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Raúl Agulló Pardo
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Abstract

This Master’s thesis studies the Conjugacy Problem for extensions of Heisenberg groups from the per-
spective of Algorithmic Group Theory. After introducing the three-dimensional Heisenberg group H3, the
work develops an explicit description of its endomorphisms and automorphisms, proving that Aut(H3) ∼=
Z2⋊GL2(Z). Using these structural results, the thesis solves both the Conjugacy Problem and the Twisted
Conjugacy Problem for H3, and proves that Aut(H3), as well as every finitely generated subgroup containing
the inner automorphism group, is orbit decidable. Applying the Bogopolski–Martino–Ventura theorem, this
yields solvability results for the Conjugacy Problem in many extensions of H3. The thesis then generalizes
these methods to higher-dimensional Heisenberg groups Hk+2, obtaining both positive and negative results
on orbit decidability for subgroups of the automorphisms group as well as on the Conjugacy Problem in
some of their extensions.
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1. Introduction

The study of Algorithmic Group Theory started more than a hundred years ago with the famous three
Dehn Problems (see the seminal paper [12]), namely the Word Problem, the Conjugacy Problem and the
Isomorphism Problem:

Word Problem, (WP(G)): For a finite presentation G = ⟨X | R⟩, given a word on the generators
w ∈ F (X ), decide whether w represents the trivial element in G , w =G 1.

Conjugacy Problem, (CP(G)): For a finite presentation G = ⟨X | R⟩, given two words on the generators
u, v ∈ F (X ), decide whether u and v represent conjugate elements in G , u ∼G v .

Isomorphism Problem, (IP): Given two finite presentations, ⟨X | R⟩ and ⟨Y | S⟩, decide whether they
present isomorphic groups, ⟨X | R⟩ ≃ ⟨Y | S⟩.

Although Dehn wrote his three problems with a clear intention to encourage the mathematical com-
munity to study and solve them as central points for the future theory, one of the first major developments
was done by Novikov [18] in 1955 and Boone [4] in 1958, showing that the Word Problem, and so the
Conjugacy Problem as well, are unsolvable in the sense that there does not exist any Turing machine able
to solve them. Soon, Adian [1] and Rabin [20] got the same result for the Isomorphism Problem.

These negative results redirected the field towards identifying broad classes of groups where these
problems remain solvable.

The present project aims to contribute in this direction, focusing on the Conjugacy Problem in close
relation with two more modern algorithmic problems: the Twisted Conjugacy Problem and the Orbit
Decidability Problem.

Let G be a group and φ ∈ Aut(G ), g 7→ gφ, be an automorphism. Two elements u, v ∈ G are said
to be φ-twisted conjugated, denoted u ∼φ v , if there exists x ∈ G such that v = (xφ)−1ux . It is easy to
see that ∼φ is an equivalence relation on G (which coincides with the usual conjugation when φ = Id).
This variation of standard conjugacy was first introduced by Reidemeister [21] back in 1936, with clear
topological motivations related to Nielsen Fixed Point Theory. The corresponding algorithmic problem is
the following generalization of the Conjugacy Problem:

Twisted Conjugacy Problem, (TCP(G)): For a finite presentation G = ⟨X | R⟩, given an automorphism
φ : G → G (by the images of generators), and two words on the generators, u, v ∈ F (X ), decide whether
u and v represent φ-twisted conjugate elements from G , i.e., u ∼φ v .

Of course, CP coincides with the particular case of TCP with φ = Id ; so, a positive solution to TCP(G )
immediately gives a positive solution to CP(G ) (which automatically gives a positive solution to WP(G )
as well). However, as one might expect, in an arbitrary group G , twisted conjugacy classes may be much
more complicated to understand than standard conjugacy classes. For instance, in the case of free groups,
CP(Fn) is very easy both conceptually and computationally, while TCP(Fn) is known to be solvable but
much harder in both senses; see [6, Thm. 1.5]. Also, similarly to the classical result stating the existence of
a finitely presented group G with solvable WP(G ) but unsolvable CP(G ) (see, for example, [16]), there is a
more recent result stating the existence of a finitely presented group G with solvable CP(G ) but unsolvable
TCP(G ); see [7, Cor. 4.9].

In [6], Bogopolski–Martino–Maslakova–Ventura solved the Conjugacy Problem for free-by-cyclic groups,
CP(Fn ⋊φ Z). The proof had two clearly separate ingredients: firstly a positive solution to the Twisted
Conjugacy Problem for free groups, TCP(Fn), and, secondly, a result from Brinkmann [8] providing an
algorithm to decide, given an automorphism φ ∈ Aut(Fn), and two elements u, v ∈ Fn, whether v is
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CP for extensions of Heisenberg

conjugate to some iterated image of u, i.e., v ∼ uφk , for some k ∈ Z. On the other hand, more than 30
years earlier, Miller [16] already studied the much bigger family of free-by-free groups, and showed that the
Conjugacy Problem is unsolvable within that framework.

Few years after the publication of [6], Bogopolski–Martino–Ventura [7] realized that, in their solution to
CP(Fn ⋊φ Z), the case where the two inputs belonged to outside the normal subgroup Fn (i.e., u, v ̸∈ Fn)
boils down to TCP(Fn), while the opposite case (u, v ∈ Fn) corresponded directly to Brinkmann’s result
(note that if u ∈ Fn and v ̸∈ Fn, or viceversa, then they automatically cannot be conjugate to each other).
This pattern happened to be much more general: in the free-by-free group G = Fn ⋊φ1,...,φm Fm, the
decision on whether two elements u, v ̸∈ Fn are conjugated to each other in G boils down to TCP(Fn),
while deciding whether two elements u, v ∈ Fn are conjugated to each other in G , becomes a much harder
problem than Brinkmann’s one (and mandatorily sometimes unsolvable, according to Miller’s result [16]).
Much beyond this family, the main result in [7] is the following one, exactly in the same spirit, but applying
to any (non necessarily split) algorithmic short exact sequence of groups:

Theorem 1.1 (Bogopolski–Martino–Ventura, [7]). Let 1 −→ F
α−−→ G

β−−→ H −→ 1 be an algorithmic
short exact sequence of groups such that (i) F has solvable twisted conjugacy problem; (ii) H has solvable
conjugacy problem; and (iii) for every 1 ̸= h ∈ H, the subgroup ⟨h⟩ has finite index on its centralizer
CH(h), and there is an algorithm which computes a finite set of coset representatives, zh,1, ... , zh,th ∈ H,
CH(h) = ⟨h⟩zh,1 ⊔ · · · ⊔ ⟨h⟩zh,th . Then, the following are equivalent:

(a) the conjugacy problem for G is solvable;

(b) the conjugacy problem for G restricted to F is solvable;

(c) the action subgroup AG = {φg | g ∈ G} ⩽ Aut(F ) is orbit decidable.

Here, the action subgroup associated to a short exact sequence, AG , is just the set of restrictions to
F ⊴G , namely φg : F → F , of the inner automorphisms of G , namely γg : G → G , x 7→ g−1xg (note that
φg is not, in general, inner as automorphism of F ; we can only say that AG ⩽ Aut(F )). Finally, the notion
of Orbit Decidability is crucial:

Orbit Decidability Problem, OD(A): For a finite presentation G = ⟨X | R⟩ and a group of automor-
phisms A ⩽ Aut(G ), given two words on the generators u, v ∈ F (X ), decide whether the corresponding
elements u, v ∈ G can be mapped to each other by some automorphism in A, i.e., whether there exists
α ∈ A such that uα = v.

A subgroup A ⩽ Aut(G ) is said to be orbit decidable if OD(A) is solvable. Particularizing to the case
where both F and H are free groups (hypotheses (i), (ii) and (iii) do hold), the group G siting in the
middle of the short exact sequence is free-by-free, and Theorem 1.1 states that CP(G ) is solvable if and
only if the corresponding action subgroup is orbit decidable: sometimes this is the case (for example, when
H = Z, in which case AG/(AG ∩ Inn(F )) is cyclic and OD(AG ) is, precisely, Brinkmann’s problem), and
sometimes it is not (like in the classical Miller’s examples of free-by-free groups with unsolvable Conjugacy
Problem); see [7] for more details.

After the publication of [7], several research papers have appeared following the same strategy but
in other situations and groups: anytime we have a family of groups (to put in place of F ) for which
we can solve the Twisted Conjugacy Problem, it becomes interesting to study Orbit Decidability for (all,
certain) subgroups of automorphisms A ⩽ Aut(F ), and deduce from it the solvability or unsolvability of
the Conjugacy Problem for extensions of F by families of groups H satisfying (ii) and (iii) (for example,
torsion-free hyperbolic groups; see [7]). In particular, we have the following result, which proves that
torsion-free hyperbolic groups verify (iii) (and (ii) is a well-known result):
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Theorem 1.2 (Bogopolski–Martino–Ventura, Proposition 4.11, [7]). Let H be a finitely generated hyper-
bolic group given by a finite presentation, and let h be an element of H.

1. There is an algorithm to determine whether or not the centralizer CH(h) is finite and, if it is so, to
list all its elements.

2. If h has infinite order in H, then ⟨h⟩ has finite index in CH(h) and there is an algorithm which
computes a set of coset representatives for ⟨h⟩ in CH(h).

This strategy was followed in [7] itself to study the Conjugacy Problem within the family of free-
by-free-abelian groups, where the authors positively solved it for all groups of the form Z2 ⋊ Fm, and
Zn ⋊A Fm with virtually solvable action subgroup A ⩽ GLn(Z); and provided the first known examples of
groups of the form Z4⋊Fn with unsolvable Conjugacy Problem. Similarly, S̆unić–Ventura [23] constructed
the first known examples of automaton groups with unsolvable Conjugacy Problem. González-Meneses–
Ventura [13] followed the same project for Braid groups, showing that all Braid-by-hyperbolic groups have
solvable Conjugacy Problem. Burillo–Matucci–Ventura [9] did the same for Thompson’s group F , proving
in this case the existence of Thomson-by-hyperbolic groups with unsolvable Conjugacy Problem. Recently,
Blufstein–Valiunas [5], Crowe [10, 11], and Mitra–Roy–Ventura [17] have followed similar projects for certain
large-type Artin groups, for dihedral Artin groups, and for Baumslag–Solitar groups BS(n, 1), respectively.

In the present Master’s thesis, we propose to follow a similar project for the Heisenberg’s group H3. In
particular, we will begin introducing the definition of this group. Next, we will study the automorphisms of
the group, so as to solve TCP(H3). Once we have this, we will prove that the whole group of automorphisms
of H3 is orbit decidable, as well as every finitely generated subgroup of Aut(H3) containing Inn(H3). A
direct application of Theorem 1.1 will prove the solvability of CP for many extensions of Heisenberg’s
group. In particular, the new results we will prove are

� TCP(H3) is solvable.

� Aut(H3) is orbit decidable.

� Every finitely generated subgroup A such that Inn(H3) ⩽ A ⩽ Aut(H3) is orbit decidable.

Once we have this, we will extend the results of this section to higher dimensional Heisenberg’s groups.
We will begin by defining these groups, and studying their automorphisms’ group, so as to solve TCP(Hk+2).
In this scenario, however, we will find that some of the finitely generated subgroups of Aut(Hk+2) containing
Inn(Hk+2) are orbit undecidable, which will lead to negative results of the conjugacy problem for some
extensions of the higher dimensional Heisenberg’s groups. In particular, the new results we will prove are

� TCP(Hk+2) is solvable.

� Aut(Hk+2) is orbit decidable.

� The orbit decidability of a finitely generated subgroup A such that Inn(Hk+2) ⩽ A ⩽ Aut(Hk+2) is
equivalent to the orbit decidability of the subgroup of matrices associated to those automorphisms
intersected with Sp2k(Z). In particular, this yields results of orbit undecidability for some of these
subgroups if k ≥ 4.

5



CP for extensions of Heisenberg

2. Heisenberg’s group of dimension 3

2.1 Definition of Heisenberg’s group

Consider
H3 = ⟨a, b, c | [a, b]c, [a, c], [b, c]⟩.

Theorem 2.1. Given w ∈ F (a, b, c) a word, it can be written in H3 in its normal form as w =H3 a
mbncp

with m, n, p ∈ Z.

Proof. Let w ∈ F (a, b, c) be a word on the generators of H3. We want to prove that w can be rewritten
as w =H3 a

mbncp with m, n, p ∈ Z.
First, we see, that we can always move c to the right of the word by multiplying by conjugators of the

relations:

Note that [d , c] ∈ R is a relation for d = a, b. So, dc[d , c]c−1d−1 = dcd−1c−1dcc−1d−1 =
[d−1, c−1] ∈ ⟨⟨R⟩⟩. Furthermore, d [d , c]−1d−1 = dc−1d−1cdd−1 = dc−1d−1c = [d−1, c] ∈ ⟨⟨R⟩⟩ and
also, c[d , c]−1c−1 = [d , c−1] ∈ ⟨⟨R⟩⟩.

If w = ucε1dε2v with u, v ∈ F (a, b, c), d = a or d = b, ε1, ε2 ∈ {−1, 1}, then

w = ucε1dε2v =H3 uc
ε1dε2vv−1[dε2 , cε1 ]v = udε2cε1v

Now, we see that if we have a b followed by an a in w , we can always exchange them at the price of
including c ’s in the word.

Note that [a, b]c = a−1b−1abc ∈ R, so ba([a−1, b−1]c−1)a−1b−1 = abca−1b−1 ∈ ⟨⟨R⟩⟩. In addi-
tion to this, ba([a, b]c)a−1b−1b([a−1, c])b−1([b−1, c]) = baa−1b−1abca−1b−1bac−1a−1cb−1bc−1b−1c =
aba−1b−1c ∈ ⟨⟨R⟩⟩.

We can also see that a−1ba([b, c]([a, b]c)−1)a−1b−1a = a−1bab−1c−1bcc−1b−1a−1baa−1b−1a =
a−1bab−1c−1 ∈ ⟨⟨R⟩⟩ and ab−1a−1([b−1, c](aba−1b−1c)−1)aba−1 = ab−1a−1bc−1b−1cc−1bab−1a−1aba−1 =
ab−1a−1bc−1 ∈ ⟨⟨R⟩⟩.

If w = ubav , then w = ubav =H3 ubavv
−1a−1b−1abcv = uabcv .

If w = ub−1a−1v , then w = ub−1a−1v =H3 ub
−1a−1vv−1aba−1b−1cv = ua−1b−1cv .

If w = ub−1av , then w = ub−1av =H3 ub
−1avv−1a−1bab−1c−1v = uab−1c−1v .

If w = uba−1v , then w = uba−1v =H3 uba
−1vv−1ab−1a−1bc−1v = ua−1bc−1v .

It is easy to see that if we keep doing these changes to the word a finite number of times, we get to
w =H3 a

mbncp.

Theorem 2.2. H3 is isomorphic to the following matrices subgroup:

H3
∼=


1 n p
0 1 m
0 0 1

 | m, n, p ∈ Z

 ⩽ SL3(Z).

Proof. Let G =


1 n p
0 1 m
0 0 1

 | m, n, p ∈ Z

 ⩽ SL3(Z).
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We define

Φ : H3 → G

a 7→

1 0 0
0 1 1
0 0 1


b 7→

1 1 0
0 1 0
0 0 1


c 7→

1 0 1
0 1 0
0 0 1

 .

Let’s see that Φ is well-defined:

([a, b]c)Φ = (a−1b−1abc)Φ = ((a)Φ)−1((b)Φ)−1((a)Φ)((b)Φ)((c)Φ)

=

1 0 0
0 1 −1
0 0 1

1 −1 0
0 1 0
0 0 1

1 0 0
0 1 1
0 0 1

1 1 0
0 1 0
0 0 1

1 0 1
0 1 0
0 0 1


=

1 −1 0
0 1 −1
0 0 1

1 0 0
0 1 1
0 0 1

1 1 0
0 1 0
0 0 1

1 0 1
0 1 0
0 0 1


=

1 −1 −1
0 1 0
0 0 1

1 1 0
0 1 0
0 0 1

1 0 1
0 1 0
0 0 1


=

1 0 −1
0 1 0
0 0 1

1 0 1
0 1 0
0 0 1


=

1 0 0
0 1 0
0 0 1

 .

([a, c])Φ = (a−1c−1ac)Φ = ((a)Φ)−1((c)Φ)−1((a)Φ)((c)Φ)

=

1 0 0
0 1 −1
0 0 1

1 0 −1
0 1 0
0 0 1

1 0 0
0 1 1
0 0 1

1 0 1
0 1 0
0 0 1


=

1 0 −1
0 1 −1
0 0 1

1 0 0
0 1 1
0 0 1

1 0 1
0 1 0
0 0 1


=

1 0 −1
0 1 0
0 0 1

1 0 1
0 1 0
0 0 1


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=

1 0 0
0 1 0
0 0 1

 .

([b, c])Φ = (b−1c−1bc)Φ = ((b)Φ)−1((c)Φ)−1((b)Φ)((c)Φ)

=

1 −1 0
0 1 0
0 0 1

1 0 −1
0 1 0
0 0 1

1 1 0
0 1 0
0 0 1

1 0 1
0 1 0
0 0 1


=

1 −1 −1
0 1 0
0 0 1

1 1 0
0 1 0
0 0 1

1 0 1
0 1 0
0 0 1


=

1 0 −1
0 1 0
0 0 1

1 0 1
0 1 0
0 0 1


=

1 0 0
0 1 0
0 0 1

 .

So, Φ is well-defined.

Let’s see that Φ is onto. Let

1 n p
0 1 m
0 0 1

 ∈ G , and consider u = ambncp ∈ H3, then, we have that

(u)Φ = (ambncp)Φ = ((a)Φ)m((b)Φ)n((c)Φ)p

=

1 0 0
0 1 m
0 0 1

1 n 0
0 1 0
0 0 1

1 0 p
0 1 0
0 0 1


=

1 n 0
0 1 m
0 0 1

1 0 p
0 1 0
0 0 1


=

1 n p
0 1 m
0 0 1

 .

