
where the vector e/ is in the (i + 1)—th column; and
0 1
c= [ 0 OT} |
It is easy to check that
AiBi =0,
0 1
BiA; = [o OT] e
BA =0=AB, ifi#]
AiC=CA =B C=CB =CC=0,

AiA; = 0 = B;B;.

1 no nm -+ ne p
1 0 --- 0 m
o 0 1 -+ 0 m

Furthermore, every element M = . ) ) ,
0 0 0 -+ 1 m

o0 0o --- 0 1

k

€ G can be written as

M =1+ (mAi+nB;)+ pC.

i=1

Let's see that ¢ is well-defined:

([a,-, aj])cb = [/ + A,', I + Aj] = (I — A,)(/ — AJ)(/ + A,)(/ + Aj)

= - A = A+ A+ Aj)
= (I =A)(I+A)
l;
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where i # j, so A;B;

CP for extensions of Heisenberg

([bi, ) = [l + Bi, | + Bj] = (I = B))(I = Bj)(I + Bi)(I + B))
= (I - B — B)(I + B)(I + B))

(I = B)(I + By)

l;

([a,-, bj])q) = [/ +A,', |+ Bj] = (/ — A,)(/ — BJ)(/ + A,)(/ + BJ')
= (I— A = B)(I + A)(I + Bj)
=(I-B)(I +By)

I,

= O = B_,'A,';

([a,-, b,‘]C)q) = [/ + A+ B,’](I + C) = (/ — A,‘)(/ — B,‘)(/ + A,')(/ + B,’)(I + C)

=(I—A —B)(I + A)(I + B)(I + C)
=(I—=B;— C)(I + Bj)(I + C)
(I-a(+0

¥

([ai, ) =[I+ Ai, 1 + C] = (I = A)(I = O)(I + A))(I + C)
=(I—A—C)I+A)(I+0C)

(I-O)(+0)

l;

([6i, c)® = [I + B, 1 + €] = (I = Bi)(I = O)(/ + Bi) (I + C)
=(I-Bi—CO)(I+By)(I+C)

=(I-C)(I+C)
=1
So, ® is well-defined.
1 ng m ng p
0 1 0 0 m
1 -+ 0 m
Let's see that ® isonto. Let M =| . . . . . € G and consider u = amb"cP € Hyyo
0 0 0 --- 1 myg
o 0o 0 --- 0 1

where m = [my, my, .
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.,mi] € Z¥ and n = [ny, na, ..., ni] € Z¥. Then, it can be checked that

k
(u)® =1+ (mjAi+ niBi) + pC = M.
i=1



So, ¢ is onto.

Let's see that @ is injective. Let u € Hyyp, then, by Theorem 3.1, u = amb"cP € Hip and we have
that

1 n np -~ ne p
0 1 0 0 m
0 0 1 0 mm
(B)P=I1< i =
0 0 O 1 my
0 0 O 0 1
<:>m]_:m2::mk:n1:n2::nk:p:0<:>U:
So, Ker(®) =1 and & is injective. O

Corollary 3.3. Given w € Hy 2, then w can be written in a uniquely way in its normal form as w =y, ,
a™b"cP withm,n € Z¥ and p € Z. O

The proof of this corollary is done exactly as in the three-dimensional case. We also have the following
property:

Corollary 3.4. Hy, is torsion-free, that is, the only element with finite order is the trivial one. ]

3.2 Endomorphisms of H,,,

Most of the results for the three dimensional Heisenberg group Hs generalize to higher dimensions. As a
result, we have the following analogous results:

Lemma 3.5. In Hy >, we have b"a™ = ampnemn’ and (a™pcP)~t = - mp—nemn’—p
Theorem 3.6. The center of Hyy» is Z(Hyky2) = (c) = Z.

Theorem 3.7. The derived subgroup of Hi 12 is H;_ , = (c) = Z.

We omit the proof of these results, since the proof is exactly the same as in H3 bearing in mind that
m, n are vectors instead of scalars.

Since the derived subgroup is fully-characteristic, we have that if ¢ € End(Hk,2), then (¢)p = c* for
uwE 7.

Now, let ¢ € End(H42), then writing the images of generators in normal form we have

@ Hiypo — Higo

11 12 (1)
a; — a™ p™ P

11 12 (1)
ar — a™ pM2 P2
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(1)
ak — a™k pME Pk

21 22 (2)
by — @™ ™ cP1

2
by — a™ p™ Pt

21, 22 (2)
by — a™k B™Mk Pk

c— ct.

Since ¢ must be well-defined, ([a;, a;])¢ = ([bi, bj])¢ = ([ai, bj])p =1 for i # j. To reduce computa-

H . . (o) Al A2
tions, note that these commutators are sent to [a™ b™ cPi, a™ b™ ' ] where o, A € {1,2} can be
equal or different and i # j. Therefore, we have

. . L4 (a)
1= [amilbmi2cp§ )vamjubmjucpj ]

= (a"‘i’lbm72cP§.))_l(amfubmfch}”)_l(ami'lb"‘i'chf.))(a i pJ(A))

2 1 2\T (@) _ Al _ A2 Al(.a2)T _ (4) (o) A2 ()
— gt peme? ot (mp2) i) Al omAZ mA (mA2) T —pit met pme2 pf) mAl mAZ )
1 2 _ Al A2 2 Al a2 el e2\T | a1( a2\T
— a_mi. b—m,.' a m/ b~ m! _m? bm,‘ amj bmf Cm,. (m,. ) +mj (mj )
ol_ Al _ _ o2 A2
=a ™ b~ mi bmr am bmj

Cm,.'l(ml-'Q)T-ﬁ-mj‘l(mj‘Q)TCm,.'Q(mj‘l)T

_mAl A2
= a mj b mJ

cmit(me2) At (mA2) " me2(mat) " —met (m$2) " st (me2)

mAl bmA2

Therefore, we have that . .
(mA)" —m? (m*?) " =0

for i # j.
In addition to this, we must have ([a;, bj]c)¢ = 1. This results in:

(1) (2)
1 = ([a;, bi]c)p = [am'11 b P g B P |t

= ()T ()

Therefore, we have that
11

m:

()" =l ()" =

The relations [a;, c], [bi, c] are trivially sent to trivial.
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We can define the 2k x 2k matrix

" Mll ‘ M12

e -

M21 ‘ M22

Then, all these relations can be summarized as:

11 12
m;® | my
11 12
L
mi® | m3
21 22
my- | my” |

with
_ 10 &k
/= [_Ik O] '
Let's check this:
mil | mi?
T mil miz 0 Ik -
MIM " = T 5 0 M
[ mit | mi?
—mP2 [ mlt
I e B M ) M O M GO
T e | L) ) ()T ()]
| —m? | mt ]
NI 12
= N2t N22|
where
NI = [t (mlz)T 2 (mll)T- [0 = O
L J ! J Lij ij ;
i . -
N2 = [mf (m2)T — mi (m?) |, = ol =
i . -
N2 = (w2t (mi) — m? () | = omdiliy =
i . -
N2 = (w2 (m2) — m? () |, =0=0

So, MJMT = pJ and this summarizes all the relations the matrix M must satisfy in order to be the

matrix associated to the endomorphism .

