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1. Introduction

In classical algebra one of the most basic topics of interest consists in studying polyno-
mials over a field K, namely K[x], and their solutions in K itself or in some field extension 
K ⩽ L. An element α ∈ L is said to be algebraic over K if there exists a non-trivial 
polynomial with coefficients in K, say 0 ̸= p(x) ∈ K[x], such that p(α) = 0; otherwise, 
α is said to be transcendental over K. The set of all polynomials over K annihilating 
α, namely IK(α) = {p(x) ∈ K[x] | p(α) = 0} ⩽ K[x] form an ideal in K[x] (which is 
non-trivial if and only if α is algebraic over K). Since the ring of polynomials K[x] is a 
principal ideals domain, IK(α) is generated by a single polynomial IK(α) = mα(x)K[x]; 
the unique monic such generator mα(x) is called the minimal polynomial of α over K. 
An interesting algorithmic problem is then to compute mα(x) in terms of α (this includes 
deciding whether α ∈ L is algebraic or transcendental over K).

Analogous questions can be asked and studied in the context of non-commutative 
Group Theory, where answers and algorithms turn out to be much more complicated. 
Here, we start with an extension of groups H ⩽ G and an element g ∈ G. The analog of 
the “ring of polynomials over K” is the free product H ∗ ⟨x⟩ ≃ H ∗Z, and the analog of 
the “ideal of polynomials annihilating α” is the normal subgroup IH(g) ⊴H ∗ ⟨x⟩ of all 
“polynomials” w(x) ∈ H ∗ ⟨x⟩, such that w(g) = 1.

Let G be a group and H ⩽ G. A univariate equation over H (or an H-equation, for 
short) is a “polynomial equation” of the form w(x) = 1, where w(x) ∈ H ∗ ⟨x⟩, the free 
product of H and the free (abelian) group of rank 1 generated by the variable x. Written 
in its free product canonical form, w(x) is an expression of the form

w(x) = h0x
ε1h1x

ε2 · · ·hd−1x
εdhd, (1)

where εi = ±1, hi ∈ H, and it is reduced, namely εi = εi+1 whenever hi = 1, for 
i = 1, . . . , d − 1. The degree of such an H-equation is d =

∑︁d
i=1 |εi| (when written in 

reduced form). It is balanced if 
∑︁d

i=1 εi = 0. Constant H-equations are those of degree 
0, i.e., h0 ∈ H and, among them, the trivial one is 1 ∈ H ⩽ H ∗ ⟨x⟩. It is standard to 
collect together into higher exponents the various possible consecutive occurrences of x
with trivial elements in between; for example, h1x

2h2x
−2 stands for h1x1xh2x

−11x−1, 
a balanced equation of degree 4.

An element g ∈ G is a solution to the H-equation w(x) = 1 if w(g) =G 1, that is, 
if the element of G resulting in substituting x for g in the expression (1) is the trivial 
group element.

The area of Group Theory studying equations and their solutions is known as alge-
braic geometry over groups; see [3]. Following the language from this reference, a normal 
subgroup I ⊴ H ∗ ⟨x1, . . . , xn⟩ is called an ideal, and the set of its common zeros (i.e., 
the subset of Gn of common solutions to the set of equations {w(x) = 1 | w(x) ∈ I}) is 
an algebraic set. There is a vast body of literature about the general problem of solving 
equations (univariate or multivariate) in a group G; see [3,6,24,27,28] and the references 
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therein. A typical question is to decide, given an equation (or a system of equations), 
whether it has a solution in G or not and, in the positive case, to describe the set of all 
such solutions and its structure. Two of the most influential results in this direction are 
Makanin’s and Razborov’s theorems, which analyze the case of free groups: the first one 
(see Makanin [24]) solves the decidability part of the problem, while the second one (see 
Razborov [27,28]) provides a kind of compact algorithmic description of all solutions, 
in case they exist. These are two very deep results, with intricate proofs, and having 
numerous important applications.

The dual problem started being studied in groups much more recently. Given a group 
extension H ⩽ G and an element g ∈ G, one says that g is algebraic over H (H-algebraic, 
for short) if there exists a non-trivial H-equation w(x) ∈ H ∗ ⟨x⟩ such that w(g) =G 1; 
otherwise, g will be called transcendental over H (H-transcendental, for short). In [31]
and [33] (see also the preliminary version [32]), the authors introduced these basic notions 
(under the name of H-dependence instead of H-algebraicity), and studied ideals of H-
equations in the framework of free groups Fn. In this case, for every finitely generated 
subgroup H ⩽ Fn and any g ∈ Fn, the ideal IH(g) is always finitely generated as normal 
subgroup of H ∗ ⟨x⟩. Simultaneously, D. Ascari [1,2] also considered similar questions 
and further studied the distribution of degrees of the equations in IH(g), again in the 
context of free groups. However, when considering the same notions in a general group 
G, the situation may be more complicated because the ideals IH(g) may very well be 
not finitely generated, even as normal subgroups of H ∗ ⟨x⟩.

In the classical situation with fields, K ⩽ L, the set of K-algebraic elements in L form 
an intermediate field. In the context of groups this is far from true (see the following 
Example 1.1(4), or the explicit examples given in [33] for the free group). However, it is 
straightforward to see that, in general, if g ∈ G is algebraic over H ⩽ G then so are all 
the elements in the double coset HgH; see [33, Obs 1.5].

Example 1.1. 

(1) If g ∈ H ⩽ G, then g is H-algebraic, satisfying the obvious degree 1 H-equation 
g−1x = 1 (also xg−1 = 1).

(2) If H ⩽ G and g ∈ G \ H satisfy Hg ∩ H ̸= 1, then g is H-algebraic, satisfying 
the balanced degree 2 equation x−1hxh′ −1 = 1, where h, h′ ∈ H are such that 
g−1hg = h′. It follows that every g ∈ G is algebraic over any nontrivial normal 
subgroup {1} ̸= H ⊴ G. In particular, this is the case when H is a non-trivial 
subgroup of the center Z(G) of G.

(3) If H is a subgroup of finite index in G, then any g ∈ G is H-algebraic: in fact, it 
satisfies the H-equation h−1xk = 1, where k ⩾ 1 and h ∈ H are such that gk = h.

(4) The set of elements {1}-algebraic are, precisely, the set of torsion elements of G: 
this follows from the fact that the only equations over the trivial subgroup are 
{1} ∗ ⟨x⟩ = {xn | n ∈ Z}. □
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Let us now look at H-equations from another point of view. When H ⩽ G and g ∈ G, 
we can consider the evaluation homomorphism

ϕH,g : H ∗ ⟨x⟩ → G,

h ↦→ h, ∀h ∈ H,

x ↦→ g,

which is well defined by the universal property of free products. Then, (w(x))ϕH,g =
w(g). So, in this setting, g is a solution to w(x) = 1 if and only if w(x) ∈ kerϕH,g. Thus, 
the set of H-equations satisfied by g is, precisely, IH(g) = kerϕH,g, of course, a normal 
subgroup of H ∗ ⟨x⟩. For later use we introduce the following extra notation: for any 
other given subgroup F ⩽ G, the preimage of F by ϕH,g is denoted by IH(g; F ). Clearly,

IH(g) = IH(g; {1}) ⩽ IH(g;F ) = (F )ϕ−1
H,g = {w(x) ∈ H ∗ ⟨x⟩ | w(g) ∈ F} ⩽ H ∗ ⟨x⟩ .

In the present paper we set up the situation for the general case of an arbitrary 
ambient group G and see, as a first result, that imposing finite generation for all these 
ideals of equations (as normal subgroups) is equivalent to coherence of the ambient group 
G. Then, we introduce the algorithmic version of this notion (effective coherence), and 
revisit part of the existing literature on the topic; see Section 2. After that, in Section 3, 
we consider short exact sequences and see how these notions behave under taking finite 
index subgroups. Then, in Section 4 we apply our results to 2-by-2 matrices over Z and 
we see the unsolvability of the corresponding result for square matrices of size 4 and 
bigger.

General notation and conventions

For a group G, Aut(G) (resp., End(G)) denotes the group (resp., the monoid) of 
automorphisms (resp., endomorphisms) of G. We write them all with the argument on 
the left, that is, we denote by (x)ϕ (or simply xϕ) the image of the element x by the 

homomorphism ϕ; accordingly, we denote by ϕψ the composition A 
ϕ−→ B

ψ−→ C. We will 
denote by GLm(Z) the group of size m invertible matrices over the integers.