So, Φ is onto.

Let’s see that Φ is injective. Let u ∈ H3, then, by Theorem 2.1, u = ambncp ∈ H3 and we have that

(u)Φ =

1 0 0
0 1 0
0 0 1

⇔

1 n p
0 1 m
0 0 1

 =

1 0 0
0 1 0
0 0 1

⇔ m = n = p = 0 ⇒ u = 1.

So, Ker(Φ) = 1 and Φ is injective.

Corollary 2.3. Given w ∈ H3, w can be written in a uniquely way in its normal form as w =H3 ambncp

with m, n, p ∈ Z.
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Proof. Let w = ambncp = am
′
bn

′
cp

′
, then applying the isomorphism Φ, we get

ambncp = am
′
bn

′
cp

′ ⇔

1 n p
0 1 m
0 0 1

 =

1 n′ p′

0 1 m′

0 0 1

⇔ p = p′, n = n′,m = m′.

This finishes the proof.

We also have the following property:

Corollary 2.4. H3 is torsion-free, that is, the only element with finite order is the trivial one.

2.2 Endomorphisms of H3

Lemma 2.5. In H3, we have
bnam = ambncmn

(ambncp)−1 = a−mb−ncmn−p.

Proof.

(bnam)Φ = ((b)Φ)n((a)Φ)m

=

1 n 0
0 1 0
0 0 1

1 0 0
0 1 m
0 0 1


=

1 n nm
0 1 m
0 0 1


= (ambncmn)Φ.

And we conclude by the injectivity of Φ.

((ambncp)(a−mb−ncmn−p))Φ

= ((ambncp)Φ)((a−mb−ncmn−p)Φ)

=

1 n p
0 1 m
0 0 1

1 −n mn − p
0 1 −m
0 0 1


=

1 0 0
0 1 0
0 0 1

 = (1)Φ.

So, by the injectivity of Φ, (ambncp)(a−mb−ncmn−p) = 1 and (ambncp)−1 = a−mb−ncmn−p.

This finishes the proof.

Theorem 2.6. The center of H3 is Z (H3) = ⟨c⟩ ∼= Z.

9



CP for extensions of Heisenberg

Proof. Let u = am
′
bn

′
cp

′ ∈ Z (H3) and v = ambncp ∈ H3, then

uv = am
′
bn

′
cp

′
ambncp = am

′
bn

′
ambncp

′+p = am
′
ambn

′
cn

′mbncp
′+p = am

′+mbn
′+ncp

′+p+n′m,

and, similarly vu = am+m′
bn+n′cp+p′+nm′

. Then, by Corollary 2.3, we have

uv = vu, ∀v ∈ H3 ⇔ n′m = nm′, ∀m, n ∈ Z ⇔ m′ = n′ = 0.

This finishes the proof.

Theorem 2.7. The derived subgroup of H3 is H ′
3 = ⟨c⟩ ∼= Z.

Proof. Let [ambncp, am
′
bn

′
cp

′
] be a commutator. Then,

[ambncp, am
′
bn

′
cp

′
] = (ambncp)−1(am

′
bn

′
cp

′
)−1(ambncp)(am

′
bn

′
cp

′
)

= a−mb−ncmn−pa−m′
b−n′cm

′n′−p′ambncpam
′
bn

′
cp

′

= a−mb−na−m′
b−n′ambnam

′
bn

′
cmn+m′n′

= a−ma−m′
b−ncm

′nb−n′amam
′
bncm

′nbn
′
cmn+m′n′

= a−m−m′
b−n−n′am+m′

bn+n′cmn+m′n′+2m′n

= a−m−m′
am+m′

b−n−n′c−mn−m′n−mn′−m′n′bn+n′cmn+m′n′+2m′n

= cm
′n−mn′ .

This proves that H ′
3 ⊆ ⟨c⟩. To see H ′

3 ⊇ ⟨c⟩, since H ′
3 is a subgroup, it suffices to show that c ∈ H ′

3.
Taking m′ = 1, n = 1,m = 0, n′ = 0, we have that [b, a] = c , and this finishes the proof.

Observe that G ′ is fully-characteristic in G , which means that for every φ ∈ End(G ), (G ′)φ ⊆ G ′.

In the case of Heisenberg’s group, this means that if φ ∈ End(H3), then (c)φ = cε for ε ∈ Z.
Now, let φ ∈ End(H3), we can suppose that

φ : H3 → H3

a 7→ am11bm12cp1

b 7→ am21bm22cp2

c 7→ cε.

Then, φ must be well-defined, so

1 = ([a, b]c)φ = (a−1b−1abc)φ = ((a)φ)−1((b)φ)−1((a)φ)((b)φ)((c)φ)

= (am11bm12cp1)−1(am21bm22cp2)−1am11bm12cp1am21bm22cp2cε

= a−m11b−m12cm11m12−p1a−m21b−m22cm21m22−p2am11bm12cp1am21bm22cp2cε

= a−m11b−m12a−m21b−m22am11bm12am21bm22cm11m12+m21m22+ε

= a−m11b−m12a−m21b−m22am11am21bm12cm12m21bm22cm11m12+m21m22+ε

= a−m11b−m12a−m21b−m22am11+m21bm12+m22cm12m21+m11m12+m21m22+ε

= a−m11b−m12a−m21am11+m21b−m22c−m22m11−m22m21bm12+m22cm12m21+m11m12+m21m22+ε

= a−m11b−m12am11bm12c−m22m11+m12m21+m11m12+ε

= a−m11am11b−m12c−m12m11bm12c−m22m11+m12m21+m11m12+ε

= cε−m11m22+m12m21 .

10



This implies that

∣∣∣∣m11 m12

m21 m22

∣∣∣∣ = m11m22 −m21m12 = ε.

The other 2 relations are trivially sent to 1 by the choice of (c)φ.

We can associate to φ ∈ End(H3), a matrix M =

[
m11 m12

m21 m22

]
and a vector p = [p1, p2]. Then, given

the image of a and b by φ, the image of c is already determined ((c)φ = cdet(M)).

Theorem 2.8. Every endomorphism φ ∈ End(H3) has the form

φ : H3 → H3

a 7→ am11bm12cp1

b 7→ am21bm22cp2

c 7→ cdet(M).

Reciprocally, given a matrix M =

[
m11 m12

m21 m22

]
∈ M2(Z) and a vector p = [p1, p2] ∈ Z2, we can define

an endomorphism of H3 with the earlier form.

2.3 Automorphisms of H3

Now, we focus our attention on automorphisms, that is, bijective endomorphisms. We introduce a lemma
that will be useful for the computations.

Lemma 2.9. In H3,

(ambn)k = akmbknc
k(k−1)

2
mn.

Proof. It is trivially true for k = 0.

By induction on k , if k > 0:

If k = 1, then (ambn)1 = ambn.

Suppose it is true for k, let’s see for k + 1:

(ambn)k+1 = ambn(ambn)k =IH ambnakmbknc
k(k−1)

2
mn

= amakmbnckmnbknc
k(k−1)

2
mn

= a(k+1)mb(k+1)nc(
k(k−1)

2
+ 2k

2
)mn

= a(k+1)mb(k+1)nc
k(k+1)

2
mn.

If k < 0, let l = −k. Then,

11



CP for extensions of Heisenberg

(ambn)k =
(
(ambn)−1

)l
= (b−na−m)l

= (a−mb−ncmn)l = (a−mb−n)lc lmn

= a−lmb−lnc
l(l−1)

2
mnc lmn

= a−lmb−lnc
l(l+1)

2
mn

= a−lmb−lnc
−l(−l−1)

2
mn

= akmbknc
k(k−1)

2
mn.

This finishes the proof.

Now, given φ an endomorphism, we check under which conditions φ is also injective. If it is injective,
that means that Ker(φ) = 1, so if (ambncp)φ = 1, then m = n = p = 0. We denote ε = det(M).

1 = (ambncp)φ = ((a)φ)m((b)φ)n((c)φ)p

= (am11bm12cp1)m(am21bm22cp2)ncεp

= (am11bm12)m(am21bm22)ncmp1+np2+εp

= amm11bmm12c
m(m−1)

2
m11m12anm21bnm22c

n(n−1)
2

m21m22cmp1+np2+εp

= amm11bmm12anm21bnm22c
m(m−1)

2
m11m12+

n(n−1)
2

m21m22+mp1+np2+εp

= amm11anm21bmm12cmnm12m21bnm22c
m(m−1)

2
m11m12+

n(n−1)
2

m21m22+mp1+np2+εp

= amm11+nm21bmm12+nm22c
m(m−1)

2
m11m12+mnm12m21+

n(n−1)
2

m21m22+mp1+np2+εp.

This gives us the equations:
mm11 + nm21 = 0
mm12 + nm22 = 0

pε+mp1 + np2 +
m(m−1)

2 m11m12 +
n(n−1)

2 m21m22 + nmm12m21 = 0

If we consider the first two equations, they form a linear system on variables m, n whose coefficient
matrix has determinant: ∣∣∣∣m11 m21

m12 m22

∣∣∣∣ = m11m22 −m21m12 = ε.

So, this linear system has a non trivial rational solution (and therefore a non trivial integer solution
because it is homogeneous), if and only if, ε = 0.

Assuming ε ̸= 0, necessarily, m = n = 0, and substituting in the third equation, we get pε = 0 ⇒ p = 0.
This implies that our φ is injective, if and only if, det(M) ̸= 0.

Since we want to focus on automorphisms, to see which endomorphisms are actually automorphisms,
we are going to use the fact that G ′ is characteristic in G . This implies that, actually, if φ ∈ End(H3) is
an automorphism, then (c)φ = c or (c)φ = c−1, so det(M) = ±1 and M ∈ GL2(Z).

We check that this condition is not only necessary, but also sufficient for φ ∈ End(H3) to be an
automorphism.

12



Let

φ : H3 → H3

a 7→ am11bm12cp1

b 7→ am21bm22cp2

c 7→ cε,

where ε = det(M) = ±1.

Notice that Im(φ) = ⟨am11bm12cp1 , am21bm22cp2 , c⟩. Since (am11bm12cp1)m22(am21bm22cp2)−m12 ∈ Im(φ).
Developing this expression:

(am11bm12cp1)m22(am21bm22cp2)−m12 = am11m22bm12m22c
m22(m22−1)

2
m11m12cm22p1

a−m21m12b−m22m12c
−m12(−m12−1)

2
m21m22c−m12p2

= am11m22bm12m22a−m21m12b−m22m12

c
m22(m22−1)

2
m11m12+

m12(m12+1)
2

m21m22+m22p1−m12p2

= am11m22a−m21m12bm12m22c−m2
12m21m22b−m22m12

c
m22(m22−1)

2
m11m12+

m12(m12+1)
2

m21m22+m22p1−m12p2

= aεc
m22(m22−1)

2
m11m12−m22m2

12m21+
m12(m12+1)

2
m21m22+m22p1−m12p2

= aεc
m22(m22−1)

2
m11m12+

m2
12+m12−2m2

12
2

m21m22+m22p1−m12p2

= aεc
m22(m22−1)

2
m11m12+

m12−m2
12

2
m21m22+m22p1−m12p2

= aεc
m22(m22−1)

2
m11m12−

m12(m12−1)
2

m21m22+m22p1−m12p2 .

So, this implies that a ∈ Im(φ).

In particular, we can see that

(am22εb−m12εc
ε
(

m12(m12−1)
2

m21m22−
m22(m22−1)

2
m11m12−m22p1+m12p2

)
)φ = a

Analogously, (am11bm12cp1)−m21(am21bm22cp2)m11 ∈ Im(φ) and developing, we get:

(am11bm12cp1)−m21(am21bm22cp2)m11 = bεc−
m21(m21−1)

2
m11m12+

m11(m11−1)
2

m21m22−m21p1+m11p2

So, this implies that b ∈ Im(φ).

In particular, we can see that

(a−m21εbm11εc
ε
(

m21(m21−1)
2

m11m12−
m11(m11−1)

2
m21m22+m21p1−m11p2

)
)φ = b

We have proven that Im(φ) = ⟨a, b, c⟩ = H3.

And, in particular, given φ, we have that:

13
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φ−1 : H3 → H3

a 7→ am22εb−m12εc
ε
(

m12(m12−1)
2

m21m22−
m22(m22−1)

2
m11m12−m22p1+m12p2

)

b 7→ a−m21εbm11εc
ε
(

m21(m21−1)
2

m11m12−
m11(m11−1)

2
m21m22+m21p1−m11p2

)
c 7→ cε

The conclusion of this section is the following:

Theorem 2.10. Let φ ∈ Aut(H3), then

φ : H3 → H3

a 7→ am11bm12cp1

b 7→ am21bm22cp2

c 7→ cdet(M)

with M =

[
m11 m12

m21 m22

]
∈ GL2(Z).

Reciprocally, an invertible matrix M ∈ GL2(Z) and a vector p = [p1, p2] ∈ Z2 define an automorphism
of H3 with the earlier form.

From now on, we will denote φM,p the automorphism with associated matrix M and vector p.

2.4 Structure of Aut(H3)

Now, once we have Theorem 2.10, we want to deduce the exact structure of Aut(H3). We start computing
how the composition of automorphisms works. Let φM,p,φN,q ∈ Aut(H3), then, denoting εM = det(M)
and εN = det(N),

φM,p : H3 → H3

a 7→ am11bm12cp1

b 7→ am21bm22cp2

c 7→ cεM ,

φN,q : H3 → H3

a 7→ an11bn12cq1

b 7→ an21bn22cq2

c 7→ cεN .
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Now, we compute φM,pφN,q:

(a)φM,pφN,q = (am11bm12cp1)φN,q = ((a)φN,q)
m11((b)φN,q)

m12((c)φN,q)
p1

= (an11bn12cq1)m11(an21bn22cq2)m12cp1εN

= (an11bn12)m11(an21bn22)m12cm11q1+m12q2+p1εN

= am11n11bm11n12c
m11(m11−1)

2
n11n12am12n21bm12n22c

m12(m12−1)
2

n21n22cm11q1+m12q2+p1εN

= am11n11am12n21bm11n12cm11m12n12n21bm12n22

c
m12(m12−1)

2
n21n22+

m11(m11−1)
2

n11n12+m11q1+m12q2+p1εN

= am11n11+m12n21bm11n12+m12n22

c
m12(m12−1)

2
n21n22+

m11(m11−1)
2

n11n12+m11m12n12n21+m11q1+m12q2+p1εN ,

(b)φM,pφN,q = (am21bm22cp2)φN,q = ((a)φN,q)
m21((b)φN,q)

m22((c)φN,q)
p2

= (an11bn12cq1)m21(an21bn22cq2)m22cp2εN

= (an11bn12)m21(an21bn22)m22cm21q1+m22q2+p2εN

= am21n11bm21n12c
m21(m21−1)

2
n11n12am22n21bm22n22c

m22(m22−1)
2

n21n22cm21q1+m22q2+p2εN

= am21n11am22n21bm21n12cm21m22n12n21bm22n22

c
m22(m22−1)

2
n21n22+

m21(m21−1)
2

n11n12+m21q1+m22q2+p2εN

= am21n11+m22n21bm21n12+m22n22

c
m22(m22−1)

2
n21n22+

m21(m21−1)
2

n11n12+m21m22n12n21+m21q1+m22q2+p2εN ,

(c)φM,pφN,q = (cεM )φN,q = cεMεN .

We can see that the matrix associated to φM,pφN,q is MN, so we can define an epimorphism:

β : Aut(H3) → GL2(Z)
φM,p 7→ det(M)M

In fact, we have the following short exact sequence:

1 → Z2 α−→ Aut(H3)
β−→ GL2(Z) → 1

where pα = φI ,p and φM,pβ = det(M)M.

By [19], this short exact sequence splits. So, in fact, Aut(H3) ∼= Z2 ⋊GL2(Z). Adapting the results of
the article to our notation, it splits as follows:

First, take the presentation GL2(Z) = ⟨ρ, τ ,κ | ρτρ = τρτ , (ρτρ)4 = 1,κτκ−1 = τ−1,κρκ−1 =
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ρ−1,κ2 = 1⟩, where

ρ corresponds to T :=

[
1 1
0 1

]
,

τ corresponds to U :=

[
1 0
−1 1

]
, and

κ corresponds to J :=

[
−1 0
0 1

]
.

Define

s : GL2(Z) → Aut(H3)

ρ 7→ φT ,02

τ 7→ φU,02

κ 7→ φ−J,[−1,0].

See that s is well-defined:

� We check that the first relation (ρτρ = τρτ) is kept by s:

(a)(ρτρ)s = (a)φT ,02φU,02φT ,02

= (ab)φU,02φT ,02

= (aa−1b)φT ,02

= b

(a)(τρτ)s = (a)φU,02φT ,02φU,02

= (a)φT ,02φU,02

= (ab)φU,02

= aa−1b

= b

So, the images of a coincide.

(b)(ρτρ)s = (b)φT ,02φU,02φT ,02

= (b)φU,02φT ,02

= (a−1b)φT ,02

= (ab)−1b

= a−1c

(b)(τρτ)s = (b)φU,02φT ,02φU,02

= (a−1b)φT ,02φU,02

= ((ab)−1b)φU,02

= (a−1c)φU,02

= a−1c
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So, the images of b coincide.

So, (ρτρ)s = (τρτ)s.

� We check that the second relation ((ρτρ)4 = 1) is kept by s:

From previous computations, we already know that (ρτρ)s acts as: a 7→ b and b 7→ a−1c.