35



CP for extensions of Heisenberg

3.3 Automorphisms of H .,

Now, we focus our attention on automorphisms in Hy», that is, bijective endomorphisms. We have the
same lemma as in H3, which will make computations easier and whose proof is analogous:

(=1 mnT

Lemma 3.8. In Hy o, (a™b") = a/mb/nc

Now, given ¢ an endomorphism, we check under which conditions, ¢ is also injective. If it is injective,
that means that Ker(¢) =1, so if (a™b"cP)p =1, then m =n =0, and p = 0.

_ /.mpun _ m m m n n n
1= (a"b"cP)p = ((a1))™((a2))™ - - - ((ak) ) ™ ((b1)p) ™ ((b2) )™ - - - (b)) ™ ((c)p)?
1)\ M 1 m2 1
= (am%l bm%z Cpg )> (amél bméz Cpg )> e ( mk bmiz Cpl(< )>
2\ N 2)\ M2 2)\ Nk
(e o) " (e e ol (g o o) o
_ <am1m1 bm1m%zcm1(";1l)mil(m}Q)Terngl)) (am2m2 bm2m%2cm2(n;2l)mél(m%Z)T+m2p£1)>
my (my, — T
.(amkmilbmkmizc k( 2k l)mkl(mf) —i—mkp,((l))
ny(ny— T no(no— T
<an1m§1bn1m§2cl(§ Ym2t (m3?) +n1p§2)> (3"2"‘51[)”2"‘22(; 2021 121 (m2) +n2p£2)>
_ T
(st )l e
_ iy mim ST mm?t ST mimPP 45T nim??

m; m—l)
2

P+ 1(mi2) gy ) 2t (m22)
Z ZJ ,+1m,m12(mm ) +Z J i+ m22(n mjzl)T

2
(S mmP)- (Sl mmt) Tk mip( 5k nip®

If we want this last expression to be equal to 1, all the exponents must be necessarily equal to 0.
Looking at the exponents of a and b, we get the following linear system:

Zm,m +an21 forj=1,2,...,k;
Zm,m —i—Zn, 22 for j=1,2,...,k;

where m?4 denotes the (i, j) element of the matrix M*4 for ¢, A € {1,2}.
This system can be written in matricial form as

[m, n]M = 0y,

where M is the matrix associated to the endomorphism ¢ defined in the previous section.
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This linear system has a non trivial rational solution (and therefore a non trivial integer solution because
it is homogeneous), if and only if, det(M) = 0.

Assuming det(M) # 0, we have that my = my = --- = mg = np = np = -+ = nx = 0 and the
exponent of c is reduced to ppu; moreover, pu =0< =0 or p=0. So, in order to force p = 0, we must
assume p # 0.

Furthermore, using the fact that G’ is characteristic in G, we have that, in fact, (c)p = cor (c)p = ¢ L.
So, in fact, p = £1.

Using this, together with the results obtained in the endomorphisms section, we can conclude that
M € GSpak(Z) (See Appendix A).

It remains to check whether this condition is sufficient for ¢ to be an automorphism. In particular, we
have to check if ¢ is onto with these conditions.

By the previous section, since M € GSpax(Z), we know that M is invertible. Let us denote N = M~1

njA
Nll N12 ng‘

and write N = [Nﬂ N22} where N*A = | 7 | € My(Z) for o, A € {1,2}. Then, [n}! n}’]M = ¢
njA

and [n?!,n22|M = ey,; for i = 1,2, ..., k.Consider a" b™", then we have that

(an}1 bn}Q)(p = a;ci,

where
ko 11/,.11 12
_ } : Mij (”U l)ml ml + }: U ”u 1)m21 (m22)T
i = 2 J Jj J Jj
j=1
k—1 k k .
+ g E n}jlm} ,1,1m,11 + E E n12m (nj; m%l)
j=11=j+1 j=1I=j+1
p T
110 21
+ E nym E n
Jj=1
; (1) . ( )
11 (1 12 (2
+ np; T+ " p;
j=1 j=1

We can see that (a™ b c—# M)y = ;.
Analogously,

where
k 217,21 k 227 22
n;j (”u 1) 11 12\ T u( ij 1) 21 o T
020 = Z 2 m (mj ) +Z 2 m; (mj )
Jj=1 j=1
. k—1 k .
11 22 22 ¢ 22 0]
+ZZ m;? (nfmit) " + Z”ijmj(zlml)
j=11=j+1 j=1I=j+1

37



T

k k

21,12 22 21

+ njjm; E njm;
=1

J

k k
21 (1 22 (2
+ E n,-jlpj()—k E nj pf).
Jj=1 Jj=1

j=1

We can see that (a":21 b"?2c*N(M)’m;)¢ = b;.
And we clearly have that (c*(M)p = c.

Therefore,

-1 .
© " Higo — Hiygo
al — an%l bn%ZC_M(M)’Yll

ap s a2 e HM)n2

ak — anil bniZC_M(M)’Ylk
by > a"t M c—H(M)r2n

b2 — angl bn§2C_M(M)’Y22

by — a"il b"iZC_H(M)'YM
c s cHM),

Theorem 3.9. Let ¢ € Aut(Hky2), then

0 Hikyo — Higo

11 12 (1)
a; — a™ p™ c”

11 12 (1)
ar — aM2 pM2 cP2

11 12 (1)
ag — aMk b™k Pk

21, 22 (2)
by — a™ p™M P

2
by s a™ p™ Pt

21, 22 (2)
by — @™k B™Mk Pk

¢ cHM),
Mll M12

38

CP for extensions of Heisenberg

] € GSpox(Z) = {B € GLok(Z) | BJBT = u(B)J with u(B) € {~1,1}}, where



m;
moA
Mo = |2 € My(Z) fore, A € {1,2} and J = [OI Iok]
. — Ik
mjA

Reciprocally, given M € GSpy,(Z) and p = [p(V), p(?] € Z2¥, we can define an automorphism of Hy»

with the earlier form.

From now on, we will denote ¢y, the automorphism with associated matrix M € GSpox(Z) and

associated vector p € Z2K.

3.4 Structure of Aut(Hy2)

We compute how the composition of automorphisms works. Let @pp, on.q € Aut(Hiq2), then

©Mp - Hip2 = Hipo

11 12 (1)
ap — a™ p™ A

11 12 (1)
ar — aM2 pM2 cP2

11 12 (1)
ag +— a™Mk bMk cPx

21, 22 (2)
by — a™ p™Mi P

2
by — a™ p™ Pt

21, 22 (2)
by — @™k B™k Pk

c s M)

©Nq : Hikr2 = Hig2

1, .12 (1)
ap— a"m P cn

1, .12 (1)
ar — a" p"2 %

11, .12 (1)
ay > a"k bk c%

21 22 (2)
by — a"t P N

2
by — a" b o
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2
by +— a" Kb qu)

c s cHN).