Throughout the paper we write H ⩽f.g. G (resp., H ⩽f.i. G) to express that H is a 
finitely generated subgroup (resp., a finite index subgroup) of G, reserving the symbol 
≤ for inequalities among real numbers.

2. Equivalence with classical coherence

We remind the classical notion of coherence and its algorithmic counterpart.

Definition 2.1. Let G = ⟨A | R⟩ be a finitely presented group. We say that G is coher-
ent if every finitely generated subgroup H ⩽f.g. G is finitely presented. Moreover, we 
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say that G is effectively coherent if G is coherent and there is an algorithm which, 
on input h1, . . . , hr ∈ G (given as words on A), computes a finite presentation for 
H = ⟨h1, . . . , hr⟩ ⩽ G on the given generators h1, . . . , hr.

A couple of comments are necessary here to make this definition more precise. A 
group H being finitely presented means that it admits a presentation using finitely 
many generators and finitely many relations. However, the above definition requires 
to compute a finite presentation for H (which is, certainly, finitely presented by the 
coherence hypothesis on the ambient G) on the given generators h1, . . . , hr. This always 
makes sense by the following folklore result; see [26, Thm. 1.9].

Proposition 2.2. Suppose that a finitely presented group H is isomorphic to H ≃ ⟨A | R⟩, 
where A is finite. Then, there is a finite subset R0 ⊆ R such that, in the free group 
F(A), the normal closures of R0 and R do coincide, i.e., ≪ R0 ≫F(A)=≪ R ≫F(A); in 
particular, H ≃ ⟨A | R⟩ = ⟨A | R0⟩. □

The algorithmic requirement in the above definition is now clear: to compute finitely 
many relations among h1, . . . , hr, generating all the existing ones as normal subgroup. 
However, let us make a notational precision for later use. Consider the free group of rank r
as the free group on a set of r formal variables, Fr = F({x1, . . . , xr}). The group H being 
(finitely) generated by h1, . . . , hr means that the natural projection πH : Fr ↠ H, x1 ↦→
h1, . . . , xr ↦→ hr, is onto. And (after Proposition 2.2) the group H being finitely presented 
means that, additionally, kerπH is finitely generated as normal subgroup of Fr; moreover, 
computing such a finite presentation means computing finitely many abstract words 
w1(−→x ) = w1(x1, . . . , xr), . . . , ws(−→x ) = ws(x1, . . . , xr) ∈ Fr such that H ≃ ⟨x1, . . . , xr |
w1, . . . , ws⟩ = Fr/ ≪ w1, . . . , ws ≫. Sometimes one abuses notation and just says that 
H ≃ ⟨h1, . . . , hr | R1, . . . , Rs⟩ is a finite presentation for H, where Ri = wi(h1, . . . , hr), 
i = 1, . . . , s. For the sake of clarity we prefer not to do so, reserving the notation x1, . . . , xr

and w(−→x ) when we refer to the elements up in the free group Fr, and h1, . . . , hr and 
w(h1, . . . , hr) when we refer to their images by πH down in H ⩽ G.

There are many examples of coherent groups in the literature: ‘small’ groups like fi-
nite groups, abelian groups, or poly-cyclic groups; but also ‘big’ groups like free groups, 
surface groups, fundamental groups of 3-manifolds (Scott [35]), or ascending HNN ex-
tensions of free groups (Feighn–Handel [15]), among others. It is also worth mentioning 
the characterization of coherence given by Droms [14] among right-angled Artin groups: 
a RAAG is coherent if and only if its associated graph does not contain induced cycles of 
length greater than 3. Or the celebrated recent result by A. Jaikin-Zapirain and M. Lin-
ton in [20], solving a famous conjecture by G. Baumslag: all 1-relator groups are coherent. 
Additionally, see the excellent recent survey on coherent groups by D. Wise [37].

The study of effective coherence started more recently. In [18, Prop. 6.1] Z. Grunschlag 
proved that torsion-free, hyperbolic, locally quasi-convex groups are effectively coherent, 
a result later extended by I. Bumagin and J. Macdonald in [9] to all groups discriminated 
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by those groups. Later, P. Schupp showed that certain Coxeter groups are effectively 
coherent in [34], and I. Kapovich, R. Weidmann and A. Miasnikov showed in [22] that 
coherent RAAGs are, in fact, effectively coherent as well. Then, in [16], D. Groves and 
H. Wilton proved that groups with local retractions (i.e., where every finitely generated 
subgroup is a retract of a finite index subgroup) are effectively coherent; this includes free 
groups and limit groups (see also [7]). Moreover, M. Bridson and H. Wilton considered 
in [8] the same algorithmic problem but in families of groups not being necessarily 
coherent, and requiring the tuple of words given as input to generate a finitely presented 
subgroup; they provide interesting families of groups where this variation is unsolvable, 
even with the word problem being uniformly solvable.

The first natural examples of effectively coherent groups (included in some of the 
above mentioned families) are free groups: by Nielsen-Schreier theorem, any (finitely 
generated) subgroup is again free and, in particular, finitely presented. And the first 
explicit examples of non-coherent groups are direct products of two or more free non-
abelian groups. We remind elementary well-known proofs for these facts.

Example 2.3. Since subgroups of free groups are again free, free groups are clearly coher-
ent. The algorithmic version of this fact, namely free groups being effectively coherent, 
is a folklore result: given h1, . . . , hr ∈ Fn, one can apply a sequence of Nielsen trans-
formations to the r-tuple of words (h1, . . . , hr) until getting (1, . . . , 1, h′

1, . . . , h
′
s), with 

0 ≤ s ≤ r, and {h′
1, . . . , h

′
s} being a free basis of H = ⟨h1, . . . , hr⟩ ⩽ Fn; in this situation, 

the sequence of 1’s is giving us a complete set of r− s relations among the original gen-
erators h1, . . . , hr. More precisely, consider the abstract free group Fr = F({x1, . . . , xr})
and the epimorphism π : Fr ↠ H ⩽ Fn, x1 ↦→ h1, . . . , xr ↦→ hr. Applying the same 
sequence of Nielsen transformations to the r-tuple −→x = (x1, . . . , xr), we obtain an alter-
native free basis (w1(−→x ), . . . , wr(−→x )) for Fr mapping to (1, . . . , 1, h′

1, . . . , h
′
s) by π. Since 

(h′
1, . . . , h

′
s) is a free basis for H, we have kerπ = ⟨⟨w1(−→x ), . . . , wr−s(−→x )⟩⟩◁Fr, meaning 

that ⟨x1, . . . , xr | w1(−→x ), . . . , wr−s(−→x )⟩ is a presentation for H on the given generators 
h1, . . . , hr. □
Example 2.4. The typical example of non-coherent group is F2 × F2. This group is very 
important in algorithmic group theory because it was the first one known to have un-
solvable membership problem. Given n ≥ 2 and a finite presentation H = ⟨a1, . . . , an |
R1, . . . , Rm⟩, K.A. Mihailova, in her influential paper [25], considered the subgroup of 
pairs of words in Fn determining the same element in H,

M(H) = {(w1, w2) ∈ Fn × Fn | w1 =H w2} ⩽ Fn × Fn.

She proved that its obvious elements (a1, a1), . . . , (an, an), (1, R1), . . . , (1, Rm) do gener-
ate M(H); and, more interestingly, the membership problem for M(H) within Fn × Fn

is solvable (i.e., there exists an algorithm to decide whether a given (w1, w2) ∈ Fn × Fn

belongs to M(H)) if and only if the word problem for H is solvable.
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In [17, Thm. B], F.J. Grunewald proved that if H is infinite then M(H) cannot 
be finitely presented, a result later generalized by other authors while describing the 
structure of finitely presented subgroups of Fn×Fn. In particular, if H is infinite, M(H)
is a finitely generated but non-finitely presented subgroup of Fn×Fn; therefore, Fn×Fn

is not coherent, for n ≥ 2. □
Another interesting example of a non-coherent group is Thomson’s group F : it con-

tains the lamplighter group Z ≀Z, which is finitely generated but not finitely presented; 
see [19, Cor. 20].

As explained in the introduction, we are interested in algebraicity and transcendence 
of elements g ∈ G with respect to finitely generated subgroups H of a group G. We define 
the corresponding notions with the following suggestive names because they will happen 
to be equivalent with the corresponding notions about coherence (see Proposition 2.9
below).