(a)((ρτρ)4)s = (a)((ρτρ)s)4

= (b)((ρτρ)s)3

= (a−1c)((ρτρ)s)2

= (((a)(ρτρ)s)−1(c)(ρτρ)s)((ρτρ)s)

= (b−1c)((ρτρ)s)

= ((b)(ρτρ)s)−1(c)(ρτρ)s

= (a−1c)−1c

= (c−1a)c

= a(c−1c)

= a

It leaves fixed a.

(b)((ρτρ)4)s = (b)((ρτρ)s)4

= (a−1c)((ρτρ)s)3

= (((a)(ρτρ)s)−1(c)(ρτρ)s)((ρτρ)s)2

= (b−1c)((ρτρ)s)2

= (((b)(ρτρ)s)−1(c)(ρτρ)s)((ρτρ)s)

= ((a−1c)−1c)((ρτρ)s)

= (c−1ac)((ρτρ)s)

= (a)((ρτρ)s)

= b

It leaves fixed b.

So, ((ρτρ)4)s is the identity.

� We check that the third relation (κτκ−1 = τ−1) is kept by s:
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First, we verify the relation on a:

(a)(κτκ−1)s = (a)(κs)(τs)(κs)−1

= (ac−1)(τs)(κs)−1

= ((a)(τs)((c)(τs))−1)(κs)−1

= (ac−1)(κs)−1

= (a)(κs)−1((c)(κs)−1)−1

= (ac−1)(c−1)−1

= ac−1c

= a

(a)(τ−1)s = a

Next, we verify the relation on b:

(b)(κτκ−1)s = (b)(κs)(τs)(κs)−1

= (b−1)(τs)(κs)−1

= (((b)(τs))−1)(κs)−1

= (a−1b)−1(κs)−1

= (b−1a)(κs)−1

= (b−1)(κs)−1(a)(κs)−1

= b(ac−1)

= bac−1

= (abc)c−1

= ab

(b)(τ−1)s = ab

� We check that the fourth relation (κρκ−1 = ρ−1) is kept by s:

First, we verify the relation on a:

(a)(κρκ−1)s = (a)(κs)(ρs)(κs)−1

= (ac−1)(ρs)(κs)−1

= ((a)(ρs)((c)(ρs))−1)(κs)−1

= (abc−1)(κs)−1

= (a)(κs)−1(b)(κs)−1((c)(κs)−1)−1

= (ac−1)(b−1)(c−1)−1

= ac−1b−1c

= ab−1

(a)(ρ−1)s = ab−1
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Next, we verify the relation on b:

(b)(κρκ−1)s = (b)(κs)(ρs)(κs)−1

= (b−1)(ρs)(κs)−1

= (((b)(ρs))−1)(κs)−1

= (b−1)(κs)−1

= (((b)(κs)−1)−1

= (b−1)−1

= b

(b)(ρ−1)s = b

� We check the fifth relation (κ2 = 1) is kept by s:

First, we verify the relation on a:

(a)(κ2)s = (a)(κs)2

= (ac−1)(κs)

= (a)(κs)((c)(κs))−1

= (ac−1)(c−1)−1

= ac−1c

= a

κ2 leaves a fixed.

(b)(κ2)s = (b)(κs)2

= (b−1)(κs)

= (((b)(κs))−1

= (b−1)−1

= b

κ2 leaves b fixed.

So, κ2 is the identity.

And it is clear that sβ = IdGL2(Z).

As a result, we obtain the following result:

Theorem 2.11. The group of automorphisms of H3 is isomorphic to the following group:

Aut(H3) ∼= Z2 ⋊ GL2(Z).

19



CP for extensions of Heisenberg

2.5 Conjugacy Problem and Twisted Conjugacy Problem

Before studying the twisted conjugacy problem, we solve the conjugacy problem in H3.

Given arbsct , aubvcw ∈ H3, we want to see if there exists ax1bx2cx3 ∈ H3 such that arbsct =
(ax1bx2cx3)−1aubvcwax1bx2cx3 . Developing, we get the following:

arbsct = (ax1bx2cx3)−1aubvcwax1bx2cx3

= a−x1b−x2cx1x2−x3aubvcwax1bx2cx3

= a−x1b−x2aubvax1bx2cw+x1x2

= a−x1aub−x2c−ux2bvax1bx2cw+x1x2

= a−x1+ub−x2+vax1bx2cw+x1x2−ux2

= a−x1+uax1b−x2+vc−x1x2+vx1bx2cw+x1x2−ux2

= aubvcw+vx1−ux2

Therefore, arbsct ∼ aubvcw , if and only if, r = u, s = v and there exist x1, x2 ∈ Z such that
t = w+vx1−ux2. This is equivalent to r = u, s = v and t ≡ w (mod g) where g = gcd(u, v) = gcd(r , s).

Now, we go to the twisted conjugacy problem. Given arbsct , aubvcw ∈ H3 and φM,p ∈ Aut(H3),

φM,p : H3 → H3

a 7→ am11bm12cp1

b 7→ am21bm22cp2

c 7→ cεM ,

we want to see if arbsct ∼φM,p aubvcw . That is, if there exists ax1bx2cx3 ∈ H3 such that arbsct =
((ax1bx2cx3)φM,p)

−1aubvcwax1bx2cx3 . Developing, we get

arbsct = ((ax1bx2cx3)φM,p)
−1aubvcwax1bx2cx3

= ((c)φM,p)
−x3((b)φM,p)

−x2((a)φM,p)
−x1aubvcwax1bx2cx3

= c−x3εM (am21bm22cp2)−x2(am11bm12cp1)−x1aubvcwax1bx2cx3

= (am21bm22)−x2(am11bm12)−x1aubvax1bx2c−x1p1−x2p2+(1−εM)x3+w

= a−x2m21b−x2m22c
x2(x2+1)

2
m21m22a−x1m11b−x1m12c

x1(x1+1)
2

m11m12aubvax1bx2c−x1p1−x2p2+(1−εM)x3+w

= a−x2m21b−x2m22a−x1m11b−x1m12aubvax1bx2

c
x2(x2+1)

2
m21m22+

x1(x1+1)
2

m11m12−x1p1−x2p2+(1−εM)x3+w

= a−x2m21a−x1m11b−x2m22cx1x2m11m22b−x1m12auax1bvcvx1bx2

c
x2(x2+1)

2
m21m22+

x1(x1+1)
2

m11m12−x1p1−x2p2+(1−εM)x3+w

= a−x2m21−x1m11b−x2m22−x1m12au+x1bv+x2

c
x2(x2+1)

2
m21m22+x1x2m11m22+

x1(x1+1)
2

m11m12−x1p1+vx1−x2p2+(1−εM)x3+w

= a−x2m21−x1m11au+x1b−x2m22−x1m12c−ux2m22−ux1m12−x1x2m22−x21m12bv+x2

c
x2(x2+1)

2
m21m22+x1x2m11m22+

x1(x1+1)
2

m11m12−x1p1+vx1−x2p2+(1−εM)x3+w
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= a(1−m11)x1−m21x2+ub−m12x1+(1−m22)x2+v

c
x2(x2+1)

2
m21m22+x1x2m11m22−ux2m22−ux1m12−x1x2m22−x21m12+

x1(x1+1)
2

m11m12−x1p1+vx1−x2p2+(1−εM)x3+w .

If we compare the two sides of the equality, this gives us{
(1−m11) x1 −m21 x2 = r − u

−m12 x1 +(1−m22) x2 = s − v ,
(1)

and after solving this linear equation [x1, x2](I −M) = [r − u, s − v ], if it has an integer solution, we have
to check the last equation:

x2(x2 + 1)

2
m21m22 + x1x2(m11m22 −m22)− x21m12 +

x1(x1 + 1)

2
m11m12

+ (v − um12 − p1)x1 + (−um22 − p2)x2 + (1− εM)x3 = t − w ,

which can be rewritten as

1

2
x21 (m11 − 2)m12 + x1x2m22(m11 − 1) +

1

2
x22m21m22

+ (v − um12 − p1 +
1

2
m11m12)x1 + (−um22 − p2 +

1

2
m21m22)x2 + (1− εM)x3 = t − w . (2)

An algorithm deciding whether two elements are twisted conjugated must first solve the linear system
(1). We distinguish the following cases:

� Incompatible System: The system has no solution. Therefore, the algorithm must answer no.

� Compatible Determined System: The system has a unique solution. We have two subcases:

– The system has a solution over the integers. We substitute the values of x1, x2 in (2).

* If εM = 1, the value of x3 doesn’t matter, we just check if (2) is verified. If it is verified, the
algorithm must answer yes (Our possible conjugator is ax1bx2). Otherwise, the algorithm
must answer no.

* If εM = −1, we leave 2x3 on one side of the equality and check if the other side of the
equality is even. If it is even, dividing by 2, we get the value of x3, and the algorithm must
answer yes (Our possible conjugator is ax1bx2cx3). Otherwise, it must answer no.

– The system has no solution over the integers (the solution is rational). The algorithm must
answer no.

� Compatible Undetermined System: The system has an infinite number of solutions. We distinguish
two subcases:

– The freedom degree of the system is 2. This means M = I , r = u and s = v . Then (2) is
reduced to

(v − p1)x1 + (−u − p2)x2 = t − w .

If gcd(v − p1,−u − p2) | t − w , then there exist x1, x2 ∈ Z solutions of this equation, and
the algorithm must answer yes (Our conjugator is ax1bx2 for x1, x2 a solution of this equation,
which can be computed using Bezout’s identity and Euclides’ extended algorithm).

Otherwise, the algorithm must answer no.
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– The freedom degree of the system is 1. Then, one of the two equations of the system is a linear
combination of the other. The system 1 reduces to αx1 + βx2 = γ with gcd(α,β, γ) = 1. We
know this equation has solution over the integers, if and only if, gcd(α,β) | γ. If this is not the
case, the algorithm must answer no. Otherwise, we denote g = gcd(α,β), and let y1, y2 ∈ Z
such that αy1 + βy2 = g . Then x1 = y1

γ
g , x2 = y2

γ
g is a particular solution of αx1 + βx2 = γ.

The general solution of this equation (over the integers) is x1 = y1
γ
g +λβ

g , x2 = y2
γ
g −λα

g with
λ ∈ Z.
It is left to check whether equation (2) is verified for some λ ∈ Z or not. Substituting the
general value of x1 and x2 on the equation, the only variables are λ and x3. We distinguish two
cases:

* If εM = 1, then the value of x3 doesn’t matter. Equation (2) reduces to a degree two
equation on λ. We can compute the solutions of this equation over C and check if any of
the two solutions is integer. If yes, the algoritm must answer yes, substitute the value of
λ on the expressions of x1 and x2 and return ax1bx2 as a possible conjugator.
If no, the algorithm must answer no.

* If εM = −1, then what we can do is to leave 2x3 on the right-hand side of the equality,
and the two-degree polynomial on λ on the left-hand side. After multiplying by 2 if there
are any denominators on the coefficients of the two-degree polynomial on λ, we can reduce
the equation modulo 2 or 4, and check for λ ∈ {0, 1} ({0, 1, 2, 3} if we have reduced the
equation modulo 4) if the equation has a solution modulo 2 (or 4). If it has no solution,
the algorithm must answer no. If it has a solution, the algorithm must answer yes. In
order to give a possible conjugator, it must substitute the value of λ on x1 and x2, and also
on (2) and solve the equation for x3. Then, our possible conjugator would be ax1bx2cx3 .

As a result of this section, we obtain the following theorem:

Theorem 2.12. The Twisted Conjugacy Problem is solvable in H3.

Now, we give an example of this. Suppose

M =

[
1 1
0 −1

]
, p = [2, 3].

We want to check whether abc2 ∼φM,p ab3c5. This is, r = 1, s = 1, t = 2, u = 1, v = 3,w = 5. We
start with the linear system (1):

[0,−2] = [x1, x2](I −M) = [x1, x2]

[
0 −1
0 2

]
= [0,−x1 + 2x2]

This is a compatible undetermined system with freedom degree 1. Our equation is −x1 + 2x2 = −2.
We can see that x1 = 2 + 2λ and x2 = λ for λ ∈ Z is the general solution of this equation (over the
integers).
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We substitute this values on equation (2):

2− 5 =
1

2
(2λ+ 2)2(−1) · 1 + λ(2λ+ 2) · 0 · (−1) +

λ2

2
· 0 · (−1)

+

(
1

2
· 1 · 1− 1 · 1 + 3− 2

)
(2λ+ 2)

+

(
1

2
· 0 · (−1) + 1− 3

)
λ+ 2x3,

−3 = −2(λ2 + 2λ+ 1) + λ+ 1− 2λ+ 2x3,

−2x3 = −2λ2 − 5λ+ 2.

Reducing this last equation modulo 2, we get λ ≡ 0 (mod 2). Substituting λ = 0, we get x1 = 2, x2 =
0, x3 = −1. Therefore, a φM,p-twisted conjugator is a2c−1.

We verify it:

abc2 =? ((c)φM,p)((a)φM,p)
−2(ab3c5)(a2c−1)

= (abc2)−2ab3a2c−1+5−1

= b−1a−1b−1a−1ab3a2c−1

= a−1b−1b2a2

= a−1a2bc2

= abc2

2.6 Orbit decidability

For a finite presentation G = ⟨X | R⟩ and a group of automorphisms A ≤ Aut(G ), given two words on
the generators u, v ∈ F (X ), the orbit decidability problem, OD(A), consists on deciding whether the
corresponding elements u, v ∈ G can be mapped to each other by some automorphism in A, i.e., whether
there exists φ ∈ A such that (u)φ = v

In this section, we study the orbit decidability of subgroups of the Heisenberg automorphism group.

2.6.1 OD(Aut(H3))

We start with the full automorphism group, which is orbit decidable.

Given u, v ∈ H3, we want to decide whether there exists φM,p ∈ Aut(H3) such that (u)φM,p = v .

We consider u = au1bu2cu3 and v = av1bv2cv3 . For these two elements to be in the same orbit, a
necessary condition is that there exists an invertible matrix M such that [u1, u2]M = [v1, v2], which means
m1ju1+m2ju2 = vj , so gcd(u1, u2) | vj , and furthermore, since M is invertible, gcd(v1, v2) | ui . This means
we must have gcd(u1, u2) = gcd(v1, v2) = g .

Therefore, a possible algorithm that checks whether u and v are in the same orbit, must first compute
gcd(u1, u2) and gcd(v1, v2). If they are not equal, it must answer no.
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Suppose now gcd(u1, u2) = gcd(v1, v2) = g . Using Bezout’s identity, there exist a1, a2, b1, b2 ∈ Z
such that a1u1 + a2u2 = g = b1v1 + b2v2, computable using Euclides’ extended algorithm. We define
c1 =

u1
g , c2 =

u2
g , d1 =

v1
g , d2 =

v2
g .

Integer solutions of the equations u1x1 + u2x2 = 0 are of the form x1 = −αc2, x2 = αc1 where α ∈ Z.
A particular solution of u1x1 + u2x2 = vj is x1 = dja1, x2 = dja2.

Therefore, the coefficients of a possible matrix M must be of the form mij = djai + (−1)iαjc3−i for
i , j = 1, 2 and αj ∈ Z a free parameter.

M =

[
d1a1 − α1c2 d2a1 − α2c2
d1a2 + α1c1 d2a2 + α2c1

]
We compute det(M):

det(M) =

∣∣∣∣d1a1 d2a1
d1a2 d2a2

∣∣∣∣+ ∣∣∣∣−α1c2 d2a1
α1c1 d2a2

∣∣∣∣+ ∣∣∣∣d1a1 −α2c2
d1a2 α2c1

∣∣∣∣+ ∣∣∣∣−α1c2 −α2c2
α1c1 α2c1

∣∣∣∣
= α1d2

∣∣∣∣−c2 a1
c1 a2

∣∣∣∣+ α2d1

∣∣∣∣a1 −c2
a2 c1

∣∣∣∣ = (α2d1 − α1d2)

∣∣∣∣a1 −c2
a2 c1

∣∣∣∣
= α2d1 − α1d2 = ε

We want ε = ±1, so αj = (−1)jεb3−j + βdj for j = 1, 2 and β ∈ Z.
Now, if av1bv2cv3 = (au1bu2cu3)φM,p, then M must have the form we just computed and the exponents

of c must verify the following:

av1bv2cv3 = (au1bu2cu3)φM,p = au1m11+u2m21bu1m12+u2m22

c
u2(u2−1)

2
m21m22+

u1(u1−1)
2

m11m12+u1u2m12m21+u1p1+u2p2+εu3

v3 − εu3 =
u2(u2 − 1)

2
m21m22 +

u1(u1 − 1)

2
m11m12 + u1u2m12m21 + u1p1 + u2p2

The equation u1x1 + u2x2 = K has a solution over the integers if and only if g = gcd(u1, u2) | K .

In our case, if 2 ∤ g (if u1 and u2 are not both even), then this last equation has a solution, if and only

if, v3 ≡ ±u3 (mod g), since g | ui (ui−1)
2 and g | u1u2.

Otherwise, if u1 and u2 are both even, it could happen that g ∤ ui (ui−1)
2 . In order to check whether this

equation has solutions or not, we can substitute mij by the value we computed earlier and check whether

u2(u2 − 1)

2
m21m22 +

u1(u1 − 1)

2
m11m12 + εu3 − v3 ≡ 0 (mod g)

which can be reduced to

−g

2

(
u2
g
m21m22 +

u1
g
m11m12

)
︸ ︷︷ ︸

D

+εu3 − v3 ≡ 0 (mod g) (3)

According to Lemma 2.16, which we will see in the following section, in this case, the value of D modulo
g does not depend on β or ε, which are the free parameters we can choose to determine a possible matrix.

24



Therefore, we just compute D modulo g for β = 0 and check if equation (3) is verified for ε ∈ {−1, 1}.
So, checking a finite number of possibilities, we can decide whether u and v are in the same orbit or not.

As a result, we obtain the following theorem:

Theorem 2.13. The full group of automorphisms of H3 is Orbit Decidable.