Now, we compute ©p,p¥PN.q:
(a))pmppn,g = (™ b™ e )<PNq
mil 11 12 12 (1)
((a1)en.a)™ - ((ak)en.q) ™k ((b1)ong) ™™ - - - ((bk)on.g) " ((€)Pn.q)7
11 11 12 12
st (e (g ) () ot

11,11 11, 11
mllnll | piipl2 T (M =Y a1 a0 1) mllnll | piigl2 i (M =Y a1 a0 1
= (a L L L n (“1 ) +miiqy v [ gMaE™e B T 2 My (“k) +mia

12, 12 12, 12
mi2n2l | mizn22 MAE D 010 00T L 12 (2) 12001, p12022 MM =D o1 00T 12 (2) (1)
<a L UL — ny (“1 ) +miia co | gMENE pMEN T2 e ( k) ik CN(N)P/‘
K K K K
B az C milal e mi2e2l) S mllplzy sk mize22 V)R] )+'y1

where

e ml.l(ml.l -1 11 e mfljz(m}j2 -1 21

=) ("}2)T+Z 2 "

()"

j=1
k—1

K
11 12 mlt 11
E E mij'n;t) [t

k=1 K .

1222 (1221
g miZns (my’nit)
=j+

+1

J=1

k
i +szq<2>

2

Jj=1 1=
k

+ (Z m11n12 . 12 21)

21 2 (2
(bi)SOM,pSDN,q = (ami b™i" cPi )SON,q
(2)
1

21 21 22 22
= ((a1)en,a)™ -+ - ((ak)en.q) ™ ((b1)en,g) ™ - ((bk)en,g) ™ ((c)en.q)”
_ < n bn%gcq?)) 21 N (a“il b“ichil)>mi2kl < n bnl Cq§2)>m,212 o <ani1 bnichf))mﬁg C“(N)P,(z)

21, 21 21 21
2111 2112 M (M —=1) g1 10\T 21 (1) 2111 2112 Mok (M =1) 10 12\T 01 (1)
— (amllnl b ¢ 2 ni'(nf?) +mia’ ) . Mk pMik ™ ¢ 2 it (n?) " +milay

2, 22 2, 22
22 21 22 22 M (Mif—=1) 510 00\T 2o (2) 22021 | 22002 M (Mg =1) o1 00T oo (2) 2
(a’"d"l PN n ("1 ) +mifa; e | gMEME pMEN T ny ( k ) +micq, C#(N)P,-

2
_ S mEmI S mindt S el min® (e
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where

k k
m2t(m?t — 1) " m??(m?? — 1) o1

L ij ij 12\ T ij ij oo\ T
72'—2—2 n;t (nj°) +Z—2 n;t (n}”)
jfl jfl
k
-
+ m21 12 21n11 + m22 22 22n21)
myn; myny
j=1I=j+1 Jj=1I=j+1
T
k
T menlz Zmzz 21
1:1

()emppn.g = ((€)pnq) M) = cHMKN)
We can see that the matrix associated to Yp pn,q is MN, so we can define an epimorphism:

B Aut(Hk+2) — Gspgk(Z)
omp = p(M)M.

In fact, we have the following short exact sequence:
1 2% % Aut(Hso) 2 GSpor(Z) — 1,

where pa = ¢ 5 and pppf = p(M)M.

In an attempt to generalize the result in Section 2.4, we have done the computations to determine
whether this short exact sequence splits.

In order to do this, we have found in the literature (see [3] for Spa(Z) and [15] for Spak(Z) with k > 3)
the presentation of Spyk(Z).

To compute a presentation of GSpok(Z), once we have the presentation of Spyk(Z), we can add

_Olk /O] which has order 2 and compute the result of
k

conjugating every other generator by H, adding this as relation as well as H? = k. Like this, we have a
presentation of GSpak(Z). To illustrate this, we add Appendix B as an example of this process for k = 2.

as generator the antisymplectic matrix H = [

After computing a presentation of GSpyk(Z), the idea is to map the generators Ejj € GSpk(Z) to
PE; x(Ej)» where x(Ej;) is a 2k-dimensional vector of unknowns. This map must be a homomorphism for
the short exact sequence to split, so imposing that the relations are kept by the map, we get a set of linear
equations on the unknowns.

After computing all this (using a computer) and solving the linear equations, we got a compatible
undetermined system where some of the unknowns had to be rational numbers with 2 on the denominator.
So, the short exact sequence should not split if these computations are correct.

We have omitted all the details of these computations or the script in this thesis, since it was a negative
result that was not aligned either to the main objective of this Master Thesis, which is to solve the CP for
certain extensions of Heisenberg group.
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3.5 Conjugacy Problem and Twisted Conjugacy Problem

Before studying the twisted conjugacy problem, we solve the conjugacy problem in Hj,».

Given a"bSct,a"b’c" € Hiin, we want to see if there exists a*b¥c? € Hs such that a'bSct =
(*bYc?)Laub¥c"a*bYc?. Developing, we get the following:

a'bsct = (a*bYc?)tat b W at by c?
_ _ T_ T
a xb nyy zau+x bv+y Cz+w+vx

T_uvT
— QUpvwtvx —uy

Therefore, a"bSct ~ a“b¥c", if and only if, r = u, s = v and there exist x,y € 7k such that
t =w-+vx” —uy’. Thisisequivalenttor =u, s =vand t =w (mod g) where g = gcd(r;, 5;)i=1..k =
ged(ui, vi)i=1,. k-

Now, we go to the twisted conjugacy problem:
Given a"b°ct, a"b"c" € Hyy2 and pm,p € Aut(Hiy2),

@ Hipo — Higo

11 12 (1)
a; — a™ pM P

11 12 (1)
ar — a™ pM2 P2

11 12 (1)
ag — aMk b™k Pk

21, 22 (2)
by — a™ p™M P

2)
by — gms’ pm3’ c”é

21 22 (2)
by — a™k p™Mk cPk

c s M),

we want to see if a"bSct ~,,  a'b¥c". That is, if there exists a*bYc* € Hyio such that a"bSct =
(Y c?)omp) ta"b¥c"a*bYc?. Developing, we get
a'bSct = ((axbycz)cpM,p)*la“b"cwaxbycz
— (d[er]MCH(M)Z+7)—1aU+X bv+ycw+z+vxT

o agoT T
::(a Xp—Yc w(M)z—y+xy )au+xbv+ycw+z+wx

— 11— M) w1 (M) 7=+ (R—x—w)g T+ux

where
X=([x,y]M)[1l..k] = xM ¢ yle,

§ = ([x, y]M) [k + 1..2k] = xM™ + yM??,
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~xi(xi — 1) ~yilyi 1)
y = Z i 12 m,ll (m’lg)T 4 Z Yi )//2 mlgl (mlgz)T

i=1
k=1 k
12 11 22
30w (g Y Sy ()
i=1 j=i+1 i=1 j=i+1
k k T
12 21
| 2oami? | - | D yim
i=1 i=1

(1
xip' D + Zy,p,

M*\

_l’_

Il
—

After making the substitutions of X, y, we get that the exponent of ¢ is

= W+(1—M(M))Z—7+(>A<—X—U)9T+VXT
=w+ (1 —pu(M)z =7+ (x(M™ = 1)+ yM* —u)(xM*2 + yM??)T 4 uxT

+ (L= p(M)z =y +x(M* = 1)(M?2)TxT 4+ x(M* = 1)(M*%)TyT
+ y/\/,21(I\412)TXT + yM21(M22)T T (M12)TXT . u(M22)TyT + VXT
—w+(1—p(M)z—~v+ lel(M12)T T _ X(M12)TXT + lel(M22)TyT _ X(M22)TyT
+)(/\/,12(,\421) +yM2l(M22)TyT (Mlz)TXT_u(M22)TyT+VXT_

An algorithm deciding whether two elements are twisted conjugated must first solve the linear system
[x,y](/ = M) = [r — u,s — v]. We distinguish the following cases:

e Incompatible System: The system has no solution. Therefore, the algorithm must answer no.
e Compatible Determined System: The system has a unique solution. We have two subcases:

— The system has a solution over the integers. We substitute the values of x,y in the equation
C=t.