Definition 2.5. Let G = ⟨A | R⟩ be a finitely presented group. We say that G is 
equationally coherent (eq-coherent, for short) if, for every finitely generated subgroup 
H ⩽f.g. G and every element g ∈ G, the ideal IH(g) is finitely generated as nor-
mal subgroup of H ∗ ⟨x⟩. Similarly, we say that G is effectively eq-coherent if G is 
eq-coherent and there is an algorithm which, on input h1, . . . , hr; g ∈ G (given as 
words on A), computes finitely many H-equations w1(x), . . . , ws(x) ∈ H ∗ ⟨x⟩ such that 
IH(g) = ⟨⟨w1(x), . . . , ws(x)⟩⟩◁H ∗ ⟨x⟩, where H = ⟨h1, . . . , hr⟩ ⩽ G.

Example 2.6. Again, free groups are effectively eq-coherent: suppose we are given 
h1, . . . , hr; g ∈ F(A) (as words on A); after a standard calculation, we can assume 
that {h1, . . . , hr} form a basis for H = ⟨h1, . . . , hr⟩ ⩽ F(A). Now apply the algorithm 
provided in Example 2.3 to {h1, . . . , hr, g}, and compute a presentation for ⟨H, g⟩ =
⟨h1, . . . , hr, g⟩ ⩽ F(A) on the generators {h1, . . . , hr, g}, say ⟨H, g⟩ ≃ ⟨h1, . . . , hr, x |
w1(x), . . . , ws(x)⟩. This means that IH(g) = ⟨⟨w1(x), . . . , ws(x)⟩⟩◁H ∗ ⟨x⟩ = Fr+1. Ob-
serve, moreover, that each such non-trivial wi(x) is a genuine non-constant H-equation: 
each such relation mandatorily involves g because {h1, . . . , hr} were assumed to be freely 
independent.

Moreover, an alternative algorithm was provided by A. Rosenmann and E. Ven-
tura in [33], with a much more interesting geometric flavor: construct the Stallings 
A-automaton for H = ⟨h1, . . . , hr⟩ ⩽ F(A) and attach an extra petal to the basepoint 
spelling the word g; then keep applying elementary foldings until getting the Stallings 
A-automaton corresponding to the subgroup ⟨H, g⟩ ⩽ F(A). There is a natural way to 
compute a non-constant H-equation w(x) satisfying w(g) = 1 from each closed folding 
in this sequence (one where the two identified edges are parallel, i.e., they already have 
the same initial vertex and the same terminal vertex). Then, the authors show that the 
finitely many equations obtained in this way do generate IH(g) as normal subgroup of 
H ∗ ⟨x⟩ (see [12] for a general survey on Stallings graph techniques for free groups). 
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In fact, essentially the same algorithm shows that free groups are effectively coherent; 
see [12, Thm. 5.8] for details. □

Note that effective eq-coherence implies solvability of the word problem WP(G). In 
fact, a bit more: it implies solvability of the Order Problem OP(G): given g ∈ G (as a 
word on the generators) compute its order, ord(g) = min{n ≥ 1 | gn =G 1} ∈ N ∪ {∞}.

Proposition 2.7. Let G = ⟨A | R⟩ be a finite presentation. Then,

G effectively eq-coherent ⇒ OP(G) solvable ⇒ WP(G) solvable.

Moreover, none of the converse implications hold.

Proof. Suppose G is effectively eq-coherent. Given g ∈ G, we can apply the hypothesis 
to compute a finite presentation for the cyclic subgroup H = ⟨g⟩ ⩽ G, say H = ⟨x |
xn1 , . . . , xns⟩. In this situation it is clear that ord(g) = gcd(|n1|, . . . , |ns|), proving the 
first implication. The second is trivial (g =G 1 if and only if ord(g) = 1).

The group G = F2×F2 serves as a counterexample for the first reciprocal implication:
OP(F2 ×F2) is clearly solvable (since F2 ×F2 is torsion-free), but F2 ×F2 is not coherent. 
A counterexample for the other implication is more subtle: such a group was first con-
structed by D. Collins in [10]. In this context, it is also worth mentioning the existence 
of non-coherent hyperbolic groups (so, with solvable word problem); see [30]. □
Corollary 2.8. The algorithm in the definition of effective eq-coherence further decides 
whether g ∈ G is H-algebraic or H-transcendental.

Proof. After computing generators for IH(g) = ⟨⟨w1(x), . . . , ws(x)⟩⟩ ◁ H ∗ ⟨x⟩, we can 
check whether each equation wi(x) is trivial or not, by using WP(G) applied to its coeffi-
cients. Clearly, the element g is H-transcendental if and only if s = 0 or all of them are 
trivial as equations. □

We end this section by proving that these concepts (both, general and algorithmic 
versions) with and without equations are, in fact, equivalent.

Proposition 2.9. Let G = ⟨A | R⟩ be a finite presentation. Then,

(i) G is coherent if and only if G is eq-coherent;
(ii) G is effectively coherent if and only if G is effectively eq-coherent.

Proof. Suppose G is coherent (resp., effectively coherent). Given h1, . . . , hr; g ∈ G (as 
words on A), consider (resp., compute) a finite presentation for ⟨H, g⟩ = ⟨h1, . . . , hr, g⟩ ⩽
G, say
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⟨H, g⟩ ≃
⟨︂
x1, . . . , xr, xr+1 | w1(−→x ), . . . , ws(−→x )

⟩︂
.

It is clear that IH(g) = ⟨⟨w1(h1, . . . , hr, xr+1), . . . , ws(h1, . . . , hr, xr+1)⟩⟩ ◁ H ∗ ⟨xr+1⟩. 
(Note that, by construction, wi(h1, . . . , hr, g) =G 1 and so, if wi(−→x ) does not involve 
xr+1, then wi(h1, . . . , hr) =H 1 and wi(h1, . . . , hr, xr+1) is the trivial equation from 
H ∗ ⟨xr+1⟩ and can be ignored.) This shows the two implications to the right.

Suppose now that G is eq-coherent (resp., effectively eq-coherent). Given h1, . . . , hr ∈
G (as words on A), we will show the existence (resp., will compute) a finite presentation 
for H = ⟨h1, . . . , hr⟩ ⩽ G, by induction on r. If r = 0 or r = 1 this is obvious, since H is 
trivial or cyclic in these cases (the computability of a specific presentation for the case 
r = 1 follows from Proposition 2.7). Assume the result for r ≥ 1 and consider the case 
r + 1: H = ⟨h1, . . . , hr, hr+1⟩. Write H ′ = ⟨h1, . . . , hr⟩ ⩽ H ⩽ G, Fr = F({x1, . . . , xr}), 
Fr+1 = F({x1, . . . , xr, xr+1}), and consider the epimorphism π : Fr+1 ↠ H, x1 ↦→ h1, 
. . . , xr ↦→ hr, xr+1 ↦→ hr+1, which factorizes in the obvious way as π = (α ∗ Id)β,

Fr+1 = Fr ∗ ⟨xr+1⟩
α∗Id↠ H ′ ∗ ⟨xr+1⟩

β
↠ H.

Observe that, by induction hypothesis, kerα is finitely generated (resp., and we can 
compute generators for it) as normal subgroup of Fr; hence, the same is true for 
ker(α ∗ Id) = ⟨⟨kerα⟩⟩ ◁ Fr+1. Moreover, by hypothesis, kerβ = IH′(hr+1) is also 
finitely generated (resp., and we can compute generators for it) as normal subgroup 
of H ′ ∗ ⟨xr+1⟩. Therefore,

kerπ =
⟨︁⟨︁

ker(α ∗ Id), (kerβ)(α ∗ Id)−1⟩︁⟩︁◁ Fr+1

is also finitely generated (resp., and we can compute generators for it) as normal subgroup 
of Fr+1. This completes the proof. □
3. Eq-coherence and finite index

In this section we see that, as one may expect, coherence and effective coherence go up 
and down through finite index extensions. Even though being kind of folklore results, we 
haven’t found explicit references in the literature. We give detailed proofs, with special 
emphasis on the algorithmic version, which will be applied later to the case of integral 
invertible two-by-two matrices along the next section. Let us begin by reminding some 
well-known concepts and facts.