A direct application of Theorem 1.1 gives us the following corollary:

Corollary 2.14. Let H be a torsion-free hyperbolic group (with n generators) and let φM1,p1 , ... ,φMn,pn ∈
Aut(H3) be automorphisms such that ⟨φM1,p1 , ... ,φMn,pn⟩ = Aut(H3). Then the Conjugacy Problem is
solvable in any group of the form H3 ⋊φM1,p

1 ,...,φMn ,pn
H.

2.6.2 OD(⟨φM1,p1, ... ,φMn,pn⟩Inn(H3))

Now, we study the orbit decidability of any finitely generated subgroup A such that Inn(H3) ⩽ A ⩽ Aut(H3).

For this purpose, we will use the following result:

Theorem 2.15 (Bogopolski–Martino–Ventura, [7]). Every finitely generated subgroup of Aut(Z2) =
GL2(Z) is orbit decidable, i.e., there exists an algorithm deciding whether there exists N ∈ ⟨M1, ... ,Mn⟩
such that [u1, u2]N = [v1, v2] and computing such N in the case it exists given [u1, u2], [v1, v2] ∈ Z2 and
⟨M1, ... ,Mn⟩ ⩽ GL2(Z).

Given u = au1bu2cu3 , v = av1bv2cv3 ∈ H3, we want to find out if there exists ψ ∈ ⟨φM1,p1 , ... ,φMn,pn⟩Inn(H3),
such that (u)ψ = v .

The algorithm solving this problem must first check whether there exists N ∈ ⟨M1, ... ,Mn⟩ such that
[u1, u2]N = [v1, v2]. If no, it must answer no.

Otherwise, suppose we have N = Mk1
i1

· · ·Mkl
il
such that [u1, u2]N = [v1, v2] (gcd(u1, u2) = gcd(v1, v2) =

g in this case). We can compute φN,r = φk1
Mi1

,pi1
· · ·φkl

Mil
,pil

. Then, we have

(u)φN,r = av1bv2cu3εN+
u1(u1−1)

2
n11n12+u1u2n12n21+

u2(u2−1)
2

n21n22+u1r1+u2r2

Let us call C the exponent of c in the last expression.

Recall that in this case, (u)φN,r ∼ v (∼ meaning they are conjugated), if and only if, v3 ≡ C (mod g).

We can simplify C a lot modulo g . If 2 ∤ g , we have

C ≡ u3εN (mod g) (4)

If 2 | g , we have

C ≡ u3εN − g

2

(
u1
g
n11n12 +

u2
g
n21n22

)
(mod g) (5)

First, we will prove the following lemma:

Lemma 2.16. In the case 2 | g, if N,N ′ are two matrices such that [u1, u2]N = [u1, u2]N
′ = [v1, v2], then

g

2

(
u1
g
n11n12 +

u2
g
n21n22

)
≡ g

2

(
u1
g
n′11n

′
12 +

u2
g
n′21n

′
22

)
(mod g) (6)
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Proof. First, we see that (6) is equivalent to

u1
g
n11n12 +

u2
g
n21n22 ≡

u1
g
n′11n

′
12 +

u2
g
n′21n

′
22 (mod 2) (7)

To see this, notice that if [u1, u2]N = [u1, u2]N
′ = [v1, v2], then [v1, v2]N

−1N ′ = [v1, v2], that is,
Q = N−1N ′ ∈ Fix([v1, v2]).

N ′ = NQ =

[
n11 n12
n21 n22

] [
q11 q12
q21 q22

]
=

[
n11q11 + n12q21 n11q12 + n12q22
n21q11 + n22q21 n21q12 + n22q22

]
We have then

u1
g
n′11n

′
12 +

u2
g
n′21n

′
22 =

u1
g
(n11q11 + n12q21)(n11q12 + n12q22)

+
u2
g
(n21q11 + n22q21)(n21q12 + n22q22)

=
u1
g
n211q11q12 +

u1
g
n11n12(q11q22 + q21q12) +

u1
g
n212q21q22

+
u2
g
n221q11q12 +

u2
g
n21n22(q11q22 + q21q12) +

u2
g
n222q21q22

=
u1
g
n211q11q12 +

u1
g
n11n12(εQ + 2q21q12) +

u1
g
n212q21q22

+
u2
g
n221q11q12 +

u2
g
n21n22(εQ + 2q21q12) +

u2
g
n222q21q22

≡ u1
g
n11n12 +

u2
g
n21n22 +

(
u1
g
n211 +

u2
g
n221

)
q11q12

+

(
u1
g
n212 +

u2
g
n222

)
q21q22 (mod 2)

Therefore, in order to prove (7), we just have to prove that(
u1
g
n211 +

u2
g
n221

)
q11q12 +

(
u1
g
n212 +

u2
g
n222

)
q21q22 ≡ 0 (mod 2)

In addition, since an expression squared stays the same modulo 2, we can reduce it to(
u1
g
n11 +

u2
g
n21

)
q11q12 +

(
u1
g
n12 +

u2
g
n22

)
q21q22 ≡ 0 (mod 2) (8)

We note that [u1, u2]N = [v1, v2] = [v1, v2]Q, which results, dividing by g , in the equations:

u1
g
n11 +

u2
g
n21 =

v1
g

=
v1
g
q11 +

v2
g
q21 (9)

u1
g
n12 +

u2
g
n22 =

v2
g

=
v1
g
q12 +

v2
g
q22 (10)

We also note that since gcd(u1g ,
u2
g ) = gcd( v1g ,

v2
g ) = 1 and N,Q have determinant ±1, we know that

u1
g and u2

g cannot be both even, v1
g and v2

g cannot be both even and the two elements of the same row (or
the same column) of N or Q cannot be both even.
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Taking all this into account, if we assume v1
g is even, then v2

g is odd, and reducing (9) modulo 2, we
obtain

u1
g
n11 +

u2
g
n21 ≡ 0 ≡ q21 (mod 2)

Therefore, (8) is true in this case.

Analogously, if we assume v2
g is even, then v1

g is odd, and reducing (10) modulo 2, we obtain

u1
g
n12 +

u2
g
n22 ≡ 0 ≡ q12 (mod 2)

Therefore, (8) is true in this case.

We just have to check what happens in the case v1
g and v2

g are both odd. In this case, substituting in
(9) and (10), we get

u1
g
n11 +

u2
g
n21 ≡ 1 ≡ q11 + q21 (mod 2) (11)

u1
g
n12 +

u2
g
n22 ≡ 1 ≡ q12 + q22 (mod 2) (12)

The equation (8) is reduced to

q11q12 + q21q22 ≡ 0 (mod 2) (13)

We know that q11 + q21 is odd, therefore, we have two possible cases:

� q11 even and q21 odd.

� q11 odd and q21 even.

We know that q12 + q22 is odd, therefore, we have two possible cases:

� q12 even and q22 odd.

� q12 odd and q22 even.

We have a total of 4 possible cases:

� q11 even, q21 odd, q12 even and q22 odd. This case is not possible because row 1 of Q would have
2 as common factor.

� q11 even, q21 odd, q12 odd and q22 even. In this case, (13) is true.

� q11 odd, q21 even, q12 even and q22 odd. In this case, (13) is true.

� q11 odd, q21 even, q12 odd and q22 even. This case is not possible because row 2 of Q would have
2 as common factor.

In all cases, (13) and therefore, (8) is true. So this finishes the proof of (6).
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Notice that there could be more than one N ∈ ⟨M1, ... ,Mn⟩ verifying [u1, u2]N = [v1, v2] and also each
of these N could be rewritten in different ways as a word on M1, ... ,Mn (what could change r). However,
by Lemma 2.16, in the case 2 | g , the second addend of the expression (5) does not depend on the choice
of N among all matrices N such that [u1, u2]N = [v1, v2] and, in addition, neither (4) nor (5) depend on r .

The only thing that depends on the choice of N in both expressions (4) and (5) is εN .

If we want to decide whether there exists ψ ∈ ⟨φM1,p1 , ... ,φMn,pn⟩Inn(H3) such that (u)ψ = v , after
making all these computations, if 2 ∤ g , we check whether

v3 ≡ u3εN (mod g) (14)

or if 2 | g , we check whether

v3 ≡ u3εN − g

2

(
u1
g
n11n12 +

u2
g
n21n22

)
(mod g) (15)

If yes, the algorithm answers yes.

If not, but we have, in the case 2 ∤ g , that

v3 ≡ −u3εN (mod g) (16)

or, in the case 2 | g , that

v3 ≡ −u3εN − g

2

(
u1
g
n11n12 +

u2
g
n21n22

)
(mod g), (17)

there exists ψ if and only if there exists Q ∈ ⟨M1, ... ,Mn⟩ such that det(Q) = −1 and [v1, v2]Q = [v1, v2].

This is because if such Q exists, then NQ ∈ ⟨M1, ... ,Mn⟩ and [u1, u2]NQ = [v1, v2], so substituting
N by N ′ = NQ, the condition (14) transforms to (16) (εN′ = −εN) and the condition (15) transforms to
(17) (εN′ = −εN and Lemma 2.16 tells us the second addend does not change modulo g).

If we are not in any of these two cases, the algorithm must answer no.

It remains to prove the following lemma in order to conclude the orbit decidability:

Lemma 2.17. There exists an algorithm determining whether there exists Q ∈ ⟨M1, ... ,Mn⟩ such that
det(Q) = −1 and [v1, v2]Q = [v1, v2].

Proof. If all Mi ’s have determinant 1, the answer is no.

Otherwise, assume without any loss of generality thatM1 has determinant -1. If there are other matrices
with determinant -1, for instance, M2, we can substitute them by M1M2. Then M1M2 has determinant 1
and ⟨M1,M2, ... ,Mn⟩ = ⟨M1,M1M2, ... ,Mn⟩.

Therefore, we can assume without any loss of generality that M1 is the only matrix with determinant
-1 and all other matrices have determinant 1.

We will prove that, in this case,

SL2(Z) ∩ ⟨M1,M2, ... ,Mn⟩ = ⟨M2
1 ,M2, ... ,Mn,M

−1
1 M2M1, ... ,M

−1
1 MnM1⟩

Clearly, we have the inclusion ⩾.
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Then, to prove the inclusion ⩽, given N ∈ SL2(Z) ∩ ⟨M1,M2, ... ,Mn⟩, we know that

N =
k∏

j=1

M
εj
ij

= Mε1
i1
Mε2

i2
· · ·Mεk

ik
(18)

with ij ∈ {1, ... , n} and εj ∈ {−1, 1} for j = 1, ... , k .

Since N ∈ SL2(Z), we know that the number of appearences of M1 is even. We will prove that
N ∈ ⟨M2

1 ,M2, ... ,Mn,M
−1
1 M2M1, ... ,M

−1
1 MnM1⟩ by induction on the number of appearences of M1.

If N has no appearences ofM1, then clearly, N ∈ ⟨M2, ... ,Mn⟩ ⩽ ⟨M2
1 ,M2, ... ,Mn,M

−1
1 M2M1, ... ,M

−1
1 MnM1⟩.

Now, suppose M1 appears at least two times:

We look for the first and the second appearence of M1 in (18). If the second appearence of M1 has
the same exponent as the first appearence, we have

N = PMε
1QM

ε
1R

where P,Q ∈ ⟨M2, ... ,Mn⟩ and R ∈ ⟨M1,M2, ... ,Mn⟩. We can rearange the expression as

N = P(M2
1 )

εM−ε
1 QMε

1R

If the second appearence of M1 has the opposite exponent as the first appearence, we have

N = PM−ε
1 QMε

1R

where P,Q ∈ ⟨M2, ... ,Mn⟩ and R ∈ ⟨M1,M2, ... ,Mn⟩. If ε = −1, we can rewrite the expression as

N = PM1QM
−1
1 R = PM2

1M
−1
1 QM1M

−2
1 R

Otherwise,
N = PM−1

1 QM1R

Given M−1
1 QM1 with Q ∈ ⟨M2, ... ,Mn⟩, clearly we have that M−1

1 QM1 ∈ ⟨M−1
1 M2M1, ... ,M

−1
1 MnM1⟩.

In all of these cases, we have rewritten
N = SR

where S ∈ ⟨M2
1 ,M2, ... ,Mn,M

−1
1 M2M1, ... ,M

−1
1 MnM1⟩, R ∈ ⟨M1,M2, ... ,Mn⟩ and both S and R have

determinant 1.

Applying the inductive hypothesis to R, which has strictly less appearences of M1 than N, we have that
R ∈ ⟨M2

1 ,M2, ... , Mn,M
−1
1 M2M1, ... ,M

−1
1 MnM1⟩. So, N ∈ ⟨M2

1 ,M2, ... ,Mn,M
−1
1 M2M1, ... ,M

−1
1 MnM1⟩.

Once we have this, since SL2(Z) ◁2 GL2(Z), we know that H := SL2(Z) ∩ ⟨M1,M2, ... ,Mn⟩ ◁2

⟨M1,M2, ... ,Mn⟩ =: G .

The quotient G/H will have only the elements H (matrices of G with determinant 1) andM1H (matrices
of G with determinant -1). Since H is normal in G , we have that M1H = HM1.

Therefore, if there exists Q ∈ G such that [v1, v2]Q = [v1, v2] and det(Q) = −1, then Q ∈ M1H and
Q = M1T where T ∈ ⟨M2

1 ,M2, ... ,Mn,M
−1
1 M2M1, ... ,M

−1
1 MnM1⟩.

The algorithm determining the existence or inexistence of Q must first compute [w1,w2] := [v1, v2]M1

and then apply the algorithm of Theorem 2.15 with inputs [w1,w2], [v1, v2] ∈ Z2 and see whether there
exists T ∈ ⟨M2

1 ,M2, ... ,Mn,M
−1
1 M2M1, ... ,M

−1
1 MnM1⟩ such that [w1,w2]T = [v1, v2]. If T exists, the

algorithm must answer yes and Q = M1T .

If T does not exist, then Q cannot exist and the algorithm must answer no.
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As a result, we obtain the following theorem:

Theorem 2.18. Every finitely generated subgroup A of automorphisms such that Inn(H3) ⩽ A ⩽ Aut(H3)
is Orbit Decidable.

A direct application of Theorem 1.1 gives us the following corollary:

Corollary 2.19. Let H be a torsion-free hyperbolic group (with n generators) and let φM1,p1 , ... ,φMn,pn ∈
Aut(H3) be automorphisms. Then the Conjugacy Problem is solvable in any group of the form H3⋊φM1,p

1 ,...,φMn ,pn

H.

3. Heisenberg’s group of higher dimensions

3.1 Definition of Heisenberg’s group of higher dimensions

Consider

Hk+2 = ⟨a1, a2, ... , ak , b1, b2, ... , bk , c | [ai , aj ] ∀i < j ,

[bi , bj ] ∀i < j , [ai , bj ] ∀i ̸= j , [ai , bi ]c ∀i , [ai , c] ∀i , [bi , c] ∀i⟩

Theorem 3.1. Given w ∈ F (a1, a2, ... , ak , b1, b2, ... , bk , c) a word, then it can be written in Hk+2 in its
normal form as w =Hk+2

am1
1 am2

2 · · · amk
k bn11 bn22 · · · bnkk cp with m1,m2, ... ,mk , n1, n2, ... , nk , p ∈ Z.

In order to simplify notation, we will write an element w ∈ Hk+2 in its normal form as ambncp, where
am is short for am1

1 am2
2 · · · amk

k and the same for bn. Therefore, m,n ∈ Zk with this notation.

Theorem 3.2. Hk+2 is isomorphic to the following matrices subgroup:

Hk+2
∼=



 1 n p
0Tk Ik mT

0 0k 1

 =



1 n1 n2 · · · nk p
0 1 0 · · · 0 m1

0 0 1 · · · 0 m2
...

...
...

. . .
...

...
0 0 0 · · · 1 mk

0 0 0 · · · 0 1


∣∣∣∣∣ m1,m2, ... ,mk , n1, n2, ... , nk , p ∈ Z


⩽ SLk+2(Z).

Proof. Let G denote the above subgroup of invertible integer matrices.

Denoting the canonical vectors by ei = [0, ... , 0, 1, 0, ... , 0] ∈ Zk+2 where the 1 is at the i−th position,
we define

Φ : Hk+2 → G

ai 7→ I + Ai for i = 1, ... , k

bi 7→ I + Bi for i = 1, ... , k

c 7→ I + C
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with

Ai =
[
0T 0T · · · 0T eTi+1

]
=



0
...
0

ek+2

0
...
0


,

where the vector ek+2 is in the (i + 1)−th row;

Bi =
[
0T · · · 0T eT1 0T · · · 0T

]
=


ei+1

0
...
0

 ,

where the vector eT1 is in the (i + 1)−th column; and

C =

[
0 1
O 0T

]
.

It is easy to check that

AiBi = O,

BiAi =

[
0 1
O 0T

]
= C ,

BiAj = O = AjBi , if i ̸= j ,

AiC = CAi = BiC = CBi = CC = O,

AiAj = O = BiBj .

Furthermore, every element M =



1 n1 n2 · · · nk p
0 1 0 · · · 0 m1

0 0 1 · · · 0 m2
...

...
...

. . .
...

...
0 0 0 · · · 1 mk

0 0 0 · · · 0 1


∈ G can be written as

M = I +
k∑

i=1

(miAi + niBi ) + pC .