* If (M) = 1, the value of z doesn't matter, we just check if C = t is verified. If it is
verified, the algorithm must answer yes (Our possible conjugator is a*b¥). Otherwise, the
algorithm must answer no.

* If (M) = —1, we must leave 2z on one side of the equality and check if the other side of
the equality is even. If it is even, dividing by 2, we get the value of z, and the algorithm
must answer yes (Our possible conjugator is a*b¥c?). Otherwise, it must answer no.

— The system has no solution over the integers (The solution is rational). The algorithm must
answer no.

e Compatible Undetermined System: The system has an infinite number of solutions.

Let h be the freedom degree of the system. Then, we can write x,y in terms of A, ..., Ay, where );
are free parameters over the integers. We substitute the values of x,y in C = t. We distinguish two
cases:
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— If u(M) = 1, then the value of z doesn’t matter. The equation C = t reduces to a quadratic

equation of the form
h

Z Oz,'j)\,')\j + Zﬂj)\j =%

ij=1
where the «ajj, 8,9 are integers, or at worst, some of them are rational numbers with denomi-
nator 2.
By reference [14], there exists an algorithm determining whether this type of equation has a
solution over the integers.
After applying this algorithm, if the equation has a solution over the integers, we answer yes,
we substitute the values of A\; obtained in x and y and obtain a*bY as a possible conjugator.
If the equation has no solution over the integers for \;, our algorithm must answer no.

— If u(M) = —1, then what we can do is to leave 2z on one side of the equality, and the quadratic
equation on \; on the other side. After multiplying by 2 if there are any denominators on the
coefficients of the quadratic equation on \;, we can reduce the equation modulo 2 or 4, and
check for \; € {0,1}({0, 1,2, 3} if we have reduced the equation modulo 4) if the equation has
a solution modulo 2 (or 4). After checking a finite number of possibilities, the algorithm will
determine if this equation has a solution modulo 2 (or 4).If it has no solution, the algorithm
must answer no. If it has a solution, the algorithm must answer yes. In order to give a possible
conjugator, it must substitute the value of A\; on x and y, and also on C = t and solve the
equation for z. Then, our possible conjugator would be a*bYc?.

As a result of this section, we obtain the following theorem:

Theorem 3.10. The Twisted Conjugacy Problem is solvable in Hy,, for all k > 1. O

3.6 Orbit decidability

In this section, we will study the orbit decidability of the full automorphism group of the higher dimensional
Heisenberg group. In the general case of k + 2 dimensions, not every finitely generated subgroup of
automorphisms containing the inner ones will be orbit decidable. However, we will be able to connect the
orbit decidability of a finitely generated subgroup of automorphisms (containing the inner ones) with the
orbit decidability of the finitely generated matrices subgroup formed by the matrices associated to these
automorphisms.

3.6.1 OD(Aut(Hy.2))

We start with the full automorphism group, which is orbit decidable.
We will use the following transitivity property of Spox(Z) over the unimodular vectors:

Theorem 3.11 (Sierra—Wabhl, Proposition 2.25(ii) adapted, [22]). The group Spak(Z) acts transitively on
the set of unimodular vectors of 72K, that is, given two vectors u,v € Z2* such that gcd(u;)i—1
gcd(vj)i=1,..2k = 1, then there exists M € Spak(Z) such that uM = v.

Notice that the statement of this Theorem automatically implies that Spox(Z) < GLok(Z) = Aut(Z?¥)
is orbit decidable. In fact, given u,v € Z?, there exists M € Spox(Z) such that uM = v, if and only if,
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ged(uj)i=1,.. 2k = ged(v;)i=1.... 2k- The sufficiency comes from Theorem 3.11: if g = ged(uj)i=1,.. 2k =

gcd(vi)i=1.... 2k, then dividing u,v by g, we get unimodular vectors which are on the same orbit, and
therefore, the original u,v are also on the same orbit. The necessity is clear, since the existence of an
integer invertible matrix M sending u to v implies that the elements of both vectors must have the same
ged.

Given a"b¥c", a"b°ct € Hi4p, we want to decide whether there exists @pp € Aut(Hk2) such that
a"b'c" = (a"b°ct)pmp. After making computations, we get

UV — (arbsct)ﬁpM,p — d[r,s]MC,u(M)tJr'y, (19)

where

(- 1) L si(si— 1) T
! 11 12 / — 21 22
1= +; (m??)

k -1
11 22 T
+ E r,m, erJ + E E sim sj )

i=1 j=i4+1 i=1 j=i41

(o) (o]
+ir,p —I—ZS,p

For (19) to be verified, we need first of all that [u,v] = [r,s]M. By Theorem 3.11, this is verified if
and only if gcd(uj, vi)i=1,... k = gcd(ri, si)i=1,...

Our decision algorithm would start computlng ged(uj, vi)i=1,..k and gcd(ri,s;)i=1,.. k. If they are
different, there cannot exist ¢pp € Aut(Hk42) such that a"b¥c" = (a"bct)ppm p since there cannot exist
M € GSpak(Z) sending [r,s] to [u, v]. The answer should then be no.

If g = ged(uj, vi)i=1,... k = ged(ri, Si)i=1,... k, we know the existence of M € Spyk(Z) such that [u,v] =
[r,s]M and we can compute such an M. In general, it is not unique.

Now, we look at the exponent of c. We haven't made yet any imposition on the vector p associated
to our possible automorphism. From the expression of v, we see that the last two addends can be equal
to any multiple of g by choosing p appropiately.

We distinguish two cases:

e 2t g. In this case, we notice that all the other terms in the expression of ~ are divisible by g. If
w =t (mod g), then we can choose the vector p such that the exponents of ¢ coincide. We answer
yes.

If w= —t (mod g), we can also do this, changing our M by HN where H = [_(;k /O] and N is
k

a symplectic matrix such that [u,v] = [—r,s]N. Then, M will be antisymplectic (uz(M) = —1) and
the exponent of ¢ in (19) will be —t 4+ . We answer yes.