Definition 3.1. Let G = ⟨A⟩ be a group, generated by the finite set of elements A, and let 
F ⩽ G be a subgroup. The Schreier graph, denoted Sch(F, G, A), is the oriented graph 
with vertex set V = F\G (the set of left cosets, Fg, of G modulo F ), edge set E = V ×A, 
and incidence functions ι, τ : E → V given by ι(Fg, a) = Fg and τ(Fg, a) = Fga (we 
allow parallel edges and loops). The second coordinate of an edge is called its label, 
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ℓ(Fg, a) = a ∈ A, and (Fg, a) is said to be an a-edge. By iteratively reading a ∈ A

whenever crossing an a-edge ahead, and reading a−1 whenever crossing it backwards, 
any path p from the underlying undirected graph of Sch(F, G, A) determines a word on 
A± and so, an element ℓ(p) ∈ G, called its label.

As a direct consequence from A generating G, it is well known that (the underlying 
undirected graph of) Sch(F, G, A) is always connected, and 2|A|-regular with exactly one 
a-edge going in, and exactly one a-edge going out, from every vertex, and every a ∈ A. 
It is also clear from the definition that |V | = [G : F ] so, Sch(F, G, A) is finite if and only 
if F ⩽f.i. G. Moreover, any word on A±1, say w = aϵ1i1 · · · aϵnin , and any vertex Fg ∈ V , 
determine a path p

Fg,w on (the underlying undirected graph of) Sch(F, G, A) given by

p
Fg,w : Fg

a
ϵ1
i1−→ F (gaϵ1i1 )

a
ϵ2
i2−→ · · · aϵn

in−→ F (gaϵ1i1 · · · aϵnin )

(understanding p a−1

−→ q as p a←− q crossed backwards, a ∈ A). Denote the terminal 
vertex of such path as (Fg) ·w = F (gw), and note that w ∈ F if and only if F · w = F , 
i.e., if and only if p

F ,w is a closed path.
Let T ⊆ Sch(F, G, A) be a maximal subtree. For every edge e ∈ E \ET , we can define 

the element we = ℓ(T [F, ιe] e T [τe, F ]) ∈ G, where T [p, q] denotes the T -geodesic from 
vertex p to vertex q. It is straightforward to see that the set {we | e ∈ E \ ET} ⊆ F

generates F ; see [12]. In particular, finite index subgroups of finitely generated groups 
are, again, finitely generated.

We remind three classical results, including a constructive proof for Proposition 3.3, 
for later use (see an explicit example in Section 4).

Proposition 3.2 (Todd–Coxeter [21, Ch. 8]). Let G = ⟨A | R⟩ be a finite presentation 
and let F ⩽f.i. G be a finite index subgroup given by a finite set of generators (as words 
on A±). Then we can algorithmically compute the index [G : F ], a set of left coset 
representatives of G modulo F , and draw the Schreier graph Sch(F, G, A). In particular, 
we can also solve the membership problem of F ⩽ G. □
Proposition 3.3. Let G = ⟨A | R⟩ be a finite presentation, A = {a1, . . . , an}, and let 
F ⩽f.i. G be a finite index subgroup, from which we only assume to know an algorithm 
solving the membership problem F ⩽ G. Then, we can algorithmically compute the index 
[G : F ], a set of left coset representatives of G modulo F , draw the Schreier graph 
Sch(F, G, A), and compute a finite set of generators for F (even a finite presentation for 
F as well).

Proof. Note that we are only given a finite presentation for G, and an algorithm which, 
on input a word g ∈ (A±)∗, just answers Yes/No according to whether the corresponding 
element g ∈ G belongs to the finite index subgroup F ⩽f.i. G or not; nothing else from F
is assumed to be known (even the actual index, which must be computed). The strategy 
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is to keep drawing the successively growing balls B0, B1, B2, . . . in the Schreier graph 
Sch(F, G, A) until having it completely depicted. (Define Br as the full subgraph of 
Sch(F, G, A) spanned by those vertices at distance up to r from the vertex F .)

Start with a single vertex V = {F} and no edge E = ∅; to complete the drawing 
of B0 we need to know whether some edge (or edges) are loops at F : the edge (F, aϵjj )
terminates at F if and only if aϵjj ∈ F , which can be decided using the membership 
problem assumption on F ⩽ G. To draw B1, look at the (up to) 2n neighbors of F , namely 
Faϵ11 , . . . , Faϵnn , for ϵ1, . . . , ϵn = ±1, drawn with the corresponding edges connecting them 
to F . In order to do this, we need the information on which coset Faϵii is equal to which 
Fa

ϵj
j (and maybe to F ); but this can be easily deduced from several applications of the 

algorithm in the hypothesis: Faϵii = Fa
ϵj
j if and only if aϵii a

−ϵj
j ∈ F . To complete the 

drawing of B1 we need to know whether some extra edges connect two of the existing 
vertices. This is not going to happen involving the vertex F from B0 because we already 
have the 2n edges incident to it. And for each one of the new vertices, say Faϵii , and 
each aϵjj ∈ A±, the edge (Faϵii , a

ϵj
j ) terminates at Faϵkk if and only if aϵii a

ϵj
j a−ϵk

k ∈ F . 
Iteratively repeating this process (which needs an exponentially growing number of calls 
to the algorithm for membership from the hypothesis), we can draw the bigger and bigger 
balls B2, B3, . . . of Sch(F, G, A) until arriving at a big enough M > 0 such that all the 
existing vertices in BM have degree 2n; at this point, BM = BM+1 = Sch(F, G, A) and 
we are done. This is guaranteed to happen after finite time because, by hypothesis, F has 
finite index in G —even without knowing this index in advance— and so, Sch(F, G, A)
is a finite graph.

Once we have computed the full Schreier graph Sch(F, G, A), the rest is easy: the 
index [G : F ] is its total number of vertices, and a set of left coset representatives of G
modulo F , is easily computable by just reading the label of an arbitrary path from F to 
each vertex. Also, a finite set of generators for H easily follows from selecting a maximal 
tree T and computing the elements we ∈ F ⩽ G, for each e ∈ E \ ET . Moreover, a 
presentation for F with respect to the obtained generators can be also computed using 
the classical Reidemeister–Schreier process; see [4]. □
Proposition 3.4. Let G be a group and H ⩽f.i. G a finite index subgroup. Then G is 
finitely presented if and only if H is finitely presented.

Proof. See [21, Ch. 9, Cor. 1] and [21, Ch. 10, Cor. 3]. □
We conclude this section by seeing that coherence, and effective coherence, go up and 

down finite index steps.

Theorem 3.5. Let G be a group and F ⩽f.i. G a finite index subgroup. Then,

(i) F is coherent if and only if G is coherent.
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Moreover, if G = ⟨A | R⟩ is given by a finite presentation and F ⩽f.i. G by a finite set 
of generators as words on A± (or, equivalently, by an algorithm solving the membership 
problem F ⩽ G) then,

(ii) F is effectively coherent if and only if G is effectively coherent.

Proof. The two implications to the left are clear from the definitions.
Assume now that F is coherent, i.e., any finitely generated subgroup of F is finitely 

presented. If H ⩽f.g. G then H ∩ F ⩽f.i. H ∩G = H ⩽f.g. G; hence, H ∩ F ⩽f.g. F and, 
by hypothesis, H ∩ F is finitely presented. By Proposition 3.4, since H ∩ F ⩽f.i. H, H
is finitely presented as well. This completes the proof of (i).

To show (ii), we have to be more accurate with the algorithmic treatment. In the 
following lines, we present an argument avoiding the computation of the intersection 
H ∩ F and working, instead, with equations. This paves the land for the application 
given in the next section. By hypothesis, we are given a finite presentation for G, namely 
G = ⟨A | R⟩ = ⟨a1, . . . , an | r1, . . . , rm⟩, and finitely many words on A±1, say f1, . . . , fr, 
generating an effectively coherent finite index subgroup F = ⟨f1, . . . , fr⟩ ⩽f.i. G; in 
particular, we have an algorithm such that, given finitely many words on f1, . . . , fr, it 
computes a presentation for the subgroup of F they generate (and with respect to the 
given generators). We will prove that G is effectively coherent under the equivalent form 
of effective eq-coherence; see Proposition 2.9(ii).

As a preparation, let us see that, without loss of generality, we can additionally assume 
that F ◁G with G/F being a known finite group; in other words, we can assume that, 
together with F , we are also given a short exact sequence 1 → F → G → L → 1, 
where L is a known finite group. In fact, compute the Schreier graph Sch(F, G, A), using 
Todd–Coxeter Proposition 3.2 (in particular, we can solve membership of F ⩽ G). Then, 
look at the natural action of G on its (finite!) set of vertices V = F\G,

· : G → Sym(V )
g ↦→ ·g : V → V

Fx ↦→ Fxg.