Let’s see that Φ is well-defined:

([ai , aj ])Φ = [I + Ai , I + Aj ] = (I − Ai )(I − Aj)(I + Ai )(I + Aj)

= (I − Ai − Aj)(I + Ai )(I + Aj)

= (I − Aj)(I + Aj)

= I ;
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([bi , bj ])Φ = [I + Bi , I + Bj ] = (I − Bi )(I − Bj)(I + Bi )(I + Bj)

= (I − Bi − Bj)(I + Bi )(I + Bj)

= (I − Bj)(I + Bj)

= I ;

([ai , bj ])Φ = [I + Ai , I + Bj ] = (I − Ai )(I − Bj)(I + Ai )(I + Bj)

= (I − Ai − Bj)(I + Ai )(I + Bj)

= (I − Bj)(I + Bj)

= I ,

where i ̸= j , so AiBj = O = BjAi ;

([ai , bi ]c)Φ = [I + Ai , I + Bi ](I + C ) = (I − Ai )(I − Bi )(I + Ai )(I + Bi )(I + C )

= (I − Ai − Bi )(I + Ai )(I + Bi )(I + C )

= (I − Bi − C )(I + Bi )(I + C )

= (I − C )(I + C )

= I ;

([ai , c])Φ = [I + Ai , I + C ] = (I − Ai )(I − C )(I + Ai )(I + C )

= (I − Ai − C )(I + Ai )(I + C )

= (I − C )(I + C )

= I ;

([bi , c])Φ = [I + Bi , I + C ] = (I − Bi )(I − C )(I + Bi )(I + C )

= (I − Bi − C )(I + Bi )(I + C )

= (I − C )(I + C )

= I .

So, Φ is well-defined.

Let’s see that Φ is onto. Let M =



1 n1 n2 · · · nk p
0 1 0 · · · 0 m1

0 0 1 · · · 0 m2
...

...
...

. . .
...

...
0 0 0 · · · 1 mk

0 0 0 · · · 0 1


∈ G and consider u = ambncp ∈ Hk+2

where m = [m1,m2, ... ,mk ] ∈ Zk and n = [n1, n2, ... , nk ] ∈ Zk . Then, it can be checked that

(u)Φ = I +
k∑

i=1

(miAi + niBi ) + pC = M.
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So, Φ is onto.

Let’s see that Φ is injective. Let u ∈ Hk+2, then, by Theorem 3.1, u = ambncp ∈ Hk+2 and we have
that

(u)Φ = I ⇔



1 n1 n2 · · · nk p
0 1 0 · · · 0 m1

0 0 1 · · · 0 m2
...

...
...

. . .
...

...
0 0 0 · · · 1 mk

0 0 0 · · · 0 1


= I

⇔ m1 = m2 = · · · = mk = n1 = n2 = · · · = nk = p = 0 ⇔ u = 1.

So, Ker(Φ) = 1 and Φ is injective.

Corollary 3.3. Given w ∈ Hk+2, then w can be written in a uniquely way in its normal form as w =Hk+2

ambncp with m,n ∈ Zk and p ∈ Z.

The proof of this corollary is done exactly as in the three-dimensional case. We also have the following
property:

Corollary 3.4. Hk+2 is torsion-free, that is, the only element with finite order is the trivial one.

3.2 Endomorphisms of Hk+2

Most of the results for the three dimensional Heisenberg group H3 generalize to higher dimensions. As a
result, we have the following analogous results:

Lemma 3.5. In Hk+2, we have bnam = ambncmnT and (ambncp)−1 = a−mb−ncmnT−p.

Theorem 3.6. The center of Hk+2 is Z (Hk+2) = ⟨c⟩ ∼= Z.

Theorem 3.7. The derived subgroup of Hk+2 is H ′
k+2 = ⟨c⟩ ∼= Z.

We omit the proof of these results, since the proof is exactly the same as in H3 bearing in mind that
m,n are vectors instead of scalars.

Since the derived subgroup is fully-characteristic, we have that if φ ∈ End(Hk+2), then (c)φ = cµ for
µ ∈ Z.

Now, let φ ∈ End(Hk+2), then writing the images of generators in normal form we have

φ : Hk+2 → Hk+2

a1 7→ am
11
1 bm

12
1 cp

(1)
1

a2 7→ am
11
2 bm

12
2 cp

(1)
2

...

33



CP for extensions of Heisenberg

ak 7→ am
11
k bm

12
k cp

(1)
k

b1 7→ am
21
1 bm

22
1 cp

(2)
1

b2 7→ am
21
2 bm

22
2 cp

(2)
2

...

bk 7→ am
21
k bm

22
k cp

(2)
k

c 7→ cµ.

Since φ must be well-defined, ([ai , aj ])φ = ([bi , bj ])φ = ([ai , bj ])φ = 1 for i ̸= j . To reduce computa-

tions, note that these commutators are sent to [am
•1
i bm

•2
i cp

(•)
i , am

▲1
j bm

▲2
j cp

(▲)
j ] where •,▲ ∈ {1, 2} can be

equal or different and i ̸= j . Therefore, we have

1 = [am
•1
i bm

•2
i cp

(•)
i , am

▲1
j bm

▲2
j cp

(▲)
j ]

= (am
•1
i bm

•2
i cp

(•)
i )−1(am

▲1
j bm

▲2
j cp

(▲)
j )−1(am

•1
i bm

•2
i cp

(•)
i )(am

▲1
j bm

▲2
j cp

(▲)
j )

= a−m•1
i b−m•2

i cm
•1
i (m

•2
i )

T−p
(•)
i a−m▲1

j b−m▲2
j cm

▲1
j (m▲2

j )
T−p

(▲)
j am

•1
i bm

•2
i cp

(•)
i am

▲1
j bm

▲2
j cp

(▲)
j

= a−m•1
i b−m•2

i a−m▲1
j b−m▲2

j am
•1
i bm

•2
i am

▲1
j bm

▲2
j cm

•1
i (m

•2
i )

T
+m▲1

j (m▲2
j )

T

= a−m•1
i −m▲1

j b−m•2
i −m▲2

j am
•1
i bm

•2
i am

▲1
j bm

▲2
j

cm
•1
i (m

•2
i )

T
+m▲1

j (m▲2
j )

T

cm
•2
i (m

▲1
j )

T

= a−m▲1
j b−m▲2

j am
▲1
j bm

▲2
j

cm
•1
i (m

•2
i )

T
+m▲1

j (m▲2
j )

T

cm
•2
i (m

▲1
j )

T

c−m•1
i (m

•2
i )

T−m•1
i (m

▲2
j )

T

= cm
•2
i (m

▲1
j )

T−m•1
i (m

▲2
j )

T

.

Therefore, we have that
m•2

i

(
m▲1

j

)T −m•1
i

(
m▲2

j

)T
= 0

for i ̸= j .

In addition to this, we must have ([ai , bi ]c)φ = 1. This results in:

1 = ([ai , bi ]c)φ = [am
11
i bm

12
i cp

(1)
i , am

21
i bm

22
i cp

(2)
i ]cµ

= cm
12
i (m

21
i )

T−m11
i (m

22
i )

T
+µ.

Therefore, we have that
m11

i

(
m22

i

)T −m12
i

(
m21

i

)T
= µ.

The relations [ai , c], [bi , c] are trivially sent to trivial.
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We can define the 2k × 2k matrix

M =

[
M11 M12

M21 M22

]
=



m11
1 m12

1
...

...
m11

k m12
k

m21
1 m22

1
...

...
m21

k m22
k


Then, all these relations can be summarized as:

MJMT = µJ

with

J =

[
O Ik
−Ik O

]
.

Let’s check this:

MJMT =



m11
1 m12

1

...
...

m11
k m12

k

m21
1 m22

1

...
...

m21
k m22

k


[
O Ik
−Ik O

]
MT

=



−m12
1 m11

1

...
...

−m12
k m11

k

−m22
1 m21

1

...
...

−m22
k m21

k


[
(m11

1 )
T · · · (m11

k )
T

(m21
1 )

T · · · (m21
k )

T

(m12
1 )

T · · · (m12
k )

T
(m22

1 )
T · · · (m22

k )
T

]

=

[
N11 N12

N21 N22

]
,

where

N11 =
[
m11

i

(
m12

j

)T −m12
i

(
m11

j

)T ]
i ,j

= [0]i ,j = O;

N12 =
[
m11

i

(
m22

j

)T −m12
i

(
m21

j

)T ]
i ,j

= [µδij ]i ,j = µIk ;

N21 =
[
m21

i

(
m12

j

)T −m22
i

(
m11

j

)T ]
i ,j

= [−µδij ]i ,j = −µIk ;

N22 =
[
m21

i

(
m22

j

)T −m22
i

(
m21

j

)T ]
i ,j

= [0]i ,j = O.

So, MJMT = µJ and this summarizes all the relations the matrix M must satisfy in order to be the
matrix associated to the endomorphism φ.
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3.3 Automorphisms of Hk+2

Now, we focus our attention on automorphisms in Hk+2, that is, bijective endomorphisms. We have the
same lemma as in H3, which will make computations easier and whose proof is analogous:

Lemma 3.8. In Hk+2, (a
mbn)l = almblnc

l(l−1)
2

mnT .

Now, given φ an endomorphism, we check under which conditions, φ is also injective. If it is injective,
that means that Ker(φ) = 1, so if (ambncp)φ = 1, then m = n = 0k and p = 0.

1 = (ambncp)φ = ((a1)φ)
m1((a2)φ)

m2 · · · ((ak)φ)mk ((b1)φ)
n1((b2)φ)

n2 · · · ((bk)φ)nk ((c)φ)p

=
(
am

11
1 bm

12
1 cp

(1)
1

)m1
(
am

11
2 bm

12
2 cp

(1)
2

)m2

· · ·
(
am

11
k bm

12
k cp

(1)
k

)mk

(
am

21
1 bm

22
1 cp

(2)
1

)n1 (
am

21
2 bm

22
2 cp

(2)
2

)n2
· · ·
(
am

21
k bm

22
k cp

(2)
k

)nk
cµp

=

(
am1m11

1 bm1m12
1 c

m1(m1−1)
2

m11
1 (m12

1 )
T
+m1p

(1)
1

)(
am2m11

2 bm2m12
2 c

m2(m2−1)
2

m11
2 (m12

2 )
T
+m2p

(1)
2

)
· · ·
(
amkm

11
k bmkm

12
k c

mk (mk−1)

2
m11

k (m
12
k )

T
+mkp

(1)
k

)
(
an1m

21
1 bn1m

22
1 c

n1(n1−1)
2

m21
1 (m22

1 )
T
+n1p

(2)
1

)(
an2m

21
2 bn2m

22
2 c

n2(n2−1)
2

m21
2 (m22

2 )
T
+n2p

(2)
2

)
· · ·
(
ankm

21
k bnkm

22
k c

nk (nk−1)

2
m21

k (m
22
k )

T
+nkp

(2)
k

)
cµp

= a
∑k

i=1 mim
11
i +

∑k
i=1 nim

21
i b

∑k
i=1 mim

12
i +

∑k
i=1 nim

22
i

cµp+
∑k

i=1
mi (mi−1)

2
m11

i (m
12
i )

T
+
∑k

i=1
ni (ni−1)

2
m21

i (m
22
i )

T

c
∑k−1

i=1

∑k
j=i+1 mim

12
i (mjm

11
j )

T
+
∑k−1

i=1

∑k
j=i+1 nim

22
i (njm

21
j )

T

c(
∑k

i=1 mim
12
i )·(

∑k
i=1 nim

21
i )

T
+
∑k

i=1 mip
(1)
i +

∑k
i=1 nip

(2)
i

If we want this last expression to be equal to 1, all the exponents must be necessarily equal to 0.
Looking at the exponents of a and b, we get the following linear system:

k∑
i=1

mim
11
ij +

k∑
i=1

nim
21
ij = 0 for j = 1, 2, ... , k ;

k∑
i=1

mim
12
ij +

k∑
i=1

nim
22
ij = 0 for j = 1, 2, ... , k ;

where m•▲
ij denotes the (i , j) element of the matrix M•▲ for •,▲ ∈ {1, 2}.

This system can be written in matricial form as

[m,n]M = 02k ,

where M is the matrix associated to the endomorphism φ defined in the previous section.
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This linear system has a non trivial rational solution (and therefore a non trivial integer solution because
it is homogeneous), if and only if, det(M) = 0.

Assuming det(M) ̸= 0, we have that m1 = m2 = · · · = mk = n1 = n2 = · · · = nk = 0 and the
exponent of c is reduced to pµ; moreover, pµ = 0 ⇔ µ = 0 or p = 0. So, in order to force p = 0, we must
assume µ ̸= 0.

Furthermore, using the fact that G ′ is characteristic in G , we have that, in fact, (c)φ = c or (c)φ = c−1.
So, in fact, µ = ±1.

Using this, together with the results obtained in the endomorphisms section, we can conclude that
M ∈ GSp2k(Z) (See Appendix A).

It remains to check whether this condition is sufficient for φ to be an automorphism. In particular, we
have to check if φ is onto with these conditions.

By the previous section, since M ∈ GSp2k(Z), we know that M is invertible. Let us denote N = M−1

and write N =

[
N11 N12

N21 N22

]
, where N•▲ =


n•▲1
n•▲2
...

n•▲k

 ∈ Mk(Z) for •,▲ ∈ {1, 2}. Then, [n11i ,n12i ]M = ei

and [n21i ,n22i ]M = ek+i for i = 1, 2, ... , k .Consider an
11
i bn

12
i , then we have that

(an
11
i bn

12
i )φ = aic

γ1i ,

where

γ1i =
k∑

j=1

n11ij (n
11
ij − 1)

2
m11

j

(
m12

j

)T
+

k∑
j=1

n12ij (n
12
ij − 1)

2
m21

j

(
m22

j

)T
+

k−1∑
j=1

k∑
l=j+1

n11ij m
12
j

(
n11il m

11
l

)T
+

k−1∑
j=1

k∑
l=j+1

n12ij m
22
j

(
n12il m

21
l

)T

+

 k∑
j=1

n11ij m
12
j

 ·

 k∑
j=1

n12ij m
21
j

T

+
k∑

j=1

n11ij p
(1)
j +

k∑
j=1

n12ij p
(2)
j .

We can see that (an
11
i bn

12
i c−µ(M)γ1i )φ = ai .

Analogously,
(an

21
i bn

22
i )φ = bic

γ2i ,

where

γ2i =
k∑

j=1

n21ij (n
21
ij − 1)

2
m11

j

(
m12

j

)T
+

k∑
j=1

n22ij (n
22
ij − 1)

2
m21

j

(
m22

j

)T
+

k−1∑
j=1

k∑
l=j+1

n21ij m
12
j

(
n21il m

11
l

)T
+

k−1∑
j=1

k∑
l=j+1

n22ij m
22
j

(
n22il m

21
l

)T
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+

 k∑
j=1

n21ij m
12
j

 ·

 k∑
j=1

n22ij m
21
j

T

+
k∑

j=1

n21ij p
(1)
j +

k∑
j=1

n22ij p
(2)
j .

We can see that (an
21
i bn

22
i c−µ(M)γ2i )φ = bi .

And we clearly have that (cµ(M))φ = c .

Therefore,

φ−1 : Hk+2 → Hk+2

a1 7→ an
11
1 bn

12
1 c−µ(M)γ11

a2 7→ an
11
2 bn

12
2 c−µ(M)γ12

...

ak 7→ an
11
k bn

12
k c−µ(M)γ1k

b1 7→ an
21
1 bn

22
1 c−µ(M)γ21

b2 7→ an
21
2 bn

22
2 c−µ(M)γ22

...

bk 7→ an
21
k bn

22
k c−µ(M)γ2k

c 7→ cµ(M).

Theorem 3.9. Let φ ∈ Aut(Hk+2), then

φ : Hk+2 → Hk+2

a1 7→ am
11
1 bm

12
1 cp

(1)
1

a2 7→ am
11
2 bm

12
2 cp

(1)
2

...

ak 7→ am
11
k bm

12
k cp

(1)
k

b1 7→ am
21
1 bm

22
1 cp

(2)
1

b2 7→ am
21
2 bm

22
2 cp

(2)
2

...

bk 7→ am
21
k bm

22
k cp

(2)
k

c 7→ cµ(M),

with M =

[
M11 M12

M21 M22

]
∈ GSp2k(Z) = {B ∈ GL2k(Z) | BJBT = µ(B)J with µ(B) ∈ {−1, 1}}, where
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M•▲ =


m•▲

1

m•▲
2
...

m•▲
k

 ∈ Mk(Z) for •,▲ ∈ {1, 2} and J =

[
O Ik
−Ik O

]
.

Reciprocally, given M ∈ GSp2k(Z) and p = [p(1),p(2)] ∈ Z2k , we can define an automorphism of Hk+2

with the earlier form.

From now on, we will denote φM,p the automorphism with associated matrix M ∈ GSp2k(Z) and
associated vector p ∈ Z2k .

3.4 Structure of Aut(Hk+2)

We compute how the composition of automorphisms works. Let φM,p,φN,q ∈ Aut(Hk+2), then

φM,p : Hk+2 → Hk+2

a1 7→ am
11
1 bm

12
1 cp

(1)
1

a2 7→ am
11
2 bm

12
2 cp

(1)
2

...

ak 7→ am
11
k bm

12
k cp

(1)
k

b1 7→ am
21
1 bm

22
1 cp

(2)
1

b2 7→ am
21
2 bm

22
2 cp

(2)
2

...

bk 7→ am
21
k bm

22
k cp

(2)
k

c 7→ cµ(M),

φN,q : Hk+2 → Hk+2

a1 7→ an
11
1 bn

12
1 cq

(1)
1

a2 7→ an
11
2 bn

12
2 cq

(1)
2

...

ak 7→ an
11
k bn

12
k cq

(1)
k

b1 7→ an
21
1 bn

22
1 cq

(2)
1

b2 7→ an
21
2 bn

22
2 cq

(2)
2

...
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bk 7→ an
21
k bn

22
k cq

(2)
k

c 7→ cµ(N).

