TWISTED CONJUGACY IN SOLVABLE BAUMSLAG-SOLITAR GROUPS
OORNA MITRA, MALLIKA ROY, AND ENRIC VENTURA

ABSTRACT. In this article, we solve the twisted conjugacy problem for solvable Baumslag—Solitar
groups BS(1,n), i.e., we propose an algorithm which, given two elements u,v € BS(1,n) and an
automorphism ¢ € Aut(BS(1,n)), decides whether v = (z¢) ~lux for some = € BS(1,n). Also,
we prove Orbit Decidability for the full automorphism group Aut(BS(1,n)) — given two elements
u,v € BS(n,1), decides whether u,v can be mapped to each other by some automorphism in
Aut(BS(1,n)) — as well as for cyclic subgroups of Out(BS(1,n)). As a direct consequence,
we obtain a solution to the conjugacy problem for certain semidirect products of BS(1,n) by
torsion-free hyperbolic groups.

1. INTRODUCTION

The study of Algorithmic Group Theory started with the famous three Dehn Problems (see [10]),
namely the Word Problem, the Conjugacy Problem and the Isomorphism Problem:

Word Problem, W P(G): For a finite presentation G = (X | R), given a word on the generators
w € F(X), decide whether w represents the trivial element in G, w =g 1.

Conjugacy Problem, CP(G): For a finite presentation G = (X | R), given two words on the
generators u,v € F(X), decide whether u and v represent conjugate elements in G, u ~g v.

Isomorphism Problem, I P: Given two finite presentations, (X | R) and (Y | S), decide whether
they present isomorphic groups, (X | R) ~ (Y | S).

As it is well known, these three problems are unsolvable in their full generality, but there are lots
of interesting results in the literature solving them on certain families of groups, or analyzing the
solvability boundary on some others. In the present article we will focus on the conjugacy problem
in close relation with another two algorithmic problems: the Twisted Conjugacy Problem and the
Orbit Decidability Problem.

Let G be a group and ¢ € Aut(G), g — gy, be an automorphism. Two elements u,v € G
are -twisted conjugated, denoted u ~, v, if there exists € G such that v = (rp) tuz. Tt is
easy to see that ~, is an equivalence relation on G, which coincides with the usual conjugation
when ¢ = Id. This variation of standard conjugacy was first introduced by Reidemeister with
clear topological motivations related to Nielsen Fixed Point Theory; see [I7]. The corresponding
algorithmic problem is the following generalization of the Conjugacy Problem:

Twisted Conjugacy Problem, TCP(G): For a finite presentation G = (X | R), given an
automorphism ¢: G — G (given by the images of the generators), and two words on the generators,
u,v € F(X), decide whether u and v represent p-twisted conjugate elements in G, i.e., u ~, v.
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Of course, C'P coincides with the particular case of TC'P with ¢ = Id; so, a positive solution
to TC'P(G) immediately gives a positive solution to CP(G) (which automatically gives a positive
solution to WP(G) as well). However, as one might expect, in an arbitrary group G, twisted
conjugacy classes may be much more complicated to understand than standard conjugacy classes.
For instance, in the case of free groups, C P(F},) is very easy both conceptually and computationally,
while TC'P(F},) is known to be solvable but much harder in both senses; see [3, Theorem 1.5]. Also,
similarly to the classical result stating the existence of a finitely presented group G with solvable
W P(G) but unsolvable CP(G) (see, for example, [I5]), there is a more recent result stating the
existence of a finitely presented group G with solvable C'P(G) but unsolvable TCP(G); see [4]
Corollary 4.9].

In [3], Bogopolski-Martino—Maslakova—Ventura solved the conjugacy problem for free-by-cyclic
groups, CP(F,, X, Z). The proof had two clearly separate ingredients: firstly a solution to the
Twisted Conjugacy Problem for free groups, TCP(F,,), and, secondly, a result from Brinkmann [5]
providing an algorithm to decide, given an automorphism ¢ € Aut(F,), and two elements u,v € F,,,
whether v is conjugate to some iterated image of u, i.e., v ~ up®, for some k € Z. On the other
hand, more than 30 years earlier, Miller [15] already studied the much bigger family of free-by-free
groups, and showed that the Conjugacy Problem is unsolvable within that framework.

Few years after the publication of [3], Bogopolski-Martino—Ventura [4] realized that, in their
solution to CP(F,, %, Z), the case where the two inputs belonged to outside the normal subgroup
F, (u,v € F,) boils down to TCP(F},), while the opposite case (u,v € F,) corresponded directly to
Brinkmann’s result (note that if u € F,, and v € F,,, or viceversa, then they automatically cannot
be conjugate to each other). This pattern happened to be much more general: in the free-by-free
group G = Fy, Xy, . o, Fp, the decision on whether two elements u,v ¢ F;, are conjugated to each
other boils down to TCP(F,,) (so, for every free-by-free group, the C'P is solvable when restricted to
inputs outside F},), while deciding whether two elements u, v € F,, are conjugated to each other in
G, becomes a much harder problem than Brinkmann’s one (and mandatorily sometimes unsolvable,
according to Miller’s result [I5]). Much beyond this family, the main result in [4] is the following
one, exactly in the same spirit, but applying to any (non necessarily split) short exact sequence of
groups:

Theorem 1.1 (Bogopolski-Martino-Ventura, [4]). Let 1 — F —% G 5 H —1 be an algorith-
mic short exact sequence of groups such that

(i) F has solvable twisted conjugacy problem;
(ii) H has solvable conjugacy problem; and
(iil) for every 1 # h € H, the subgroup (h) has finite index on its centralizer Cyg(h), and there
is an algorithm which computes a finite set of coset representatives, zpi,...,2nt, € H,

CH(h) = <h>Zh)1 e <h>Zh,th,-
Then, the following are equivalent:

(a) the conjugacy problem for G is solvable;
(b) the conjugacy problem for G restricted to F is solvable;
(c) the action subgroup Ac = {py|g € G} < Aut(F) is orbit decidable.