By construction, this is nothing else but a group homomorphism · from G to the finite 
symmetric group Sym(V ) = SN , where N = |V |. Note that g ∈ F ⇔ Fg = F ⇔ ·g
fixes the vertex F . It is straightforward to see that ker(·) = {g ∈ G | ·g = Id} is the 
so-called core of F , ker(·) = core(F ) = ∩g∈GF

g, namely the intersection of all conjugates 
of F by elements from G (note that there are finitely many of them because F ⩽f.i. G

and so, core(F ) ⩽f.i. G again). Since membership of core(F ) ⩽ G is clearly solvable 
(by checking whether ·g moves some vertex or fixes them all), we can compute a finite 
set of generators for core(F ), as words on A± (or, equivalently, on {f1, . . . , fr}); see 
Proposition 3.3. Since effective coherence of F implies effective coherence of core(F ), we 
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have completed the proof of the announced reduction (with L being the finite group of 
permutations L = Im(·) ⩽ Sym(V )).

Let us reset notation and assume we are given the finite presentation ⟨A | R⟩ for G, 
generators f1, . . . , fr (as words on A±) for a normal finite index subgroup F ◁f.i. G, 
and a group homomorphism π : G ↠ L onto a finite group L (where we can compute), 
satisfying ker(π) = F ; summarizing, we are given the short exact sequence

1 → F → G = ⟨A | R⟩ π→ L → 1.

For every g ∈ G, denote g = gπ ∈ L.
Suppose we are also given several words on A, say h1, . . . , hs; g, and our pending 

goal is to compute a finite set of generators for IH(g) as normal subgroup of H ∗ ⟨x⟩, 
where H = ⟨h1, . . . , hs⟩ ⩽f.g. G (this will show that G is effectively eq-coherent and so, 
effectively coherent). Since IHπ(g) = {w(x) ∈ Hπ ∗ ⟨x⟩ | w(g) = 1} is the kernel of the 
homomorphism

Hπ ∗ ⟨x⟩ ↠ ⟨Hπ, g⟩ ,
w(x) ↦→ w(g),

and since ⟨Hπ, g⟩ ⩽ L is finite, we deduce that IHπ(g) ⩽f.i. Hπ ∗ ⟨x⟩. Moreover, we can 
effectively solve the membership problem in IHπ(g) ⩽ Hπ ∗ ⟨x⟩ by just plugging g into x
and computing in L. Consider now the epimorphism ϕ = π|H ∗ id : H ∗ ⟨x⟩ ↠ Hπ ∗ ⟨x⟩, 
w(x) ↦→ w(x), mapping any H-equation w(x) to the corresponding Hπ-equation obtained 
by replacing each coefficient by its image under π, denoted w(x). And consider the full 
ϕ-preimage of IHπ(g), namely,

(︁
IHπ(g)

)︁
ϕ−1 =

{︁
w(x) ∈ H ∗ ⟨x⟩ | w(x) ∈ IHπ(g)

}︁

=
{︁
w(x) ∈ H ∗ ⟨x⟩ | w(g) = 1

}︁

=
{︁
w(x) ∈ H ∗ ⟨x⟩ | w(g) = 1

}︁

=
{︁
w(x) ∈ H ∗ ⟨x⟩ | w(g) ∈ F

}︁

= IH(g;F ).

Since ϕ is onto and IHπ(g) ⩽f.i. Hπ ∗ ⟨x⟩, we deduce that IH(g; F ) ⩽f.i. H ∗ ⟨x⟩ (in fact, 
with the same index). Moreover, we can also effectively solve the membership problem 
in IH(g; F ) ⩽ H ∗ ⟨x⟩: just map the given equation down to Hπ ∗ ⟨x⟩ and check whether 
it belongs to IHπ(g). Therefore, by Proposition 3.3, we can compute a finite set of 
generators for IH(g; F ), say IH(g; F ) = ⟨w1(x), . . . , wp(x)⟩. These are H-equations wi(x)
such that wi(g) ∈ F (note that H ∩ F ⩽ IH(g), viewed as constant equations).

Our target is inside this subgroup, IH(g) ⩽ IH(g; F ) ⩽f.i. H ∗ ⟨x⟩. Compute the 
elements vi = wi(g) ∈ F , for i = 1, . . . , p. More precisely: during the last application 
of Proposition 3.3, we have computed Sch(IH(g; F ), H ∗ ⟨x⟩ , {h1, . . . , hs, x}) and have 
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obtained w1(x), . . . , wp(x) ∈ H ∗ ⟨x⟩ as words on ({h1, . . . , hs, x})±, which then can be 
recomputed as words on (A ∪{x})±; plug g (a word on A±) into x and rewrite the results 
v1 = w1(g), . . . , vp = wp(g) (which are words on A±) as words on {f1, . . . , fr} (this can be 
done by a standard brute force algorithm, knowing in advance that v1, . . . , vp ∈ F ). Now 
it is time to apply the hypothesis on F : compute a presentation for V = ⟨v1, . . . , vp⟩ ⩽ F

with respect to the given generators, say V ≃ ⟨x1, . . . , xp | s1, . . . , sq⟩. This means that 
si = si(x1, . . . , xp) are abstract words such that si(v1, . . . , vp) = 1, and that any word 
s(x1, . . . , xp) satisfying s(v1, . . . , vp) = 1 equals a product of conjugates of them,

s(x1, . . . , xp) =
n∏︂

j=1
zj(x1, . . . , xp)−1(︁sij (x1, . . . , xp)

)︁ϵj
zj(x1, . . . , xp).

Then, we have that

IH(g) = {w(x) ∈ H ∗ ⟨x⟩ | w(g) = 1}
= {w(x) ∈ IH(g;F ) | w(g) = 1}

=
{︂ n∏︂

j=1
wij (x)ϵj |

n∏︂
j=1

wij (g)ϵj = 1
}︂

=
{︂ n∏︂

j=1
wij (x)ϵj |

n∏︂
j=1

v
ϵj
ij

= 1
}︂

=
⟨︁⟨︁
s1
(︁
w1(x), . . . , wp(x)

)︁
, . . . , sq

(︁
w1(x), . . . , wp(x)

)︁⟩︁⟩︁◁H ∗ ⟨x⟩ ,

where the justification for the last equality is as follows: the inclusion to the left is 
clear because si

(︁
w1(g), . . . , wp(g)

)︁
= si(v1, . . . , vp) = 1 and so, si

(︁
w1(x), . . . , wp(x)

)︁ ∈
IH(g), for i = 1, . . . , q. For the other inclusion, consider a product of the form w(x) =∏︁n

j=1 wij (x)ϵj such that 
∏︁n

j=1 v
ϵj
ij

= 1. Since the formal product s(x1, . . . , xp) =
∏︁n

j=1 x
ϵj
ij

satisfies s(v1, . . . , vp) =
∏︁n

j=1 v
ϵj
ij

= 1, the previous paragraph tells us that it must be of 
the form

s(x1, . . . , xp) =
n∏︂

j=1
zj(x1, . . . , xp)−1(︁sij (x1, . . . , xp)

)︁ϵj
zj(x1, . . . , xp).

Replacing xi by wi(x), i = 1, . . . , p, we obtain

w(x) = s
(︁
w1(x), . . . , wp(x)

)︁
=

=
n∏︂

j=1
zj
(︁
w1(x), . . . , wp(x)

)︁−1(︁
sij

(︁
w1(x), . . . , wp(x)

)︁)︁ϵj
zj
(︁
w1(x), . . . , wp(x)

)︁
,

which means that
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w(x) ∈ ⟨︁⟨︁
s1
(︁
w1(x), . . . , wp(x)

)︁
, . . . , sq

(︁
w1(x), . . . , wp(x)

)︁⟩︁⟩︁◁H ∗ ⟨x⟩ ,

as we wanted to see. This completes the proof. □
4. The case of integral matrices

Let us apply the previous results to the usual groups of integral 2-by-2 matrices. A 
lot is known about the structure of groups like GL2(Z), PGL2(Z), SL2(Z), or PSL2(Z). 
They are all virtually-free with well known normal free subgroups whose corresponding 
quotients are also well known finite groups; see, for example, [13, Ch. 1, Exs. 5.2] for the 
structure and specific sets of generators. We note that virtual freeness is a very specific 
property for matrices of size 2: each of these integral matrix groups in size 3 and bigger 
are very far from being virtually free.