Now, we compute φM,pφN,q:

(ai )φM,pφN,q = (am
11
i bm

12
i cp

(1)
i )φN,q

= ((a1)φN,q)
m11

i1 · · · ((ak)φN,q)
m11

ik ((b1)φN,q)
m12

i1 · · · ((bk)φN,q)
m12

ik ((c)φN,q)
p
(1)
i

=
(
an

11
1 bn

12
1 cq

(1)
1

)m11
i1 · · ·

(
an

11
k bn

12
k cq

(1)
k

)m11
ik
(
an

21
1 bn

22
1 cq

(2)
1

)m12
i1 · · ·

(
an

21
k bn

22
k cq

(2)
k

)m12
ik
cµ(N)p

(1)
i

=

(
am

11
i1 n

11
1 bm

11
i1 n

12
1 c

m11
i1 (m11

i1 −1)

2
n111 (n121 )

T
+m11

i1 q
(1)
1

)
· · ·
(
am

11
ik n

11
k bm

11
ik n

12
k c

m11
ik (m11

ik −1)

2
n11k (n

12
k )

T
+m11

ik q
(1)
k

)
(
am

12
i1 n

21
1 bm

12
i1 n

22
1 c

m12
i1 (m12

i1 −1)

2
n211 (n221 )

T
+m12

i1 q
(2)
1

)
· · ·
(
am

12
ik n

21
k bm

12
ik n

22
k c

m12
ik (m12

ik −1)

2
n21k (n

22
k )

T
+m12

ik q
(2)
k

)
cµ(N)p

(1)
i

= a
∑k

j=1 m
11
ij n

11
j +

∑k
j=1 m

12
ij n

21
j b

∑k
j=1 m

11
ij n

12
j +

∑k
j=1 m

12
ij n

22
j cµ(N)p

(1)
i +γ1i ,

where

γ1i =
k∑

j=1

m11
ij (m

11
ij − 1)

2
n11j
(
n12j
)T

+
k∑

j=1

m12
ij (m

12
ij − 1)

2
n21j
(
n22j
)T

+
k−1∑
j=1

k∑
l=j+1

m11
ij n

12
j

(
m11

il n
11
l

)T
+

k−1∑
j=1

k∑
l=j+1

m12
ij n

22
j

(
m12

il n
21
l

)T

+

 k∑
j=1

m11
ij n

12
j

 ·

 k∑
j=1

m12
ij n

21
j

T

+
k∑

j=1

m11
ij q

(1)
j +

k∑
j=1

m12
ij q

(2)
j .

(bi )φM,pφN,q = (am
21
i bm

22
i cp

(2)
i )φN,q

= ((a1)φN,q)
m21

i1 · · · ((ak)φN,q)
m21

ik ((b1)φN,q)
m22

i1 · · · ((bk)φN,q)
m22

ik ((c)φN,q)
p
(2)
i

=
(
an

11
1 bn

12
1 cq

(1)
1

)m21
i1 · · ·

(
an

11
k bn

12
k cq

(1)
k

)m21
ik
(
an

21
1 bn

22
1 cq

(2)
1

)m22
i1 · · ·

(
an

21
k bn

22
k cq

(2)
k

)m22
ik
cµ(N)p

(2)
i

=

(
am

21
i1 n

11
1 bm

21
i1 n

12
1 c

m21
i1 (m21

i1 −1)

2
n111 (n121 )

T
+m21

i1 q
(1)
1

)
· · ·
(
am

21
ik n

11
k bm

21
ik n

12
k c

m21
ik (m21

ik −1)

2
n11k (n

12
k )

T
+m21

ik q
(1)
k

)
(
am

22
i1 n

21
1 bm

22
i1 n

22
1 c

m22
i1 (m22

i1 −1)

2
n211 (n221 )

T
+m22

i1 q
(2)
1

)
· · ·
(
am

22
ik n

21
k bm

22
ik n

22
k c

m22
ik (m22

ik −1)

2
n21k (n

22
k )

T
+m22

ik q
(2)
k

)
cµ(N)p

(2)
i

= a
∑k

j=1 m
21
ij n

11
j +

∑k
j=1 m

22
ij n

21
j b

∑k
j=1 m

21
ij n

12
j +

∑k
j=1 m

22
ij n

22
j cµ(N)p

(2)
i +γ2i ,
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where

γ2i =
k∑

j=1

m21
ij (m

21
ij − 1)

2
n11j
(
n12j
)T

+
k∑

j=1

m22
ij (m

22
ij − 1)

2
n21j
(
n22j
)T

+
k−1∑
j=1

k∑
l=j+1

m21
ij n

12
j

(
m21

il n
11
l

)T
+

k−1∑
j=1

k∑
l=j+1

m22
ij n

22
j

(
m22

il n
21
l

)T

+

 k∑
j=1

m21
ij n

12
j

 ·

 k∑
j=1

m22
ij n

21
j

T

+
k∑

j=1

m21
ij q

(1)
j +

k∑
j=1

m22
ij q

(2)
j .

(c)φM,pφN,q = ((c)φN,q)
µ(M) = cµ(M)µ(N).

We can see that the matrix associated to φM,pφN,q is MN, so we can define an epimorphism:

β : Aut(Hk+2) → GSp2k(Z)
φM,p 7→ µ(M)M.

In fact, we have the following short exact sequence:

1 → Z2k α−→ Aut(Hk+2)
β−→ GSp2k(Z) → 1,

where pα = φI ,p and φM,pβ = µ(M)M.

In an attempt to generalize the result in Section 2.4, we have done the computations to determine
whether this short exact sequence splits.

In order to do this, we have found in the literature (see [3] for Sp4(Z) and [15] for Sp2k(Z) with k ≥ 3)
the presentation of Sp2k(Z).

To compute a presentation of GSp2k(Z), once we have the presentation of Sp2k(Z), we can add

as generator the antisymplectic matrix H =

[
−Ik O
O Ik

]
, which has order 2 and compute the result of

conjugating every other generator by H, adding this as relation as well as H2 = I2k . Like this, we have a
presentation of GSp2k(Z). To illustrate this, we add Appendix B as an example of this process for k = 2.

After computing a presentation of GSp2k(Z), the idea is to map the generators Eij ∈ GSp2k(Z) to
φEij ,x(Eij ), where x(Eij) is a 2k-dimensional vector of unknowns. This map must be a homomorphism for
the short exact sequence to split, so imposing that the relations are kept by the map, we get a set of linear
equations on the unknowns.

After computing all this (using a computer) and solving the linear equations, we got a compatible
undetermined system where some of the unknowns had to be rational numbers with 2 on the denominator.
So, the short exact sequence should not split if these computations are correct.

We have omitted all the details of these computations or the script in this thesis, since it was a negative
result that was not aligned either to the main objective of this Master Thesis, which is to solve the CP for
certain extensions of Heisenberg group.
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3.5 Conjugacy Problem and Twisted Conjugacy Problem

Before studying the twisted conjugacy problem, we solve the conjugacy problem in Hk+2.

Given arbsct , aubvcw ∈ Hk+2, we want to see if there exists axbycz ∈ H3 such that arbsct =
(axbycz)−1aubvcwaxbycz . Developing, we get the following:

arbsct = (axbycz)−1aubvcwaxbycz

= a−xb−ycxy
T−zau+xbv+ycz+w+vxT

= aubvcw+vxT−uyT .

Therefore, arbsct ∼ aubvcw , if and only if, r = u, s = v and there exist x, y ∈ Zk such that
t = w +vxT −uyT . This is equivalent to r = u, s = v and t ≡ w (mod g) where g = gcd(ri , si )i=1,...,k =
gcd(ui , vi )i=1,...,k .

Now, we go to the twisted conjugacy problem:

Given arbsct , aubvcw ∈ Hk+2 and φM,p ∈ Aut(Hk+2),

φ : Hk+2 → Hk+2

a1 7→ am
11
1 bm

12
1 cp

(1)
1

a2 7→ am
11
2 bm

12
2 cp

(1)
2

...

ak 7→ am
11
k bm

12
k cp

(1)
k

b1 7→ am
21
1 bm

22
1 cp

(2)
1

b2 7→ am
21
2 bm

22
2 cp

(2)
2

...

bk 7→ am
21
k bm

22
k cp

(2)
k

c 7→ cµ(M),

we want to see if arbsct ∼φM,p aubvcw . That is, if there exists axbycz ∈ Hk+2 such that arbsct =
((axbycz)φM,p)

−1aubvcwaxbycz . Developing, we get

arbsct = ((axbycz)φM,p)
−1aubvcwaxbycz

= (d [x,y]Mcµ(M)z+γ)−1au+xbv+ycw+z+vxT

= (a−x̂b−ŷc−µ(M)z−γ+x̂ŷT )au+xbv+ycw+z+vxT

= d [u,v]+[x,y](I−M)cw+(1−µ(M))z−γ+(x̂−x−u)ŷT+vxT ,

where
x̂ = ([x, y]M) [1..k] = xM11 + yM21,

ŷ = ([x, y]M) [k + 1..2k] = xM12 + yM22,
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γ =
k∑

i=1

xi (xi − 1)

2
m11

i

(
m12

i

)T
+

k∑
i=1

yi (yi − 1)

2
m21

i

(
m22

i

)T
+

k−1∑
i=1

k∑
j=i+1

xim
12
i

(
xjm

11
j

)T
+

k−1∑
i=1

k∑
j=i+1

yim
22
i

(
yjm

21
j

)T
+

(
k∑

i=1

xim
12
i

)
·

(
k∑

i=1

yim
21
i

)T

+
k∑

i=1

xip
(1)
i +

k∑
i=1

yip
(2)
i .

After making the substitutions of x̂, ŷ, we get that the exponent of c is

C = w + (1− µ(M))z − γ + (x̂− x− u)ŷT + vxT

= w + (1− µ(M))z − γ + (x(M11 − I ) + yM21 − u)(xM12 + yM22)T + vxT

= w + (1− µ(M))z − γ + x(M11 − I )(M12)TxT + x(M11 − I )(M22)TyT

+ yM21(M12)TxT + yM21(M22)TyT − u(M12)TxT − u(M22)TyT + vxT

= w + (1− µ(M))z − γ + xM11(M12)TxT − x(M12)TxT + xM11(M22)TyT − x(M22)TyT

+ xM12(M21)TyT + yM21(M22)TyT − u(M12)TxT − u(M22)TyT + vxT .

An algorithm deciding whether two elements are twisted conjugated must first solve the linear system
[x, y](I −M) = [r − u, s− v]. We distinguish the following cases:

� Incompatible System: The system has no solution. Therefore, the algorithm must answer no.

� Compatible Determined System: The system has a unique solution. We have two subcases:

– The system has a solution over the integers. We substitute the values of x, y in the equation
C = t.

* If µ(M) = 1, the value of z doesn’t matter, we just check if C = t is verified. If it is
verified, the algorithm must answer yes (Our possible conjugator is axby). Otherwise, the
algorithm must answer no.

* If µ(M) = −1, we must leave 2z on one side of the equality and check if the other side of
the equality is even. If it is even, dividing by 2, we get the value of z , and the algorithm
must answer yes (Our possible conjugator is axbycz). Otherwise, it must answer no.

– The system has no solution over the integers (The solution is rational). The algorithm must
answer no.

� Compatible Undetermined System: The system has an infinite number of solutions.

Let h be the freedom degree of the system. Then, we can write x, y in terms of λ1, ... ,λh, where λi
are free parameters over the integers. We substitute the values of x, y in C = t. We distinguish two
cases:
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– If µ(M) = 1, then the value of z doesn’t matter. The equation C = t reduces to a quadratic
equation of the form

h∑
i ,j=1

αijλiλj +
∑

βjλj = γ̂

where the αij ,βj , γ̂ are integers, or at worst, some of them are rational numbers with denomi-
nator 2.

By reference [14], there exists an algorithm determining whether this type of equation has a
solution over the integers.

After applying this algorithm, if the equation has a solution over the integers, we answer yes,
we substitute the values of λi obtained in x and y and obtain axby as a possible conjugator.

If the equation has no solution over the integers for λi , our algorithm must answer no.

– If µ(M) = −1, then what we can do is to leave 2z on one side of the equality, and the quadratic
equation on λi on the other side. After multiplying by 2 if there are any denominators on the
coefficients of the quadratic equation on λi , we can reduce the equation modulo 2 or 4, and
check for λi ∈ {0, 1}({0, 1, 2, 3} if we have reduced the equation modulo 4) if the equation has
a solution modulo 2 (or 4). After checking a finite number of possibilities, the algorithm will
determine if this equation has a solution modulo 2 (or 4).If it has no solution, the algorithm
must answer no. If it has a solution, the algorithm must answer yes. In order to give a possible
conjugator, it must substitute the value of λi on x and y, and also on C = t and solve the
equation for z . Then, our possible conjugator would be axbycz .

As a result of this section, we obtain the following theorem:

Theorem 3.10. The Twisted Conjugacy Problem is solvable in Hk+2 for all k ≥ 1.

3.6 Orbit decidability

In this section, we will study the orbit decidability of the full automorphism group of the higher dimensional
Heisenberg group. In the general case of k + 2 dimensions, not every finitely generated subgroup of
automorphisms containing the inner ones will be orbit decidable. However, we will be able to connect the
orbit decidability of a finitely generated subgroup of automorphisms (containing the inner ones) with the
orbit decidability of the finitely generated matrices subgroup formed by the matrices associated to these
automorphisms.

3.6.1 OD(Aut(Hk+2))

We start with the full automorphism group, which is orbit decidable.

We will use the following transitivity property of Sp2k(Z) over the unimodular vectors:

Theorem 3.11 (Sierra–Wahl, Proposition 2.25(ii) adapted, [22]). The group Sp2k(Z) acts transitively on
the set of unimodular vectors of Z2k , that is, given two vectors u, v ∈ Z2k such that gcd(ui )i=1,...,2k =
gcd(vi )i=1,...,2k = 1, then there exists M ∈ Sp2k(Z) such that uM = v.

Notice that the statement of this Theorem automatically implies that Sp2k(Z) ⩽ GL2k(Z) = Aut(Z2k)
is orbit decidable. In fact, given u, v ∈ Z2k , there exists M ∈ Sp2k(Z) such that uM = v, if and only if,
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gcd(ui )i=1,...,2k = gcd(vi )i=1,...,2k . The sufficiency comes from Theorem 3.11: if g = gcd(ui )i=1,...,2k =
gcd(vi )i=1,...,2k , then dividing u, v by g , we get unimodular vectors which are on the same orbit, and
therefore, the original u, v are also on the same orbit. The necessity is clear, since the existence of an
integer invertible matrix M sending u to v implies that the elements of both vectors must have the same
gcd.

Given aubvcw , arbsct ∈ Hk+2, we want to decide whether there exists φM,p ∈ Aut(Hk+2) such that
aubvcw = (arbsct)φM,p. After making computations, we get

aubvcw = (arbsct)φM,p = d [r,s]Mcµ(M)t+γ , (19)

where

γ =
k∑

i=1

ri (ri − 1)

2
m11

i

(
m12

i

)T
+

k∑
i=1

si (si − 1)

2
m21

i

(
m22

i

)T
+

k−1∑
i=1

k∑
j=i+1

rim
12
i

(
rjm

11
j

)T
+

k−1∑
i=1

k∑
j=i+1

sim
22
i

(
sjm

21
j

)T
+

(
k∑

i=1

rim
12
i

)
·

(
k∑

i=1

sim
21
i

)T

+
k∑

i=1

rip
(1)
i +

k∑
i=1

sip
(2)
i .

For (19) to be verified, we need first of all that [u, v] = [r, s]M. By Theorem 3.11, this is verified if
and only if gcd(ui , vi )i=1,...,k = gcd(ri , si )i=1,...,k .

Our decision algorithm would start computing gcd(ui , vi )i=1,...,k and gcd(ri , si )i=1,...,k . If they are
different, there cannot exist φM,p ∈ Aut(Hk+2) such that aubvcw = (arbsct)φM,p since there cannot exist
M ∈ GSp2k(Z) sending [r, s] to [u, v]. The answer should then be no.

If g = gcd(ui , vi )i=1,...,k = gcd(ri , si )i=1,...,k , we know the existence of M ∈ Sp2k(Z) such that [u, v] =
[r, s]M and we can compute such an M. In general, it is not unique.

Now, we look at the exponent of c . We haven’t made yet any imposition on the vector p associated
to our possible automorphism. From the expression of γ, we see that the last two addends can be equal
to any multiple of g by choosing p appropiately.

We distinguish two cases:

� 2 ∤ g . In this case, we notice that all the other terms in the expression of γ are divisible by g . If
w ≡ t (mod g), then we can choose the vector p such that the exponents of c coincide. We answer
yes.

If w ≡ −t (mod g), we can also do this, changing our M by HN where H =

[
−Ik O
O Ik

]
and N is

a symplectic matrix such that [u, v] = [−r, s]N. Then, M will be antisymplectic (µ(M) = −1) and
the exponent of c in (19) will be −t + γ. We answer yes.

If none of this congruences is verified, we can conclude that there is no automorphism verifying (19).
We answer no.
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� 2 | g . In this case, we have to work a little more, since the first two summands of γ are not
necessarily multiples of g (but only of g

2 ). Choosing an adequate value for the vector p, we can make
the exponents of c in (19) coincide, if and only if,

w ≡ µ(M)t − g

2

k∑
i=1

(
ri
g
m11

i

(
m12

i

)T
+

si
g
m21

i

(
m22

i

)T)
(mod g). (20)

By Lemma 3.12, regardless of the choice of M provided that [r, s]M = [u, v], the second part of the
right hand-side term of (20) doesn’t change modulo g . Therefore, we can compute it for a particular
M symplectic and check whether

w ≡ t − g

2

k∑
i=1

(
ri
g
m11

i

(
m12

i

)T
+

si
g
m21

i

(
m22

i

)T)
(mod g)

If this is the case, the algorithm must answer yes. Otherwise, check whether

w ≡ −t − g

2

k∑
i=1

(
ri
g
m11

i

(
m12

i

)T
+

si
g
m21

i

(
m22

i

)T)
(mod g).

In the affirmative case, answer yes, using a similar argument as in the case 2 ∤ g , changing M by
HN as described there;otherwise, answer no.