If none of this congruences is verified, we can conclude that there is no automorphism verifying (19).
We answer no.
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e 2 | g. In this case, we have to work a little more, since the first two summands of ~ are not
necessarily multiples of g (but only of §). Choosing an adequate value for the vector p, we can make
the exponents of ¢ in (19) coincide, if and only if,

k

i Si

w = (M)t — % (;m}l (m}?) [t Em,?l (m??) T) (mod g). (20)
i=1

By Lemma 3.12, regardless of the choice of M provided that [r, s]M = [u, v], the second part of the
right hand-side term of (20) doesn’'t change modulo g. Therefore, we can compute it for a particular
M symplectic and check whether

w:t—Z( )74 L (w7 (mod )

4

If this is the case, the algorithm must answer yes. Otherwise, check whether
T S; T
w=—t—= Z < + E’m,?l (m?z) > (mod g).

In the affirmative case, answer yes, using a similar argument as in the case 2 t g, changing M by
HN as described there;otherwise, answer no.

To finish the proof, let us see the already used result:

Lemma 3.12. In the case 2 | g, if M, N are both matrices such that [r,s|M = [r,s|N = [u, v], then
k
4 T g ri S; T
EZ: ( m,12 I m21 22) > Z < "all (n12) Ty énzl (n?2) > (mod g).  (21)

Proof. To see this, notice that if [r,s]M = [r, s]N = [u, v], then [u, v]N "M = [u, v], thatis, Q = N"I1M ¢
Fix([u, v]).

11 12 11 12 11 11 12 H21 11 H12 12 n22
M:NQ:[N NHQ Q]:[NQJrNQ NQ+NQ]

N2 N22| Q21 (22 N2LQLL 4 N22QQ2L  pRIQI2 4 N22()22
We have the following equalities:

11 11 ~H11 12 121
m;” =n; Q +n; Q

12 11 ~H12 12 122
m;— =n; Q +n; Q

(

(
m21 — n[gl Qll + n[?2 Q21 (24)

(

1
22 2112 22 122
mi“ =n;" Q" + ni* Q.

Since Q is general symplectic, we also have the following equalities:

QU (le)T — QR (Qll)T (26)
o (022) T _ Q% (021) T (27)
oM (Q2z)T _ QP (QQl)T = 1(Q) k. (28)
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Using (22) and (23), we get

mi (m??)" = (n11QM + nP2QM) (n1Q2 +n2Q?) " = (29)
= nllQU (le)T (n11) L nl2Q2! (012) T (n}l)T Qi (022) T (n}z) L ni2Q2 (sz) T (n}z)T _
— nllQl (le)T (nl;l) T +onl2Q% (Q12)T ("}1) T + u(Q)nlt (n}z) T +nl2Q2 (022) T (n}2)T,
where, in the last line, we have used (28) in the third term of the second line and we have transposed the
scalar n!1Q™2 (@) (n12)".

Similarly, using (24) and (25), we get
m2! (mlzz) T _ (nlgl oM + nlngzl) (n’gl Q2 + nlngzz)T _ (30)
= n2 QU (012)7' (nlgl) L n?2 Q2! (le) T (nlgl)T +n2lQl (sz) T (nlzz) L n?2 Q2! (022) T (nlgz)T _
= n2 QU (012)7' (nlgl) L 2n?2 Q2 (le)T (nlgl) L 1(Q)n? (nlzz) L n?2 Q2! (022) T (n,?z)T,
where, in the last line, we have used (28) in the third term of the second line and we have transposed the
scalar n?1 Q12 (QZl)T (n??) T

Notice that (21) is equivalent to
k

k
§ : fi 11 12y 1 Si 21 22\ 1 _§ : fi 11 ¢.12\7 Si 21 ¢ 221
—m; i + —m; i = —n; i + —n; i mod . 31
( m (m ) m (m ) ) < n (I’I ) n (n ) > ( (0] 2) ( )

i=1 g i=1

Using (29) and (30), the left hand-side of the equality is equivalent modulo 2 to
K

Z <’7m}1 (m}2) T + gm?l (m?2) T) =5

i=1 g

k
> (2 (0" (@) (1) it ()T 0207 (02)7 ()
i=1

S

F2 (a1 Q@) ()T 4l (7)) 4 02Q7 (@) (07) T)) -

Now, for (31) to be true, we need to prove

k
3 (; (n1@ (@) () + 02 (@) (1)) (32)

i=1

+§ (nlngn (Q12)T (nlgl)T +n2Q% (sz)T (“,22) T)) =0 (mod?2).

We also have the relations

11 12
[, v] = [u, V] [821 824 Q™ 1 vQ?,uQ 4 vQ?, (33)
uv] = [r. ] mz %Z} PN NP N2 4 s, (34)
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Using (26) and (27), we know that the matrices Q! (012)T and Q% (Q22)T are symmetric. This
means that the terms of the sum in (32) are quadratic forms applied to the vectors n*. Given a vector
x € Z¥ and a symmetric matrix A € M(Z), we have that:

-1 & k
T _ E : . E :
xAx' =2 xjaji x| + X; ajj
j=1I=j+1 j=1

In modulo 2, the term multiplied by 2 disappears and squaring 0 or 1 leaves the number unchanged,
so in fact,
k
xAx " =5 ZXJajj
j=1
Translating this for A = Q! (Q12)T and A= Q% (022) T, the expression (32) changes modulo 2 to

k k k
) gznulzq}ﬁq}/“ Z Zq}ﬁqf
i=1 j=1 =1 j=1

K

ri 12 21 22 21 22
+é j Zqﬂ 9ji + Zqﬂ qji

(e

k
ri 11 Si 21)) Z 11 12
qu qJI
J (

(Z ;12 Si 22>> Zqﬁlqulzl

i=1

k k
uj 11,12 | Vj 21 22
ai q - a; q;
> (43 aa Uy ).

j=1 =1

+

where the last equality comes from (34).

Now, we do the opposite, transforming the sums into quadratic forms:

k k
> (43 a0y )
J
u r(u\ v r(v\"
=, 7011 (012) <> + 7Q21 (022) <> .
g g g g
Using (33), we can rewrite the following scalar product as follows:

u (V>T: <"Q11+V021> <UQ12+V022)T
g \8 g g g g

e () e ()
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e () <1 () e ()

g g \8

where in the last equality we have used (28) (subtituting @!* (Q22)T) and we have transposed the scalar

v T u T
§Q21 (Q12) (E)
Therefore,
u r/u\" v T(v\"
ioll (le) <) + 7Q21 (022) () =0 (mod 2)
g g g g
This finishes the proof of the lemma. O
As a result, we obtain the following theorem:
Theorem 3.13. The full group of automorphisms of Hy_» is Orbit Decidable. O

A direct application of Theorem 1.1 gives us the following corollary:

Corollary 3.14. Let H be a torsion-free hyperbolic group (with n generators) and let wpy, o1, ..., M, pr €
Aut(Hyy2) be automorphisms such that (opy, o, ..., M, pr) = Aut(Hyy2). Then the Conjugacy Problem
is solvable in any group of the form Hy o X Ppg, ol O

3.6.2 OD({m,pts -+ » @M, pn) INN(Hi42)) (Positive and negative results)

Now, we will relate the orbit decidability of this subgroup with the orbit decidability of the subgroup
generated by the associated matrices.