For virtually free groups, many algorithmic properties are known to be solvable: the 
word, conjugacy and isomorphism problems, the double-subgroup conjugacy problem, 
the order and relative order problems, the membership problem, the intersection prob-
lem, etc (all of them in their standard forms, where the group is given by generators 
and relations). Of course, all these solutions apply also to the above mentioned 2-by-2 
integral matrix groups. If one makes the appropriate translation from the formalism of 
presentations to the plain language of integral matrices (namely, two-by-two arrays of 
integral numbers), one obtains algorithms working with real matrices. Most of these al-
gorithms perform tasks which are not easy looking from the plain matrix point of view. 
As a very illustrative example, we can mention the well-known membership problem:

Theorem 4.1. Let G be one of the groups GL2(Z), PGL2(Z), SL2(Z), or PSL2(Z). There 
exists an algorithm which, given matrices h1, . . . , hs; g from G, decides whether g can be 
expressed as a product of the form g = hϵ1

i1
· · ·hϵn

in
, for some n ≥ 0, i1, . . . , in ∈ {1, . . . , s}, 

and ϵ1, . . . , ϵn = ±1; furthermore, in the affirmative case, the algorithm outputs such an 
expression. □

This result is very well known for free and virtually-free groups. Modern adaptations to 
the matrix context can be found, for example, in [23] and [11], including detailed analysis 
of the complexity of the provided algorithms. The goal of this section is to present another 
of such applications, illustrating the effective eq-coherence of these matrix groups, a 
direct corollary of our Theorem 3.5(ii) above, fully translated in terms of plain integral 
matrices.

Corollary 4.2. Let G be one of GL2(Z), PGL2(Z), SL2(Z), or PSL2(Z). There is an 
algorithm which, given matrices h1, . . . , hs; g ∈ G, decides whether g is algebraic over 
the subgroup H = ⟨h1, . . . , hs⟩ ⩽ G; moreover, in the affirmative case, the algorithm 
computes finitely many H-equations w1(x), . . . , wp(x) ∈ IH(g) ◁H ∗⟨x⟩ further satisfying 
that any w(x) ∈ H ∗⟨x⟩ with w(g) = 1 is a product of conjugates of w1(x), . . . , wp(x). □
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Fig. 1. Schreier graph Sch
(︁
F,PSL2(Z), {a, b})︁.

Let us concentrate on the group G = PSL2(Z) = SL2(Z)/{±I}, namely 2-by-2 integral 
matrices with determinant 1, modulo its center; here, I =

(︁ 1 0
0 1

)︁
stands for the 2-by-2 

identity matrix. We make the usual abuse of language of working with real matrices to 
represent elements of PSL2(Z) (which really are equivalence classes of matrices modulo 
±I); hence, −I = I in PSL2(Z). This group is isomorphic to the free product of the 
cyclic groups of orders 2 and 3,

PSL2(Z) ≃ C2 ∗ C3 = ⟨a, b | a2, b3⟩,

and we can take as generators the matrices a =
(︁ 0 −1

1 0

)︁
and b =

(︁ 1 −1
1 0

)︁
; see, for example, 

[13, Ch. 1, Exs. 5.2]. Clearly, a2 = b3 = −I = I.
Abelianizing, we obtain (PSL2(Z))ab ≃ C2 × C3 ≃ C6 and the abelianization map 

sends a to (1, 0) and b to (0, 1). More precisely, we have the short exact sequence

1 −→ F −→ PSL2(Z) π−→ C2 × C3 −→ 1.
a ↦→ (1, 0)
b ↦→ (0, 1)

(2)

By normality of F = kerπ = [PSL2(Z), PSL2(Z)] in PSL2(Z), the Schreier graph of F
coincides with the Cayley graph of the quotient,

Sch
(︁
F,PSL2(Z), {a, b})︁ = Cay

(︁
PSL2(Z)/F, {aπ, bπ})︁ = Cay

(︁
C2 × C3, {(1, 0), (0, 1)})︁.

With elementary calculations in C2 × C3, we can depict Cay(C2 × C3, {(1, 0), (0, 1)})
and, using the set of coset representatives {I, b, b2, a, ab, ab2}, we get the (isomorphic) 
Sch

(︁
F, PSL2(Z), {a, b})︁ depicted in Fig. 1.

Now, we shall see that F is a free group of rank two, freely generated by the elements

p = [a, b] = ab2ab =
(︂

2 −1
−1 1

)︂
and q = [b2, a] = bab2a =

(︁ 2 1
1 1

)︁
.

Clearly, M = ⟨p, q⟩ ⩽ F ⩽6 PSL2(Z). So, the cosets of the six representatives consid-
ered above but taken modulo M , namely M , Mb, Mb2, Ma, Mab, and Mab2, are also 
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different from each other. Note that this list of cosets modulo M is possibly not com-
plete (corresponding to the fact that M is a subgroup of F , possibly proper); in other 
words, Sch

(︁
M, PSL2(Z), {a, b})︁ contains these six vertices, but possibly more. However, 

if we look carefully at each edge of Sch
(︁
F, PSL2(Z), {a, b})︁, we see that all of them 

are also correct edges in the graph Sch
(︁
M, PSL2(Z), {a, b})︁: the seven coset equalities 

M · a = Ma, M · b = Mb, Mb · b = Mb2, Mb2 · b = M , Ma · b = Mab, Mab · b = Mab2, 
and Mab2 ·b = Ma are clear, while the other two, Mb ·a = Mab and Mb2 ·a = Mab2 are 
also correct because bab−1a−1 = q ∈ M and b2ab−2a−1 = p−1 ∈ M , respectively. This 
means that the graph depicted in Fig. 1 coincides also with Sch

(︁
M, PSL2(Z), {a, b})︁; 

therefore, ⟨p, q⟩ = M = F .
It remains to see that {p, q} freely generate F . This follows, for example, from an 

application of the Kurosh Subgroup Theorem (see [13, Ch. 1, Thm. 7.8]): as all subgroups 
of free products, F must be a free product of a free group and certain conjugates of 
subgroups of C2 = ⟨a⟩ and C3 = ⟨b⟩, i.e., a free product of a free group and certain 
conjugates of C2 = ⟨a⟩ and C3 = ⟨b⟩. But F is a normal subgroup of PSL2(Z) which 
contains neither a nor b; hence, it cannot contain any conjugate of them, either. We 
deduce that F must be a free group. Finally, since {p, q} generate F , and F is not 
cyclic (pq =

(︂
3 1
−1 0

)︂
̸= (︁ 3 −1

1 0

)︁
= qp), we deduce that {p, q} is, in fact, a free basis for 

F ◁6 PSL2(Z).
Finally, let us exemplify Corollary 4.2 by using the short exact sequence (2) with finite 

quotient, and free kernel freely generated by {p, q} (this is a particular materialization 
of the virtual freeness of PSL2(Z)). We develop the following two particular examples.

Example 4.3. Suppose we are given the matrices h1 =
(︂

2 −1
−1 1

)︂
, h2 =

(︂
2 −5
1 −2

)︂
, and 

g =
(︁ 5 3

3 2

)︁
from PSL2(Z). Let us decide whether g is algebraic or transcendental over 

H = ⟨h1, h2⟩ ⩽ PSL2(Z).
Writing them in terms of a, b we get g = bab2abab2a, h1 = ab2ab, and h2 = babab2ab2

(these expressions can always be found by brute force, knowing in advance that a, b
generate PSL2(Z)). And, mapping down to C2 × C3, we get h1 = (0, 0) and h2 = (1, 0); 
so, H = ⟨(1, 0)⟩. Since g = (0, 0),

IH(g) = ker
(︂
H ∗ ⟨x⟩ ↠ ⟨︁

H, g
⟩︁

= H
)︂
⩽2 H ∗ ⟨x⟩

and so, IH(g; F ) =
(︁
IH(g)

)︁
ϕ−1 ⩽2 H ∗ ⟨x⟩, where

ϕ = π|H ∗ id : H ∗ ⟨x⟩ ↠ H ∗ ⟨x⟩ .
w(x) ↦→ w(x)

(3)

Following the algorithm from the proof of Proposition 3.3, let us construct the Schreier 
graph Sch

(︁
IH(g; F ), H ∗ ⟨x⟩ , {h1, h2, x}

)︁
(note that membership in IH(g; F ) ⩽2 H ∗ ⟨x⟩

is easily solvable by plugging g into x, mapping down to C2×C3 and checking whether the 
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IH(g;F ) IH(g;F )h2

h2

h2

xh1 xh1

Fig. 2. Schreier graph Sch
(︁
IH(g;F ), H ∗ ⟨x⟩ , {h1, h2, x}

)︁
.

result equals (0, 0)). This graph has just two vertices, which are IH(g; F ) and IH(g; F )h2, 
since h2 = (1, 0) ̸= (0, 0). After the following easy calculations,

IH(g;F ) · h1 = IH(g;F ) since h1 = (0, 0),
IH(g;F ) · x = IH(g;F ) since g = (0, 0),
IH(g;F )h2 · h1 = IH(g;F )h2 since h2h1h

−1
2 = (0, 0),

IH(g;F )h2 · x = IH(g;F )h2 since h2gh
−1
2 = (0, 0),

IH(g;F )h2 · h2 = IH(g;F ) since h2
2 = (0, 0),

we obtain the graph Sch
(︁
IH(g; F ), H ∗ ⟨x⟩ , {h1, h2, x}

)︁
, depicted in Fig. 2.