To finish the proof, let us see the already used result:

Lemma 3.12. In the case 2 | g, if M,N are both matrices such that [r, s]M = [r, s]N = [u, v], then

g

2

k∑
i=1

(
ri
g
m11

i

(
m12

i

)T
+

si
g
m21

i

(
m22

i

)T) ≡ g

2

k∑
i=1

(
ri
g
n11i
(
n12i
)T

+
si
g
n21i
(
n22i
)T)

(mod g). (21)

Proof. To see this, notice that if [r, s]M = [r, s]N = [u, v], then [u, v]N−1M = [u, v], that is, Q = N−1M ∈
Fix([u, v]).

M = NQ =

[
N11 N12

N21 N22

] [
Q11 Q12

Q21 Q22

]
=

[
N11Q11 + N12Q21 N11Q12 + N12Q22

N21Q11 + N22Q21 N21Q12 + N22Q22

]
.

We have the following equalities:

m11
i = n11i Q11 + n12i Q21 (22)

m12
i = n11i Q12 + n12i Q22 (23)

m21
i = n21i Q11 + n22i Q21 (24)

m22
i = n21i Q12 + n22i Q22. (25)

Since Q is general symplectic, we also have the following equalities:

Q11
(
Q12

)T
= Q12

(
Q11

)T
(26)

Q21
(
Q22

)T
= Q22

(
Q21

)T
(27)

Q11
(
Q22

)T − Q12
(
Q21

)T
= µ(Q)Ik . (28)
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Using (22) and (23), we get

m11
i

(
m12

i

)T
=
(
n11i Q11 + n12i Q21

) (
n11i Q12 + n12i Q22

)T
= (29)

= n11i Q11
(
Q12

)T (
n11i
)T

+ n12i Q21
(
Q12

)T (
n11i
)T

+ n11i Q11
(
Q22

)T (
n12i
)T

+ n12i Q21
(
Q22

)T (
n12i
)T

=

= n11i Q11
(
Q12

)T (
n11i
)T

+ 2n12i Q21
(
Q12

)T (
n11i
)T

+ µ(Q)n11i
(
n12i
)T

+ n12i Q21
(
Q22

)T (
n12i
)T

,

where, in the last line, we have used (28) in the third term of the second line and we have transposed the

scalar n11i Q12
(
Q21

)T (
n12i
)T

.

Similarly, using (24) and (25), we get

m21
i

(
m22

i

)T
=
(
n21i Q11 + n22i Q21

) (
n21i Q12 + n22i Q22

)T
= (30)

= n21i Q11
(
Q12

)T (
n21i
)T

+ n22i Q21
(
Q12

)T (
n21i
)T

+ n21i Q11
(
Q22

)T (
n22i
)T

+ n22i Q21
(
Q22

)T (
n22i
)T

=

= n21i Q11
(
Q12

)T (
n21i
)T

+ 2n22i Q21
(
Q12

)T (
n21i
)T

+ µ(Q)n21i
(
n22i
)T

+ n22i Q21
(
Q22

)T (
n22i
)T

,

where, in the last line, we have used (28) in the third term of the second line and we have transposed the

scalar n21i Q12
(
Q21

)T (
n22i
)T

.

Notice that (21) is equivalent to

k∑
i=1

(
ri
g
m11

i

(
m12

i

)T
+

si
g
m21

i

(
m22

i

)T) ≡
k∑

i=1

(
ri
g
n11i
(
n12i
)T

+
si
g
n21i
(
n22i
)T)

(mod 2). (31)

Using (29) and (30), the left hand-side of the equality is equivalent modulo 2 to

k∑
i=1

(
ri
g
m11

i

(
m12

i

)T
+

si
g
m21

i

(
m22

i

)T) ≡2

k∑
i=1

(
ri
g

(
n11i Q11

(
Q12

)T (
n11i
)T

+ n11i
(
n12i
)T

+ n12i Q21
(
Q22

)T (
n12i
)T)

+
si
g

(
n21i Q11

(
Q12

)T (
n21i
)T

+ n21i
(
n22i
)T

+ n22i Q21
(
Q22

)T (
n22i
)T))

.

Now, for (31) to be true, we need to prove

k∑
i=1

(
ri
g

(
n11i Q11

(
Q12

)T (
n11i
)T

+ n12i Q21
(
Q22

)T (
n12i
)T)

(32)

+
si
g

(
n21i Q11

(
Q12

)T (
n21i
)T

+ n22i Q21
(
Q22

)T (
n22i
)T)) ≡ 0 (mod 2).

We also have the relations

[u, v] = [u, v]

[
Q11 Q12

Q21 Q22

]
= [uQ11 + vQ21,uQ12 + vQ22], (33)

[u, v] = [r, s]

[
N11 N12

N21 N22

]
= [rN11 + sN21, rN12 + sN22]. (34)
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Using (26) and (27), we know that the matrices Q11
(
Q12

)T
and Q21

(
Q22

)T
are symmetric. This

means that the terms of the sum in (32) are quadratic forms applied to the vectors n•▲i . Given a vector
x ∈ Zk and a symmetric matrix A ∈ Mk(Z), we have that:

xAxT = 2
k−1∑
j=1

k∑
l=j+1

xjajlxl +
k∑

j=1

x2j ajj

In modulo 2, the term multiplied by 2 disappears and squaring 0 or 1 leaves the number unchanged,
so in fact,

xAxT ≡2

k∑
j=1

xjajj

Translating this for A = Q11
(
Q12

)T
and A = Q21

(
Q22

)T
, the expression (32) changes modulo 2 to

k∑
i=1

 ri
g

k∑
j=1

n11ij

k∑
l=1

q11jl q
12
jl +

si
g

k∑
j=1

n21ij

k∑
l=1

q11jl q
12
jl

+
ri
g

k∑
j=1

n12ij

k∑
l=1

q21jl q
22
jl +

si
g

k∑
j=1

n22ij

k∑
l=1

q21jl q
22
jl


=

k∑
j=1

[(
k∑

i=1

(
ri
g
n11ij +

si
g
n21ij

))
·

k∑
l=1

q11jl q
12
jl

+

(
k∑

i=1

(
ri
g
n12ij +

si
g
n22ij

))
·

k∑
l=1

q21jl q
22
jl

]

=
k∑

j=1

(
uj
g

k∑
l=1

q11jl q
12
jl +

vj
g

k∑
l=1

q21jl q
22
jl

)
,

where the last equality comes from (34).

Now, we do the opposite, transforming the sums into quadratic forms:

k∑
j=1

(
uj
g

k∑
l=1

q11jl q
12
jl +

vj
g

k∑
l=1

q21jl q
22
jl

)

≡2
u

g
Q11

(
Q12

)T (u

g

)T

+
v

g
Q21

(
Q22

)T ( v

g

)T

.

Using (33), we can rewrite the following scalar product as follows:

u

g

(
v

g

)T

=

(
u

g
Q11 +

v

g
Q21

)(
u

g
Q12 +

v

g
Q22

)T

=
u

g
Q11

(
Q12

)T (u

g

)T

+
u

g
Q11

(
Q22

)T ( v

g

)T

+
v

g
Q21

(
Q12

)T (u

g

)T

+
v

g
Q21

(
Q22

)T ( v

g

)T
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≡2
u

g
Q11

(
Q12

)T (u

g

)T

+
u

g

(
v

g

)T

+
v

g
Q21

(
Q22

)T ( v

g

)T

,

where in the last equality we have used (28) (subtituting Q11
(
Q22

)T
) and we have transposed the scalar

v
gQ

21
(
Q12

)T ( u
g

)T
.

Therefore,
u

g
Q11

(
Q12

)T (u

g

)T

+
v

g
Q21

(
Q22

)T ( v

g

)T

≡ 0 (mod 2).

This finishes the proof of the lemma.

As a result, we obtain the following theorem:

Theorem 3.13. The full group of automorphisms of Hk+2 is Orbit Decidable.

A direct application of Theorem 1.1 gives us the following corollary:

Corollary 3.14. Let H be a torsion-free hyperbolic group (with n generators) and let φM1,p1 , ... ,φMn,pn ∈
Aut(Hk+2) be automorphisms such that ⟨φM1,p1 , ... ,φMn,pn⟩ = Aut(Hk+2). Then the Conjugacy Problem
is solvable in any group of the form Hk+2 ⋊φM1,p

1 ,...,φMn ,pn
H.

3.6.2 OD(⟨φM1,p1, ... ,φMn,pn⟩Inn(Hk+2)) (Positive and negative results)

Now, we will relate the orbit decidability of this subgroup with the orbit decidability of the subgroup
generated by the associated matrices.

Theorem 3.15. Let p1, ... ,pn ∈ Z2k . Then, Sp2k(Z) ∩ ⟨M1, ... ,Mn⟩ ⩽ Aut(Z2k) is Orbit Decidable, if
and only if, ⟨φM1,p1 , ... ,φMn,pn⟩Inn(Hk+2) ⩽ Aut(Hk+2) is Orbit Decidable.

Proof. (⇒) Since Sp2k(Z)∩ ⟨M1, ... ,Mn⟩◁2 ⟨M1, ... ,Mn⟩ or Sp2k(Z)∩ ⟨M1, ... ,Mn⟩ = ⟨M1, ... ,Mn⟩, we
know that ⟨M1, ... ,Mn⟩ is also Orbit Decidable.

Let aubvcw , arbsct ∈ Hk+2. If there is no matrix M ∈ ⟨M1, ... ,Mn⟩ such that [r, s]M = [u, v], then
we must answer no.

If ∃M ∈ ⟨M1, ... ,Mn⟩ such that [r, s]M = [u, v] and M = Mε1
i1
· · ·Mεl

il
, we can compute φM,p =

φε1
Mi1

,pi1
· · ·φεl

Mil
,pil

. Then, we have

(axby)−1(arbsct)φM,pa
xby = aubvcµ(M)t+γ+vxT−uyT ,
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where

γ =
k∑

i=1

ri (ri − 1)

2
m11

i

(
m12

i

)T
+

k∑
i=1

si (si − 1)

2
m21

i

(
m22

i

)T
+

k−1∑
i=1

k∑
j=i+1

rim
12
i

(
rjm

11
j

)T
+

k−1∑
i=1

k∑
j=i+1

sim
22
i

(
sjm

21
j

)T
+

(
k∑

i=1

rim
12
i

)
·

(
k∑

i=1

sim
21
i

)T

+
k∑

i=1

rip
(1)
i +

k∑
i=1

sip
(2)
i .

Since we can choose x, y ∈ Zk , the equation w = µ(M)t + γ + vxT − uyT has a solution over the
integers, if and only if,

– In the case 2 ∤ g , w ≡ µ(M)t (mod g), where g = gcd(ui , vi )i=1,...,k = gcd(ri , si )i=1,...,k ;
or w ≡ −µ(M)t (mod g) and there exists Q ∈ ⟨M1, ... ,Mn⟩ with µ(Q) = −1 such that
[u, v]Q = [u, v].

This last problem (deciding the existence of Q) can be reduced to:

If M1, ... ,Mn are all symplectic, Q does not exist.

If, without any loss of generality, M1 is antisymplectic and M2, ... ,Mn are symplectic, then, we
just have to decide if ∃R ∈ Sp2k(Z)∩⟨M1, ... ,Mn⟩ = ⟨M2

1 ,M2, ... ,Mn,M
−1
1 M2M1, ... ,M

−1
1 MnM1⟩

such that ([u, v]M1) · R = [u, v]. (Here we use the same arguments as in Lemma 2.17, chang-
ing SL by Sp and GL by GSp, as well as determinants by multipliers. It is similar because
Sp2k(Z)◁2 GSp2k(Z)).
So, if Sp2k(Z) ∩ ⟨M1, ... ,Mn⟩ is orbit decidable, this decisional problem can be solved.

– In the case 2 | g , after computing α =
∑k

i=1

(
ri
gm

11
i

(
m12

i

)T
+ si

g m
21
i

(
m22

i

)T)
mod 2 (by

Lemma 3.12, α does not depend on the choice of M), w ≡ µ(M)t + αg
2 (mod g); or w ≡

−µ(M)t+αg
2 (mod g) and there exists Q ∈ ⟨M1, ... ,Mn⟩ with µ(Q) = −1 such that [u, v]Q =

[u, v], where this last decisional problem can be solved (it is the same problem as in the case
2 ∤ g).

So, ⟨φM1,p1 , ... ,φMn,pn⟩Inn(Hk+2) ⩽ Aut(Hk+2) is Orbit Decidable.

(⇐) Let [u, v], [r, s] ∈ Z2k . We want to decide if ∃M ∈ Sp2k(Z)∩⟨M1, ... ,Mn⟩ such that [r, s]M = [u, v].

If gcd(ui , vi )i=1,...,k ̸= gcd(ri , si )i=1,...,k , then M cannot exist, because there is no M ∈ GL2k(Z)
doing this.

Therefore, we can assume that g = gcd(ui , vi )i=1,...,k = gcd(ri , si )i=1,...,k . After multiplying by 3
g if

necessary, we may assume without any loss of generality that gcd(ui , vi )i=1,...,k = gcd(ri , si )i=1,...,k =
3.

Now, since ⟨φM1,p1 , ... ,φMn,pn⟩Inn(Hk+2) ⩽ Aut(Hk+2) is Orbit Decidable, we have an algorithm
deciding if given two elements of Hk+2, there is a ψ in this subgroup of automorphisms such that ψ
sends one of the elements to the other.
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We give to this algorithm the elements aubvc , arbsc ∈ Hk+2. If the algorithm answers yes, then
there is ψ = φM,pξaxbycz ∈ ⟨φM1,p1 , ... ,φMn,pn⟩Inn(Hk+2) such that

aubvc = (arbsc)φM,pξaxbycz = (axbycz)−1(arbsc)φM,p(a
xbycz) = aũbṽcµ(M)+γ+ṽxT−ũyT ,

where [r, s]M = [ũ, ṽ] and

γ =
k∑

i=1

ri (ri − 1)

2
m11

i

(
m12

i

)T
+

k∑
i=1

si (si − 1)

2
m21

i

(
m22

i

)T
+

k−1∑
i=1

k∑
j=i+1

rim
12
i

(
rjm

11
j

)T
+

k−1∑
i=1

k∑
j=i+1

sim
22
i

(
sjm

21
j

)T
+

(
k∑

i=1

rim
12
i

)
·

(
k∑

i=1

sim
21
i

)T

+
k∑

i=1

rip
(1)
i +

k∑
i=1

sip
(2)
i ;

but this implies that [r, s]M = [u, v] ([ũ, ṽ] = [u, v]) and the exponents of c must coincide:

1 = µ(M) + γ + ṽxT − ũyT .

Since 3 | γ + vxT − uyT , reducing modulo 3 we have

µ(M) ≡ 1 (mod 3),

and since µ(M) ∈ {−1, 1}, the only possibility is µ(M) = 1 (M ∈ Sp2k(Z)).
So we have that ∃M ∈ Sp2k(Z) ∩ ⟨M1, ... ,Mn⟩ such that [r, s]M = [u, v].

Conversely, if ∃M ∈ Sp2k(Z) ∩ ⟨M1, ... ,Mn⟩ such that [r, s]M = [u, v] and M = Mε1
i1
· · ·Mεl

il
, then

we can construct ψ = φM,pξaxby ∈ ⟨φM1,p1 , ... ,φMn,pn⟩Inn(Hk+2) with φM,p = φε1
Mi1

,pi1
· · ·φεl

Mil
,pil

so

that
(arbsc)ψ = aubvc1+γ+vxT−uyT ,

where

γ =
k∑

i=1

ri (ri − 1)

2
m11

i

(
m12

i

)T
+

k∑
i=1

si (si − 1)

2
m21

i

(
m22

i

)T
+

k−1∑
i=1

k∑
j=i+1

rim
12
i

(
rjm

11
j

)T
+

k−1∑
i=1

k∑
j=i+1

sim
22
i

(
sjm

21
j

)T
+

(
k∑

i=1

rim
12
i

)
·

(
k∑

i=1

sim
21
i

)T

+
k∑

i=1

rip
(1)
i +

k∑
i=1

sip
(2)
i .
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Since gcd(ui , vi )i=1,...,k = gcd(ri , si )i=1,...,k = 3, 3 | γ and we can choose x, y ∈ Zk such that

vxT − uy = −γ,

and, therefore,
(arbsc)ψ = aubvc .

This means, that the algorithm answers yes on inputs aubvc , arbsc ∈ Hk+2, if and only if, ∃M ∈
Sp2k(Z) ∩ ⟨M1, ... ,Mn⟩ such that [r, s]M = [u, v]. So, Sp2k(Z) ∩ ⟨M1, ... ,Mn⟩ ⩽ GL2k(Z) is Orbit
Decidable.

This finishes the proof.

We have the following corollaries:

Corollary 3.16. Every subgroup of the form ⟨φM,p⟩Inn(Hk+2) ⩽ Aut(Hk+2) is Orbit Decidable.

Proof. For any invertible matrix M ∈ GL2k(Z), it is a well-known result that ⟨M⟩ ⩽ Aut(Z2k) = GL2k(Z)
is Orbit Decidable.

If M is antisymplectic, then ⟨M⟩∩Sp2k(Z) = ⟨M2⟩; and if M is symplectic, then ⟨M⟩∩Sp2k(Z) = ⟨M⟩.
In any case, the corresponding subgroup is cyclic and, therefore, Orbit Decidable. Applying Theorem 3.15,
we get the result we want.

A direct application of Theorem 1.1 gives us the following corollary:

Corollary 3.17. The Conjugacy Problem is solvable in any group of the form Hk+2 ⋊ Z.

By [7, Proposition 7.5], we have that

Lemma 3.18. For k ≥ 4, there exist 14 matrices A1, ... ,A14 ∈ GLk(Z) such that ⟨A1, ... ,A14⟩ ⩽ GLk(Z)
is Orbit Undecidable.