Theorem 3.15. Let p!,...,p" € Z?k. Then, Spoi(Z) N (M, ..., M) < Aut(Z2k) is Orbit Decidable, if
and only if, (o pts -+ @M pr) INN(Hiy2) < Aut(Hyy2) is Orbit Decidable.

Proof. (=) Since Spox(Z) N (M, ..., M,) <2 (My, ..., Mp) or Spar(Z) N (M4, ..., Mp) = (M, ..., Mp,), we
know that (Mjy, ..., M,) is also Orbit Decidable.

Let a"b¥c", a"bSct € Hyyo. If there is no matrix M € (My, ..., M,)) such that [r,s]M = [u, v], then
we must answer no.

If IM € (My, ..., M) such that [r,s]M = [u,v] and M = Mfll---M,-f’, we can compute @, =

€1 U
Puay o P i Then, we have

(&) M@ b )pmpa*b? = U pY M) t+y+vxT—uy T
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where

a ri(ri — 1) a si( T
i\ AU 22
Y= E f + IE - (mi )

_ k=1 k
5D il o + X3 o (gm)”
=1 j=i+1

i=1 j=i41

K K T
+ (Z r;m,l2> . (Z s,-m,?1>
i=1 i=1
k k
+ Z r;pfl) + Z SiP,(z)
i=1 i=1

Since we can choose x,y € ZK, the equation w = j(M)t +~ + vx” —uy” has a solution over the
integers, if and only if,

— In the case 2 1 g, w = p(M)t (mod g), where g = gcd(uj, vj)i=1,..., = ged(ri, si)i=1,. k;
or w = —u(M)t (mod g) and there exists Q € (M, ..., M,) with M(Q) = —1 such that
[u,v]Q = [u, v].

This last problem (deciding the existence of Q) can be reduced to:

If My, ..., M, are all symplectic, @ does not exist.

If, without any loss of generality, M; is antisymplectic and M, ..., M, are symplectic, then, we
just have to decide if 3R € Spok(Z)N(My, ..., My) = (M2, My, ..., Mp, M7 Mo My, ..., MM, My)
such that ([u,v]M;) - R = [u, v]. (Here we use the same arguments as in Lemma 2.17, chang-
ing SL by Sp and GL by GSp, as well as determinants by multipliers. It is similar because
Spak(Z) <2 GSpak(Z)).

So, if Spak(Z) N (M, ..., M) is orbit decidable, this decisional problem can be solved.

— In the case 2 | g, after computing @ = S, (”mll (m}Z)T + Zm?t (m??) T) mod 2 (by
Lemma 3.12, a does not depend on the choice of M), w = (M)t + a5 (mod g); or w =
—pu(M)t+a4 (mod g) and there exists Q € (My, ..., M,) with (@) = —1 such that [u, v]Q =
[u, v], where this last decisional problem can be solved (it is the same problem as in the case

218g).
So, (P, pts -+ @My ) INN(Hi12) < Aut(Hyy2) is Orbit Decidable.

Let [u, v],[r,s] € Z?k. We want to decide if IM € Spox(Z) N (My, ..., M,,) such that [r,s]M = [u, v].

If ged(uj, vi)iz1,.. k # ged(ri, si)i=1,... k, then M cannot exist, because there is no M € GLyk(Z)

doing this.

.....

Therefore, we can assume that g = ged(uj, vi)i=1,. k = gcd(ri, si)i=1,.. k- After multiplying by if
necessary, we may assume without any loss of generality that ged(u;, v;)i=1,.. x = gcd(ri, Si)i=1...., k =
3.

Now, since (@, pty - PM,pn) INN(Hi2) < Aut(Hy,2) is Orbit Decidable, we have an algorithm
deciding if given two elements of Hj o, there is a v in this subgroup of automorphisms such that 1
sends one of the elements to the other.



We give to this algorithm the elements a"bYc, a"b%c € Hy4o. If the algorithm answers yes, then

there is 1) = op paxbyez € (P pts -+ PM,pn) INN(Hi12) such that

MpVe = (arbSC)SOM,pgaxbch _ (axbycz)fl(arbsC)SDM’p(axbyCz) — aﬁqu“(M)+7+‘7xT*ﬁyT1

where [r, s]M = [, V] and

k ri(ri—1) TR si(si— 1) T
N = Z i 12 mil_l (m/l2) + Z i 12 121 (m122)
i=1 i=1
k—1 k T k—1 Kk -
X )+ 33 e )
i=1 j=i+1 i=1 j=i+1

but this implies that [r,s]M = [u, v] ([&i, V] = [u, v]) and the exponents of ¢ must coincide:
1=p(M)+~+ux" —dy’.
Since 3| v +vx” —uy’, reducing modulo 3 we have

u(M)=1 (mod 3),

and since p(M) € {—1, 1}, the only possibility is u(M) =1 (M € Spak(Z)).
So we have that IM € Spak(Z) N (M4, ..., M,,) such that [r,s|M = [u, v].

Conversely, if IM € Spak(Z) N (M, ..., M) such that [r,s]M = [u,v] and M = M;* --- M;', then

we can construct 1 = oum paby € (Pppy,pts - s PM,pr) INN(Hicy2) with o p = @7} o P o
IlY l/Y

that
(a"bSc)y = bV Lt —uy”

where

N = i ri(ri2— ].)mil_l (m}2)T n k 5,-(5,‘ — 1)m’21 (m%z)T
i=1

i=1 2
k—1 k—1 k
5 ) £33 e
i=1 j=i+1 =1 j=i+1

B T
+ (Z r,-m,l2> : (Z s,-m,?1>
i=1 i=1

k
Z ipM + 3 sip?
i=1

SO
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Since ged(u;, v;)i—1....k = ged(ri, si)i=1...k = 3, 3| 7 and we can choose x,y € Z* such that

vx! —uy = —,

and, therefore,
(a"b°c)y = a"b'c.

This means, that the algorithm answers yes on inputs a"b¥c, a"b’c € Hyyo, if and only if, AM €
Spak(Z) N (M, ..., Mp) such that [r,s]M = [u,v]. So, Spak(Z) N (My, ..., Mp) < GLak(Z) is Orbit
Decidable.

This finishes the proof. O

We have the following corollaries:

Corollary 3.16. Every subgroup of the form {om,p)Inn(Hyy2) < Aut(Hi42) is Orbit Decidable.

Proof. For any invertible matrix M € GLok(Z), it is a well-known result that (M) < Aut(Z?*) = GLok(7Z)
is Orbit Decidable.

If M is antisymplectic, then (M) N Spax(Z) = (M?); and if M is symplectic, then (M) N Spax(Z) = (M).
In any case, the corresponding subgroup is cyclic and, therefore, Orbit Decidable. Applying Theorem 3.15,
we get the result we want. O

A direct application of Theorem 1.1 gives us the following corollary:

Corollary 3.17. The Conjugacy Problem is solvable in any group of the form Hy» X Z. O

By [7, Proposition 7.5], we have that

Lemma 3.18. For k > 4, there exist 14 matrices Aq, ..., A1a € GLi(Z) such that (A1, ..., A1a) < GLi(Z)
is Orbit Undecidable.