Then, taking as maximal tree the two vertices together with the edge going to the 
right (boldfaced in the figure), we get the following set of five H-equations generating 
IH(g; F ) ⩽ H ∗ ⟨x⟩:

IH(g;F ) =
⟨︁
w1(x), w2(x), w3(x), w4(x), w5(x)

⟩︁
,

where w1(x) = h1, w2(x) = x, w3(x) = h2
2 =H 1, w4(x) = h2h1h

−1
2 , and w5(x) =

h2xh
−1
2 . Note that w3(x) is the trivial equation (so, we can ignore it) and that 

w1(x), w4(x) ∈ H are constant non-trivial equations. The next step is to evaluate the 
remaining four equations on g, and to rewrite the result in terms of the free generators 
{p, q}:

v1 = w1(g) = h1 = p,

v2 = w2(g) = g = q2,

v4 = w4(g) = h2h1h
−1
2 = qpqp−1q−1p−1q−1,

v5 = w5(g) = h2gh
−1
2 = qpq−2p−1q−1.

Now it is time to apply effective coherence of free groups, and to find a presenta-
tion for the subgroup V = ⟨v1, v2, v4, v5⟩ =

⟨︁
p, q2, qpqp−1q−1p−1q−1, qpq−2p−1q−1⟩︁ ⩽

F = F ({p, q}), with respect to the shown generators. To this purpose, we apply the 
adapted version [12, Thm. 5.8] of Rosenmann–Ventura theorem [33] mentioned above. 
The Stallings graph of V (with respect to the ambient free basis {p, q}) is depicted in 
Fig. 3.

Since its rank equals 1 − 4 + 7 = 4, we deduce that rk(V ) = 4 and that {v1, v2, v4, v5}
are freely independent. This means that they satisfy no nontrivial relation. We conclude 
that IH(g) = {1} and the element g is transcendental over H.
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p
q

q

p
q

q

p

Fig. 3. Stallings graph of V .

IH(g;F ) IH(g;F )h2

IH(g;F )x−1 IH(g;F )h2x−1

IH(g;F )x IH(g;F )h2x

h2

h2

h2

h2

h2

h2

x

x

x

x

h1

h1

h1

h1

h1

h1

x x

Fig. 4. Schreier graph Sch
(︁
IH(g;F ), H ∗ ⟨x⟩ , {h1, h2, x}

)︁
.

We remind the meaning of this conclusion: for g =
(︁ 5 3

3 2

)︁
, there is no possible election of 

n + 1 ≥ 2 matrices k0, k1, . . . , kn ∈ H = ⟨
(︂

2 −1
−1 1

)︂
, 
(︂

2 −5
1 −2

)︂
⟩ ⩽ PSL2(Z), k1, . . . , kn−1 ̸=

I, and n non-zero integers ϵ1, . . . , ϵn ̸= 0, such that k0g
ϵ1k1g

ϵ2 · · · gϵnkn = I. This is not 
at all obvious if we use only basic matrix and linear algebra techniques. Observe that 
this conclusion does not mean that {h1, h2, g} are freely independent; in fact, they are 
not since H is not even a free group: h2 is a torsion element, h2

2 = −I = I. □
Example 4.4. Let us develop a similar example with the given matrices h1 =

(︂
2 −1
−1 1

)︂
, 

h2 =
(︂

2 −5
1 −2

)︂
, and g =

(︂
1 0
−2 1

)︂
from PSL2(Z). Again, we have to decide whether g is 

algebraic or transcendental over H = ⟨h1, h2⟩.
The subgroup is the same as in the previous example, H = ⟨h1, h2⟩ with h1 = ab2ab, 

and h2 = babab2ab2, while now g = abab. Mapping down to C2 ×C3, we get H = ⟨(1, 0)⟩
and g = (0, 2), so now 

⟨︁
H, g

⟩︁
= C2 × C3. In this situation,

IH(g) = ker
(︂
H ∗ ⟨x⟩ ↠ ⟨︁

H, g
⟩︁

= C2 × C3

)︂
⩽6 H ∗ ⟨x⟩

and IH(g; F ) =
(︁
IH(g)

)︁
ϕ−1 ⩽6 H ∗ ⟨x⟩ (see (3) for the definition of ϕ).

Following the algorithm from the proof of Proposition 3.3, we get the Schreier graph 
Sch

(︁
IH(g; F ), H ∗ ⟨x⟩ , {h1, h2, x}

)︁
, depicted in Fig. 4 (detailed calculations are left to 

the reader).
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In this case, we have [H ∗ ⟨x⟩ : IH(g; F )] = 6 vertices and 6 · |{h1, h2, x}| = 18 edges 
and so, rank 1 − 6 + 18 = 13. Choosing the maximal tree indicated by the boldfaced 
edges, we get the following 13 generators for IH(g; F ) ⩽ H ∗ ⟨x⟩:

w1(x) = h1, w2(x) = xh1x
−1, w3(x) = x−1h1x,

w4(x) = h2x
−1h1xh2, w5(x) = h2h1h

−1
2 , w6(x) = h2xh1x

−1h−1
2 ,

w7(x) = h2
2 = 1, w8(x) = x−1h2xh

−1
2 , w9(x) = h2x

−1h2x,

w10(x) = xh2x
−1h−1

2 , w11(x) = h2xh2x
−1, w12(x) = x3,

w13(x) = h2x
3h−1

2 .

Note that w7(x) is the trivial equation and so we can ignore it, and that w1(x), w5(x)
are constant non-trivial equations. The next step is to evaluate these twelve equations 
on g = abab, and to rewrite the result in terms of the free generators {p, q}:

v1 = w1(g) = h1 = p,

v2 = w2(g) = gh1g
−1 = q−1p−1,

v3 = w3(g) = g−1h1g = p−1q p,

v4 = w4(g) = h2g
−1h1gh2 = q p q p q−1p−1q−1p−1q−1,

v5 = w5(g) = h2h1h
−1
2 = q p q p−1q−1p−1q−1,

v6 = w6(g) = h2gh1g
−1h−1

2 = q p q2 p q−1p−1q−1,

v8 = w8(g) = g−1h2gh
−1
2 = p−1q−1p−2q−1p−1q−1p−1q−1,

v9 = w9(g) = h2g
−1h2g = q p q p q p2 q p,

v10 = w10(g) = gh2g
−1h−1

2 = q−4p−1q−1,

v11 = w11(g) = h2gh2g
−1 = q p q4,

v12 = w12(g) = g3 = q−1p−1q p,

v13 = w13(g) = h2g
3h−1

2 = q p q2 p q−1p−1q−1p−1q−1.