This [7, Proposition 7.5] just claims the existence of orbit undecidable subgroups of GLk(Z) for k ≥ 4,
but we can be more precise and get a 14-generated such subgroup using the argument in the paragraph
immediately before [7, Corollary 7.2] based on Borisov’s example of a 2-generated 12-related group with
unsolvable Word Problem.

For a fixed k ≥ 4, we can now define the matrices

Gi =

[
Ai O

O
(
AT
i

)−1

]
∈ Sp2k(Z)

for i = 1, ... , 14.

As a result, we have

Corollary 3.19. For k ≥ 4, the subgroup ⟨φG1,p1 , ... ,φG14,p14⟩Inn(Hk+2) ⩽ Aut(Hk+2) for any p
1, ... ,p14 ∈

Z2k is Orbit Undecidable.

Proof. We will prove that ⟨G1, ... ,G14⟩ ∩ Sp2k(Z) = ⟨G1, ... ,G14⟩ is Orbit Undecidable.
If it was Orbit Decidable, then taking as inputs [u, 0k ], [v, 0k ] ∈ Z2k , we can determine if there exists

A ∈ ⟨A1, ... ,A14⟩ such that u = vA, but by Lemma 3.18, this is impossible. Therefore, ⟨G1, ... ,G14⟩ is
Orbit Undecidable.

Applying Theorem 3.15, we conclude.
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A direct application of Theorem 1.1 gives us the following corollary:

Corollary 3.20. For k ≥ 4, there exist Hk+2-by-free groups of the form Hk+2 ⋊ F14 with unsolvable
Conjugacy Problem.

An open question arises: For k = 2, 3, can we find examples of subgroups of matrices from Sp2k(Z)
which are orbit undecidable? The answer to this question would allow us to determine if there are Hk+2-
by-torsion-free-hyperbolic groups with unsolvable Conjugacy Problem for k = 2, 3.

4. Conclusions

The aim of this Master’s Thesis was to find applications of Theorem 1.1 with F = Hk+2 for k ≥ 1. From
some previous results, i.e., the structure of the group of automorphisms of the Heisenberg group (see [19]);
the aim was to check that the conditions of Theorem 1.1 were satisfied, and then apply the theorem. In
particular, we proved:

� The Twisted Conjugacy Problem is solvable in H3 (Theorem 2.12) and, more generally in Hk+2

(Theorem 3.10).

� The full group of automorphisms Aut(H3) (Theorem 2.13), and more generally, Aut(Hk+2) (Theorem
3.13) is Orbit Decidable. As a result, we obtained corollaries 2.14 and 3.14.

� Every finitely generated subgroup A such that Inn(H3) ⩽ A ⩽ Aut(H3) is Orbit Decidable (Theorem
2.18), obtaining the corresponding application: Corollary 2.19.

� Every subgroup of the form ⟨φM,p⟩Inn(Hk+2) ⩽ Aut(Hk+2) is Orbit Decidable (Corollary 3.16),
obtaining the corresponding application: Corollary 3.17.

� For k ≥ 4, there are finitely generated subgroups A such that Inn(Hk+2) ⩽ A ⩽ Aut(Hk+2) which
are Orbit Undecidable (Corollary 3.19), obtaining the subsequent negative result regarding the CP of
some particular extensions (Corollary 3.20).

All these results were new contributions to the field. We believe that the aim of the Master’s Thesis
has been fulfilled with these results.
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A. Some notes on symplectic matrices

In Section 3.2, we encountered a very concrete type of matrices. We will introduce in this appendix some
useful definitions and properties related to these matrices. In particular, we will define general symplectic
matrices and some properties of them.

Given a commutative ring with unity R and a matrix M ∈ M2k(R), we say that M is general symplectic
if it satisfies the relation

MT JM = µ(M)J with J = Jk =

[
O Ik
−Ik O

]
and a unit scalar µ(M) called the multiplier of M.

Lemma A.1. The product of two general symplectic matrices is again a general symplectic matrix and the
multiplier of a product is the product of multipliers of the factors.

Proof. Given M,N general symplectic matrices over a ring R, we have

(MN)T J(MN) = NT (MT JM)N = NT (µ(M)J)N

= µ(M)NT JN = µ(M)µ(N)J

= µ(MN)J.

Therefore, MN is again a general symplectic matrix with multiplier µ(MN) = µ(M)µ(N).

Lemma A.2 (Andrianov, [2]). Let M =

[
M11 M12

M21 M22

]
where the blocks M11,M12,M21,M22 are square

matrices of order k, and let µ be a unit in R. Then, the following conditions are equivalent:

1. M is general symplectic with the multiplier µ(M) = µ;

2. MT is general symplectic with the multiplier µ(MT ) = µ;

3. M is invertible, and

M−1 = µ−1

[ (
M22

)T −
(
M12

)T
−
(
M21

)T (
M11

)T
]
;

4. The blocks M11,M12,M21,M22 satisfy the conditions(
M11

)T
M21 =

(
M21

)T
M11,

(
M12

)T
M22 =

(
M22

)T
M12, (35)

and
(
M11

)T
M22 −

(
M21

)T
M12 = µIk

or the conditions

M11
(
M12

)T
= M12

(
M11

)T
, M21

(
M22

)T
= M22

(
M21

)T
, (36)

and M11
(
M22

)T −M12
(
M21

)T
= µIk .
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Proof. (1) ⇒ (3). Suppose M is general symplectic with µ(M) = µ. Then,

MT JM =

[(
M11

)T (
M21

)T(
M12

)T (
M22

)T
] [

O Ik
−Ik O

] [
M11 M12

M21 M22

]

=

[
−
(
M21

)T (
M11

)T
−
(
M22

)T (
M12

)T
] [

M11 M12

M21 M22

]

=

[(
M11

)T
M21 −

(
M21

)T
M11

(
M11

)T
M22 −

(
M21

)T
M12(

M12
)T

M21 −
(
M22

)T
M11

(
M12

)T
M22 −

(
M22

)T
M12

]
= µJ

=

[
O µIk

−µIk O

]
.

So, we have (
M11

)T
M21 =

(
M21

)T
M11,

(
M12

)T
M22 =

(
M22

)T
M12,

and
(
M11

)T
M22 −

(
M21

)T
M12 = µIk .

which coincides with (35).

Now, multiplying

µ−1

[ (
M22

)T −
(
M12

)T
−
(
M21

)T (
M11

)T
] [

M11 M12

M21 M22

]

= µ−1

[(
M22

)T
M11 −

(
M12

)T
M21

(
M22

)T
M12 −

(
M12

)T
M22(

M11
)T

M21 −
(
M21

)T
M11

(
M11

)T
M22 −

(
M21

)T
M12

]

= µ−1

[
µIk O
O µIk

]
= I2k .

So, M is invertible and

M−1 = µ−1

[ (
M22

)T −
(
M12

)T
−
(
M21

)T (
M11

)T
]
.

(3) ⇒ (1). Reciprocally, assuming M in invertible and

M−1 = µ−1

[ (
M22

)T −
(
M12

)T
−
(
M21

)T (
M11

)T
]
,

and using the fact that M−1M = I2k , we get the conditions (35), which imply that M is general symplectic.
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(1) ⇒ (2). MT is general symplectic with µ(MT ) = µ, if and only if,

MJMT =

[
M11 M12

M21 M22

] [
O Ik
−Ik O

][(
M11

)T (
M21

)T(
M12

)T (
M22

)T
]

=

[
−M12 M11

−M22 M21

] [(
M11

)T (
M21

)T(
M12

)T (
M22

)T
]

=

[
M11

(
M12

)T −M12
(
M11

)T
M11

(
M22

)T −M12
(
M21

)T
M21

(
M12

)T −M22
(
M11

)T
M21

(
M22

)T −M22
(
M21

)T
]

= µJ

=

[
O µIk

−µIk O

]
,

which is verified, if and only if,

M11
(
M12

)T
= M12

(
M11

)T
, M21

(
M22

)T
= M22

(
M21

)T
,

and M11
(
M22

)T −M12
(
M21

)T
= µIk .

which coincides with (36).

Assuming (1), we have proved that (3) also holds. Therefore,

µI2k = MµM−1 =

[
M11 M12

M21 M22

][ (
M22

)T −
(
M12

)T
−
(
M21

)T (
M11

)T
]

=

[
M11

(
M22

)T −M12
(
M21

)T
M12

(
M11

)T −M11
(
M12

)T
M21

(
M22

)T −M22
(
M21

)T
M22

(
M11

)T −M21
(
M12

)T
]

And these relations coincide with (36), which proves that MT is general symplectic.

(2) ⇒ (1) It is immediate using (1) ⇒ (2) and the fact that
(
MT

)T
= M.

Finally, we have already seen that (1) implies (35). Therefore, clearly (1) ⇒ (4).

Reciprocally, if (35) is verified, then (1) is verified. If (36) is verified, then (2), and therefore (1), is
verified. This proves (4) ⇒ (1).

Lemma A.3. If M is general symplectic with multiplier µ(M) = µ, then M−1 is also general symplectic
with multiplier µ(M−1) = µ−1.

Proof. Suppose M is general symplectic with multiplier µ(M) = µ. Then,

MT JM = µJ

and we have that
µ−1J =

(
M−1

)T
JM−1,

which finishes the proof.

These lemmas prove immediately the following result:
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Theorem A.4. The set of general symplectic matrices of order 2k over a ring R, which we will denote
from now on as GSp2k(R), is a subgroup of GL2k(R). Therefore,

GSp2k(R) = {M ∈ GL2k(R) | MT JM = µ(M)J with µ(M) ∈ R∗},

where

J =

[
O Ik
−Ik O

]
.

This group is called in the literature general symplectic group.

We will say that M is a symplectic matrix if M is a general symplectic matrix with multiplier µ(M) = 1.

It is also worth defining the subgroup of symplectic matrices Sp2k(R) of GSp2k(R), which is defined
as the set general symplectic matrices which have multiplier µ = 1; that is:

Sp2k(R) = {M ∈ GL2k(R) | MT JM = J}.

For our purposes, we will consider that R = Z and, therefore, R∗ = {−1, 1}. This means that

GSp2k(Z) = {M ∈ GL2k(Z) | MT JM = µ(M)J with µ(M) ∈ {−1, 1}}.

We will say that M ∈ GSp2k(Z) is antisymplectic if M is a general symplectic matrix over the integers
such that µ(M) = −1.
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B. Presentation of Sp4(Z) and GSp4(Z)
By [3], we have that Sp4(Z) is generated by

xα =


1 1 0 0
0 1 0 0
0 0 1 0
0 0 −1 1

 , xβ =


1 0 0 0
0 1 0 1
0 0 1 0
0 0 0 1

 , xα+β =


1 0 0 1
0 1 1 0
0 0 1 0
0 0 0 1

 ,

x2α+β =


1 0 1 0
0 1 0 0
0 0 1 0
0 0 0 1

 , wα =


0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

 , wβ =


1 0 0 0
0 0 0 −1
0 0 1 0
0 1 0 0

 ,

subject to relations:

xαxβx
−1
α x−1

β = xα+βx2α+β, (37)

xαxα+βx
−1
α x−1

α+β = x22α+β, (38)

xαx2α+βx
−1
α x−1

2α+β = 1, (39)

xβxα+βx
−1
β x−1

α+β = 1, (40)

xβx2α+βx
−1
β x−1

2α+β = 1, (41)

xα+βx2α+βx
−1
α+βx

−1
2α+β = 1, (42)

wαw
2
βwα = w2

β , (43)

wβw
2
αw

−1
β = w2

α, (44)

(wαwβ)
2 = (wβwα)

2 , (45)

w4
β = 1, (46)

wαxβw
−1
α = x2α+β, (47)

wαx2α+βw
−1
α = xβ, (48)

wαxα+βw
−1
α = x−1

α+β, (49)

wβxαw
−1
β = xα+β, (50)

wβxα+βw
−1
β = x−1

α , (51)

wβx2α+βw
−1
β = x2α+β, (52)

wαxαw
−1
α = x−1

α w−1
α x−1

α , (53)

wβxβw
−1
β = x−1

β w−1
β x−1

β . (54)
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We see that the “elementary matrices” (here we tried to rewrite the presentation in terms of “elementary
matrices” as they are defined in [15]) generating Sp4(Z) of dimension 4 are

E1,1 =


1 0 1 0
0 1 0 0
0 0 1 0
0 0 0 1

 , E1,3 =


1 0 0 1
0 1 1 0
0 0 1 0
0 0 0 1

 ,

E1,4 =


1 1 0 0
0 1 0 0
0 0 1 0
0 0 −1 1

 , E2,2 =


1 0 0 0
0 1 0 0
1 0 1 0
0 0 0 1

 ,

E2,3 =


1 0 0 0
1 1 0 0
0 0 1 −1
0 0 0 1

 , E2,4 =


1 0 0 0
0 1 0 0
0 1 1 0
1 0 0 1

 ,

E3,3 =


1 0 0 0
0 1 0 1
0 0 1 0
0 0 0 1

 , E4,4 =


1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1

 .

We want to write xα, xα+β, x2α+β, xβ,wα,wβ in terms of these elementary matrices. We see that

xα = E1,4,

xα+β = E1,3,

x2α+β = E1,1,

xβ = E3,3,

wα = E−1
1,4E2,3E

−1
1,4 ,

wβ = E−1
3,3E4,4E

−1
3,3 ,

and conversely,

E2,2 = x2α+βwαwβxβw
−1
α ,

E2,3 = xαwαxα,

E2,4 = xα+βwβwαxαw
−1
β ,

E4,4 = xβwβxβ.

Making these substitutions, we get that Sp4(Z) is generated by

E1,1,E1,3,E1,4,E2,2,E2,3,E2,4,E3,3,E4,4,

subject to relations

E1,4E3,3E
−1
1,4E

−1
3,3 = E1,3E1,1, (55)
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E1,4E1,3E
−1
1,4E

−1
1,3 = E 2

1,1, (56)

E1,4E1,1E
−1
1,4E

−1
1,1 = 1, (57)

E3,3E1,3E
−1
3,3E

−1
1,3 = 1, (58)

E3,3E1,1E
−1
3,3E

−1
1,1 = 1, (59)

E1,3E1,1E
−1
1,3E

−1
1,1 = 1, (60)

E−1
1,4E2,3E

−1
1,4

(
E−1
3,3E4,4E

−1
3,3

)2
E−1
1,4E2,3E

−1
1,4 =

(
E−1
3,3E4,4E

−1
3,3

)2
, (61)

E−1
3,3E4,4E

−1
3,3

(
E−1
1,4E2,3E

−1
1,4

)2 (
E−1
3,3E4,4E

−1
3,3

)−1
=
(
E−1
1,4E2,3E

−1
1,4

)2
, (62)(

E−1
1,4E2,3E

−1
1,4E

−1
3,3E4,4E

−1
3,3

)2
=
(
E−1
3,3E4,4E

−1
3,3E

−1
1,4E2,3E

−1
1,4

)2
, (63)(

E−1
3,3E4,4E

−1
3,3

)4
= 1, (64)

E−1
1,4E2,3E

−1
1,4E3,3

(
E−1
1,4E2,3E

−1
1,4

)−1
= E1,1, (65)

E−1
1,4E2,3E

−1
1,4E1,1

(
E−1
1,4E2,3E

−1
1,4

)−1
= E3,3, (66)

E−1
1,4E2,3E

−1
1,4E1,3

(
E−1
1,4E2,3E

−1
1,4

)−1
= E−1

1,3 , (67)

E−1
3,3E4,4E

−1
3,3E1,4

(
E−1
3,3E4,4E

−1
3,3

)−1
= E1,3, (68)

E−1
3,3E4,4E

−1
3,3E1,3

(
E−1
3,3E4,4E

−1
3,3

)−1
= E−1

1,4 , (69)

E−1
3,3E4,4E

−1
3,3E1,1

(
E−1
3,3E4,4E

−1
3,3

)−1
= E1,1, (70)

E−1
1,4E2,3

(
E−1
1,4E2,3E

−1
1,4

)−1
= E−1

1,4

(
E−1
1,4E2,3E

−1
1,4

)−1
E−1
1,4 , (71)

E−1
3,3E4,4

(
E−1
3,3E4,4E

−1
3,3

)−1
= E−1

3,3

(
E−1
3,3E4,4E

−1
3,3

)−1
E−1
3,3 , (72)

E2,2 = E1,1E
−1
1,4E2,3E

−1
1,4E

−1
3,3E4,4

(
E−1
1,4E2,3E

−1
1,4

)−1
, (73)

E2,4 = E1,3E
−1
3,3E4,4E

−1
3,3E

−1
1,4E2,3

(
E−1
3,3E4,4E

−1
3,3

)−1
. (74)

Notice that we can eliminate E2,2 and E2,4 from this presentation, eliminating also the last two relations.

In order to get a presentation of GSp4(Z) from this presentation, since Sp4(Z) ◁2 GSp4(Z), we just
need to add as generator an anti-symplectic matrix (a general symplectic matrix with multiplier -1), such
as

H =


−1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1

 =

[
−I2 O
O I2

]
,

which verifies H2 = I4, and add as relations H−1Ei ,jH = Ei ,j if the parity of i is different from the parity
of j and H−1Ei ,jH = E−1

i ,j if i and j have the same parity.

This gives as the presentation of GSp4(Z) with generators

H,E1,1,E1,3,E1,4,E2,3,E3,3,E4,4,
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subject to relations (55) - (72) and relations:

H2 = 1, (75)

H−1E1,1H = E−1
1,1 , (76)

H−1E1,3H = E−1
1,3 , (77)

H−1E1,4H = E1,4, (78)

H−1E2,3H = E2,3, (79)

H−1E3,3H = E−1
3,3 , (80)

H−1E4,4H = E−1
4,4 . (81)
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