This [7, Proposition 7.5] just claims the existence of orbit undecidable subgroups of GLk(Z) for k > 4,
but we can be more precise and get a 14-generated such subgroup using the argument in the paragraph
immediately before [7, Corollary 7.2] based on Borisov's example of a 2-generated 12-related group with
unsolvable Word Problem.

For a fixed k > 4, we can now define the matrices

€ Spa(Z)

A, 0
=[5 wn
fori=1,...,14.
As a result, we have
Corollary 3.19. For k > 4, the subgroup <<P(;1,p1: o @Gl4vpl4>lnn(Hk+2) < Aut(Hg42) for any pl,....ptte
72k is Orbit Undecidable.

Proof. We will prove that (Gy, ..., Gia) N Spak(Z) = (Gi, ..., G1a) is Orbit Undecidable.

If it was Orbit Decidable, then taking as inputs [u, 0], [v, 0] € Z?*, we can determine if there exists
A € (A1, ..., A1a) such that u = vA, but by Lemma 3.18, this is impossible. Therefore, (Gi, ..., Gia) is
Orbit Undecidable.

Applying Theorem 3.15, we conclude. O
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A direct application of Theorem 1.1 gives us the following corollary:

Corollary 3.20. For k > 4, there exist Hyo-by-free groups of the form Hy,o X Fia with unsolvable
Conjugacy Problem. O

An open question arises: For k = 2,3, can we find examples of subgroups of matrices from Spsx(Z)
which are orbit undecidable? The answer to this question would allow us to determine if there are Hy,o-
by-torsion-free-hyperbolic groups with unsolvable Conjugacy Problem for k = 2, 3.

4. Conclusions

The aim of this Master's Thesis was to find applications of Theorem 1.1 with F = Hj 5 for k > 1. From
some previous results, i.e., the structure of the group of automorphisms of the Heisenberg group (see [19]);
the aim was to check that the conditions of Theorem 1.1 were satisfied, and then apply the theorem. In
particular, we proved:

e The Twisted Conjugacy Problem is solvable in H3 (Theorem 2.12) and, more generally in Hyo
(Theorem 3.10).

e The full group of automorphisms Aut(Hs) (Theorem 2.13), and more generally, Aut(Hk2) (Theorem
3.13) is Orbit Decidable. As a result, we obtained corollaries 2.14 and 3.14.

e Every finitely generated subgroup A such that Inn(H3) < A < Aut(Hs) is Orbit Decidable (Theorem
2.18), obtaining the corresponding application: Corollary 2.19.

e Every subgroup of the form (oum p)/Inn(Hyky2) < Aut(Hii2) is Orbit Decidable (Corollary 3.16),
obtaining the corresponding application: Corollary 3.17.

e For k > 4, there are finitely generated subgroups A such that /Inn(Hy;2) < A < Aut(Hk42) which
are Orbit Undecidable (Corollary 3.19), obtaining the subsequent negative result regarding the CP of
some particular extensions (Corollary 3.20).

All these results were new contributions to the field. We believe that the aim of the Master's Thesis
has been fulfilled with these results.
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CP for extensions of Heisenberg

A. Some notes on symplectic matrices

In Section 3.2, we encountered a very concrete type of matrices. We will introduce in this appendix some
useful definitions and properties related to these matrices. In particular, we will define general symplectic
matrices and some properties of them.

Given a commutative ring with unity R and a matrix M € My, (R), we say that M is general symplectic
if it satisfies the relation
MT IM = (M) J with J = Jj = Ok
I O
and a unit scalar (M) called the multiplier of M.

Lemma A.1. The product of two general symplectic matrices is again a general symplectic matrix and the
multiplier of a product is the product of multipliers of the factors.

Proof. Given M, N general symplectic matrices over a ring R, we have

(MN)T J(MN) = NT(MTJM)N = NT (u(M)J)N
= u(M)NTIN = p(M)p(N)J

= u(MN)J.

Therefore, MN is again a general symplectic matrix with multiplier u(MN) = pu(M)u(N). O
ML pmi2

Lemma A.2 (Andrianov, [2]). Let M = [I\/Iﬂ 22| where the blocks M, M2 M2 M?2 are square

matrices of order k, and let . be a unit in R. Then, the following conditions are equivalent:

1. M is general symplectic with the multiplier (M) = p;
2. MT is general symplectic with the multiplier u(M7) = p;
3. M is invertible, and
Iy [ (M22) TT — (M®2) T] |
()T ()

4. The blocks M1, M2 M?2L 22 satisfy the conditions

(I\/Ill)T M2t — (I\/I21)T M (M12)T M22 — (I\/I22)T M2, (35)

and (Mll)T M22 _ (le)T M2 =y,
or the conditions

ML (M12)T — M2 (Mll)T' M2t (Mzz)T — M2 (M21)T, (36)

and M™(M?2)T — M2 (MY T =y
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Proof. (1) = (3). Suppose M is general symplectic with (M) = p. Then,

_(I\/Ill) T (le)T

T g O I [M1t Mm2

M*IM = (M12)T (M22)T [—/k O] [I\/I21 M?2
B (MZI Mll M12
- (M22 M21 M22
B _(I\/I ) M21 I\/I21)T ML (I\/Ill) M22 _ (le)T M12
- _(M ) M2L (M22) T M1l (MIZ) M22 _ (I\/I22) T M12
o [ 0 Mlk
|l O] '

So, we have
(Mll) M21 (M21) Mll (MIZ) M22 (M22) M12

and (M) M2 — (MPY)T M2 = iy,

which coincides with (35).

Now, multiplying

T )T v m2
[_ (le)T (M1 T] [le Mzz]

)
_ ,u_l (M22)T ML _ (M12)T M2l (Mzz)T M2 _ (M12)T M22
(Mll)T M21 _ (le)T ML (Mu)T M22 _ (le)T M2

So, M is invertible and
_ _ (M22)T — (M2 T
M 1 1 [— (M21) (I(\/In)) '

(3) = (1). Reciprocally, assuming M in invertible and

Mt [ (M)~ (MIZ)T]

()T

and using the fact that M~ M = I, we get the conditions (35), which imply that M is general symplectic.
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(1) = (2). MT is general symplectic with u(MT) = y, if and only if,

(ML 2 o | (Mll)T (M21)T
T _ k
MJIM ' = V21 Mzz} [_/k O} [ )T

- T T
- [ ] [y e

- (M2) " (M*2)
B 'M11 (M12)T _ M2 (Mll)T Ml (M22)T _ M2 (M21)T
- _I\/I21 (MIZ)T Yy (Mn)T M21 (I\/I22)T Yy (I\/I21)T
[ O pk
- _—,ulk O:|

which is verified, if and only if,
e (M12)T — M2 (I\/Ill)T M2t (Mzz)T — Mm22 (le)T
and M (M2)T — M2 (M) T = iy

which coincides with (36).
Assuming (1), we have proved that (3) also holds. Therefore,

11 12 onT 12\ T
phoy = MpM™" = [M v H(M ) ,(wl\f ]

M2t pm22l | (le)T ( 1)T
_ [I\/Ill (Mzz): _ M2 (I\/I2 ) (/\/111) — MY (M ( );]
M2t (Mzz) _ M2 (M2 ) (Mll) M2 (M ( )

And these relations coincide with (36), which proves that M7 is general symplectic.
(2) = (1) It is immediate using (1) = (2) and the fact that (MT)" = M.
Finally, we have already seen that (1) implies (35). Therefore, clearly (1) = (4).