Now we look at the subgroup V = ⟨v1, v2, v3, v4, v5, v6, v8, v9, v10, v11, v12, v13⟩ ⩽ F =
F ({p, q}) and need to find a presentation for it in the shown generators. Note that we 
should not eliminate redundant generators, even if obvious like v3 = v−2

1 v−1
2 v1, because 

we may possibly lose non-trivial equations produced by them in the next step. According 
to the algorithm from the proof of Proposition 3.3, this requires to draw a flower au-
tomaton with twelve petals corresponding to these twelve generators, fold it until getting 
the corresponding {p, q}-Stallings automaton, and then analyze each one of the possible 
closed folding occurring along the tower (g will be H-transcendental if and only if no 
such closed folding occurs). This is a long procedure which we can greatly abbreviate 
after realizing that the first two generators, v1 = p and v2 = q−1p−1, already generate 
the full group F ; in other words, the first two petals already fold down to the {p, q}-
bouquet (with no closed folding). Therefore, each one of the remaining 10 petals will 
provoke a unique closed folding in the tower, corresponding to the relation expressing 
that generator in terms of p = v1 and q = v−1

1 v−1
2 . Proceeding in this way, we get a full 

set of relations satisfied by {v1, v2, v3, v4, v5, v6, v8, v9, v10, v11, v12, v13}:
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v−2
1 v−1

2 v1v
−1
3 = 1,

v−1
1 v−2

2 v1v
3
2v1v

−1
4 = 1,

v−1
1 v−2

2 v−1
1 v2

2v1v
−1
5 = 1,

v−1
1 v−2

2 v−1
1 v−1

2 v1v
2
2v1v

−1
6 = 1,

v−1
1 v2v

−1
1 v3

2v1v
−1
8 = 1,

v−1
1 v−3

2 v1v
−1
2 v1v

−1
9 = 1,

v2v1v2v1v2v1v
2
2v1v

−1
10 = 1,

v−1
1 v−2

2 v−1
1 v−1

2 v−1
1 v−1

2 v−1
1 v−1

2 v−1
11 = 1,

v2v
−1
1 v−1

2 v1v
−1
12 = 1,

v−1
1 v−2

2 v−1
1 v−1

2 v1v
3
2v1v

−1
13 = 1.

Finally, replacing vi by wi(x) in each one of these expressions, we get a collection of 
H-equations generating the ideal IH(g) (as normal subgroup of H ∗ ⟨x⟩):

h−2
1 xh−1

1 x−1h1x
−1h−1

1 x,

h−1
1 xh−2

1 x−1h1xh
3
1x

−1h1h
−1
2 x−1h−1

1 xh−1
2 ,

h−1
1 xh−2

1 x−1h−1
1 xh2

1x
−1h1h2h

−1
1 h−1

2 ,

h−1
1 xh−2

1 x−1h−1
1 xh−1

1 x−1h1xh
2
1x

−1h1h2xh
−1
1 x−1h−1

2 ,

h−1
1 xh1x

−1h−1
1 xh3

1x
−1h1h2x

−1h−1
2 x,

h−1
1 xh−3

1 x−1h1xh
−1
1 x−1h1x

−1h−1
2 xh−1

2 ,

h1x
−1h1xh1x

−1h1xh1x
−1h1xh

2
1x

−1h1h2xh
−1
2 ,

h−1
1 xh−2

1 x−1h−1
1 xh−1

1 x−1h−1
1 xh−1

1 x−1h−1
1 xh−1

1 h−1
2 x−1h−1

2 ,

h1x
−1h−1

1 xh−1
1 x−1h1x

−2,

h−1
1 xh−2

1 x−1h−1
1 xh−1

1 x−1h1xh
3
1x

−1h1h2x
−3h−1

2 .

These are ten H-equations satisfied by the matrix g =
(︂

1 0
−2 1

)︂
, and in such a way that 

any w(x) ∈ H ∗ ⟨x⟩ with w(g) = I is a product of conjugates of them. In matrix form 
(for aesthetic reasons, we write X instead of x) they read as follows:

(︂
2 3
3 5

)︂
X

(︂
1 1
1 2

)︂
X−1

(︂
2 −1
−1 1

)︂
X−1

(︂
1 1
1 2

)︂
X = I,

(︂
1 1
1 2

)︂
X

(︂
2 3
3 5

)︂
X−1

(︂
2 −1
−1 1

)︂
X

(︂
13 −8
−8 5

)︂
X−1

(︂−3 8
1 −3

)︂
X−1

(︂
1 1
1 2

)︂
X

(︂−2 5
−1 2

)︂
= I,

(︂
1 1

)︂
X

(︂
2 3

)︂
X−1

(︂
1 1

)︂
X

(︂
5 −3

)︂
X−1

(︂
23 −51

)︂
= I,
1 2 3 5 1 2 −3 2 −9 20
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(︂
1 1
1 2

)︂
X

(︂
2 3
3 5

)︂
X−1

(︂
1 1
1 2

)︂
X

(︂
1 1
1 2

)︂
X−1

(︂
2 −1
−1 1

)︂
X

(︂
5 −3
−3 2

)︂
X−1

(︂
3 −8
−1 3

)︂
X

(︂
1 1
1 2

)︂
X−1

(︂−2 5
−1 2

)︂
= I,

(︂
1 1
1 2

)︂
X

(︂
2 −1
−1 1

)︂
X−1

(︂
1 1
1 2

)︂
X

(︂
13 −8
−8 5

)︂
X−1

(︂
3 −8
−1 3

)︂
X−1

(︂−2 5
−1 2

)︂
X = I,

(︂
1 1
1 2

)︂
X

(︂
5 8
8 13

)︂
X−1

(︂
2 −1
−1 1

)︂
X

(︂
1 1
1 2

)︂
X−1

(︂
2 −1
−1 1

)︂
X−1

(︂−2 5
−1 2

)︂
X

(︂−2 5
−1 2

)︂
= I,

[︂(︂
2 −1
−1 1

)︂
X−1

(︂
2 −1
−1 1

)︂
X
]︂3 (︂ 5 −3

−3 2

)︂
X−1

(︂
3 −8
−1 3

)︂
X

(︂−2 5
−1 2

)︂
= I,

(︂
1 1
1 2

)︂
X

(︂
2 3
3 5

)︂
X−1

(︂
1 1
1 2

)︂
X

(︂
1 1
1 2

)︂
X−1

(︂
1 1
1 2

)︂
X

(︂
1 1
1 2

)︂
X−1

(︂
1 1
1 2

)︂
X

(︂−3 7
−4 9

)︂
X−1

(︂−2 5
−1 2

)︂
= I,

(︂
2 −1
−1 1

)︂
X−1

(︂
1 1
1 2

)︂
X

(︂
1 1
1 2

)︂
X−1

(︂
2 −1
−1 1

)︂
X−2 = I,

(︂
1 1
1 2

)︂
X

(︂
2 3
3 5

)︂
X−1

(︂
1 1
1 2

)︂
X

(︂
1 1
1 2

)︂
X−1

(︂
2 −1
−1 1

)︂
X

(︂
13 −8
−8 5

)︂
X−1

(︂
3 −8
−1 3

)︂
X−3

(︂−2 5
−1 2

)︂
= I.

Again, it is not at all obvious how to arrive at this conclusion using only basic matrix 
and linear algebra techniques. □

We finish this note by highlighting that the groups of integral matrices of size 4 and 
bigger behave very differently with respect to algorithmic properties. It is well known 
that, for n ≥ 4, and G being each of GLn(Z), PGLn(Z), SLn(Z), or PSLn(Z), the 
group F2 × F2 embeds in G. As a consequence, non of these groups is coherent. And, by 
Proposition 2.9, they are not eq-coherent either. This means the following:

Corollary 4.5. Let G be one of GLn(Z), PGLn(Z), SLn(Z), or PSLn(Z), with n ≥ 4. 
There exist matrices h1, . . . , hs; g ∈ G such that g is algebraic over H = ⟨h1, . . . , hs⟩ ⩽ G

but the ideal IH(g) is not finitely generated, even as normal subgroup of H ∗ ⟨x⟩. □
Similar statements are also true for size two matrices over more complicated rings. 

For example, according to [36, Page 734], G. Baumslag observed that SL2(Z[1/n]) is 
not coherent as soon as n is divisible by two different primes p, q, with the subgroup ⟨︂(︁ 1 1

0 1

)︁
,
(︂

p/q 0
0 q/p

)︂⟩︂
⩽ SL2(Z[1/n]) being finitely generated but not finitely presented.

As usual (see [5] for a different situation where the same phenomenon happens), the 
case of size 3 integral matrices is not known: these groups are known not to be virtually 
free (so, the arguments in the present note do not apply to them), but they are also 
known not to contain F2 × F2 either; see [29, Prop. 2.3]. As far as we are aware of, the 
following question asked by J.P. Serre in 1979 under the coherence form (see [36, Page 
734]) remains open almost fifty years later:

Question 4.6. Let G be GL3(Z), PGL3(Z), SL3(Z), or PSL3(Z). Is G effectively eq-
coherent? Do there exist matrices h1, . . . , hs; g ∈ G such that g is algebraic over H =
⟨h1, . . . , hs⟩ ⩽ G but the ideal IH(g) is not finitely generated, even as normal subgroup 
of H ∗ ⟨x⟩? If not, is there an algorithm to compute generators for IH(g) as normal 
subgroup of H ∗ ⟨x⟩?
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