Reciprocally, if (35) is verified, then (1) is verified. If (36) is verified, then (2), and therefore (1), is
verified. This proves (4) = (1). O

Lemma A.3. If M is general symplectic with multiplier (M) = p, then M~1 is also general symplectic
with multiplier y(M~1) = p=1.

Proof. Suppose M is general symplectic with multiplier u(M) = p. Then,
MTIM = pJ

and we have that .
pty= (MY UM,
which finishes the proof. O

These lemmas prove immediately the following result:
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Theorem A.4. The set of general symplectic matrices of order 2k over a ring R, which we will denote
from now on as GSpyk(R), is a subgroup of GLyk(R). Therefore,

GSpok(R) = {M € GLok(R) | MT UM = (M) J with u(M) € R*},

where
O I
J= )
This group is called in the literature general symplectic group. ]

We will say that M is a symplectic matrix if M is a general symplectic matrix with multiplier u(M) = 1.

It is also worth defining the subgroup of symplectic matrices Spox(R) of GSpak(R), which is defined
as the set general symplectic matrices which have multiplier p = 1; that is:

Spok(R) = {M € GLyk(R) | MT UM = J}.

For our purposes, we will consider that R = Z and, therefore, R* = {—1,1}. This means that
GSpak(Z) = {M € GLo(Z) | MT IM = (M) J with (M) € {—1,1}}.

We will say that M € GSpok(Z) is antisymplectic if M is a general symplectic matrix over the integers
such that u(M) = —1.
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B. Presentation of Sp,(Z) and GSp4(Z)

By [3], we have that Sps(Z) is generated by

11 0 0 1000 1001
L0100 0101 L o1t
“~ 1o o0 1 of’ 5= 10 0 1 of" a8~ 10 0 1 o}’
00 —1 1] 0001 000 1]
101 0 0 -1 0 0] 100 0]
o100 /1 0 0 0 oo o0 -1
X046~ 190 0 1 0 Yoe=1o0 0 0 -1 "5=1o 01 o0
000 1] 0 0 1 0, 010 O]

subject to relations:

anﬂxojlxﬁ_l = Xot8X20+8 (37)
XCYXOHrﬁXo?lX;iﬁ = x22a+6, (38)
xax2a+f3x;1x2_al+ﬁ =1, (39)
x5xa+5xﬁ_1xoj/3 =1, (40)
X5X2a+5X§1X27Xl+ﬁ =1, (41)
Xa+5X2a+ﬁX(;+lﬁX{al+ﬁ =1, (42)
Wa Wi Wo = W, (43)
Wgwéwgl = w2, (44)
(Waws)® = (wpwa)?, (45)
Wg =1, (46)
WaXgWy 't = Xoat 6, (47)
WoXoatfWa = X3, (48)
WoXat+ B W(;l = X;iﬁ, (49)
WBXq WB_1 = Xo+8 (50)
Woxar Wy =, (51)
WBX2a+8W5 b= X048, (52)
WaXaWg t = x5 twy tx t (53)
WsXg W/gl = xglwglxgl. (54)
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We see that the “elementary matrices” (here we tried to rewrite the presentation in terms of “elementary

matrices” as they are defined in [15]) generating Sps(Z) of dimension 4 are

1010 1001
0100 0110
Fli=lg 0 1 o| Fis=10 0 1 ol
000 1 0 0 0 1]
1 1 0 0] 1 0 0 0]
01 0 0 0100
Bla=100 1 o0 Foo=11 01 0
0 0 -1 1] 0 0 0 1]
1 0 0 0] 1 0 0 0]
1100 0100
Fos=1o9 0 1 —1|" Faa=10 11 ol
000 1| 10 0 1]
1 0 0 0] 1 0 0 0]
0101 0100
Bs3=10 0 1 0 Baa=10 01 0
000 1 0 1 0 1]

We want to write Xo, Xa4 8, X2a+8, X3, Wa, Wg in terms of these elementary matrices

Xa — E1,41
Xa+8 = E13,
Xoa+8 = E1,1,
xg = E33,

wo = E }Ey3E]}

e’ 1,452,351 4>

_ 1 -1
wp = E3 3Ea4E5 3,
and conversely,

E>p = Xoa+5WaWsXaW, 1,
E2,3 = XaWaXa
E> 4 = XoqpWaWaXa bel,
E4 4 = xgwpxga.

Making these substitutions, we get that Sps(Z) is generated by

Ei1,E13.E1,4,E22, E23, E2 4, E33, E4 4,

subject to relations

E1’4E3'3E1_y41E:;31 = E13E11,

. We see that

(55)
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E14E13E, E{5 = Efq, (56)

EraE11E B[] =1, (57)

EssE13E;3E 5 =1, (58)

E33E1 E{; Efll =1, (59)

ErsEinESE ] =1, (60)

E rEsEy )} (EsiEaaEsd)’ ELAErsE ) = (EsdEaabs))?, (61)
EsiEeaEs] (ErdEasErd)” (E3EaaBsd) = (EriEasErs) (62)
(EvaE2sErd B3 EaaEsd)” = (Es3Eaabs i Bl BasEr) (63)
(E33EeaBs3)' =1, (64)

E rEr 3B Ess (EL BB D)t = Eun, (65)
ErrExsEitEin (51452 35D = Eag, (66)
ErdEasEribis (EiBsErd) = Eid, (67)
Es3EsaE;  Era (E33 EraEs)) ™ = Eus, (68)
Es3Eaabsibis (63 Eabsd) = Ef, (69)
Ey3EsqEs Er (Es E44E331) = Fy, (70)

EriBs (ErjEasErd) = Eid (EiB2sErd)  Eid (71)
Es3Esa (Es3EaaEsd) = E53 (B3EaaEsd) 3, (72)
Exo = EviEyAEa3E  AE 2 Eaa (B EonErl) (73)
Eva = E13E; tEaaby dET Ers (EsdEaEsd) ™ (74)

Notice that we can eliminate E; > and Ej 4 from this presentation, eliminating also the last two relations.

In order to get a presentation of GSps(Z) from this presentation, since Spa(Z) <2 GSpa(Z), we just
need to add as generator an anti-symplectic matrix (a general symplectic matrix with multiplier -1), such
as

-1 0 00

b0 —100_[—/2 o]
0 0 10 0 b’
0 0 01

which verifies H?> =I5, and add as relations H™1E; jH = E; ; if the parity of i is different from the parity
of jand H71E; ;H = E,-le if i and j have the same parity.
This gives as the presentation of GSps(Z) with generators

H,E11,E13,E14,E>3, E33, E4 4,
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subject to relations (55) - (72) and relations:
H? =1,
H'Ei H = Ef7,
H™'EisH = E; 3,
H™'E14H = Ey 4,
H'E3H = Ey3,
H'EssH = E;3,
H™'EsaH = E, ;.
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