The term algorithmic referred to a short exact sequence as above, just means the assumption
of algorithms for computing images of elements by « and [, pre-images by 3, and pre-images by
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« of elements in ker 5 = Im«; typically, this is the case when F, G and H are given by finite
presentations, and « and § are given by images of the generators; see [4] for details. As for the
action subgroup associated to a short exact sequence, Ag, this is just the set of restrictions to F' <G,
namely pg: F' — F, of the inner automorphisms of G, namely v,: G — G, x — g~ 'zg (note that
g is not, in general, inner as automorphism of F'; we can only say that Ag < Aut(F')). Finally,
the notion of Orbit Decidability is crucial:

Orbit Decidability Problem, OD(A): For a finite presentation G = (X | R) and a group of
automorphisms A < Aut(G), given two words on the generators u,v € F(X), decide whether the
corresponding elements u,v € G can be mapped to each other by some automorphism in A, i.e.,
whether there ezists a € A such that ua = v.

Remark 1.2. Sometimes the notion of Orbit Decidability for A < Aut(G) asks to decide whether
there exists @ € A such that ua ~ v. In general this is not exactly the same, but the two notions
obviously coincide when Inn(F') < A, as is always the case for the action subgroups coming from
short exact sequences. Therefore, Theorem is perfectly valid with the two (coinciding) notions
of orbit decidabillity.

A subgroup A < Aut(G) is said to be orbit decidable if OD(A) is solvable. Particularizing to
the case where both F' and H are free groups (hypotheses (i), (ii) and (iii) do hold), the group G
siting in the middle of the short exact sequence is free-by-free, and Theorem states that CP(G)
is solvable if and only if the corresponding action subgroup is orbit decidable: sometimes this is
the case (for example, when H = Z, in which case Ag/(Ag NInn(F)) is cyclic and OD(Ag) is,
precisely, Brinkmann’s problem), and sometimes it is not (like in the classical Miller’s examples of
free-by-free groups with unsolvable Conjugacy Problem); see [4] for more details.

After the publication of [4], several research papers have appeared following the same strategy
but in other situations: anytime we have a family of groups (to put in place of F') for which
we can solve the Twisted Conjugacy Problem, it becomes interesting to study Orbit Decidability
for (all, certain) subgroups of automorphisms A < Aut(F'), and deduce from it the solvability or
unsolvability of the Conjugacy Problem for extensions of F' by families of groups H satisfying (ii)
and (iii) (for example, torsion-free hyperbolic groups; see [4]). This strategy was followed in [4]
itself to study the Conjugacy Problem within the family of free-by-free-abelian groups, where the
authors positively solved it for all groups of the form Z?2 x F},,, and Z" x 4 F},, with virtually solvable
action subgroup A < GL,,(Z); and provided the first known examples of groups of the form Z* x F},
with unsolvable Conjugacy Problem. Similarly, Suni¢—Ventura [18] constructed the first known
examples of automaton groups with unsolvable Conjugacy Problem. Gonzdalez-Meneses—Ventura
[14] followed the same project for Braid groups, showing that all Braid-by-hyperbolic groups have
solvable Conjugacy Problem. Burillo-Matucci-Ventura [6] did the same for Thompson’s group
F, proving in this case the existence of Thomson-by-hyperbolic groups with unsolvable Conjugacy
Problem. Recently, Blufstein—Valiunas [2] and Crowe [8, 9] have followed similar projects for certain
large-type Artin groups and for dihedral Artin groups, respectively.

In the present paper we follow the above project for the family of solvable Baumslag—Solitar
groups BS(1,n): we first solve the Twisted Conjugacy Problem, and then investigate Orbit Decid-
ability of certain subgroups of Aut(BS(1,n)), connecting it with the Conjugacy Problem for some
extensions of BS(1,n).

At the beginning of Section we consider the group BS(1,n) and briefly survey some elementary
properties, a normal form for its elements, and its semi-direct product structure. Then we move on



4 OORNA MITRA, MALLIKA ROY, AND ENRIC VENTURA

to the automorphism group Aut(BS(1,n)): in Subsection following the results from Collins—
Levin [7] and O’Neil [I6], we give a more direct proof of the explicit form for the automorphisms
of BS(1,n). In Subsection we give an easy solution to the Conjugacy Problem for BS(1,n).

Then, in Section [3] we focus on and solve the Twisted Conjugacy Problem (see Theorem ;
in Section {4} we prove orbit decidability for the full automorphism group Aut(BS(1,n)) (see The-
orem [4.2); and, in Section [f] we prove orbit decidability for cyclic subgroups of Out(BS(1,n)) (see
Theorem . According to the above project, each of these last two results has the corresponding
corollary about solvability of the Conjugacy Problem in the corresponding extensions of BS(1,n),
namely Corollaries and We conclude with a couple of natural Open Questions in Section [6]

General notation and conventions. For a group G, Aut(G) denotes the group of automorphisms
of G. We write them all with the argument on the left, that is, we denote by (z)¢ (or simply zp)
the image of the element by the homomorphism ¢; accordingly, we denote by 1) the composition
A% BY Specifically, we will reserve the letter v for right conjugations, v,: G — G,z —
g 'zg. Following the same convention, when thinking of a matrix A as a map, it will always act
on the right of horizontal vectors, v — vA. We denote by M,,«,(Z) the n x m (additive) group of
matrices over Z, and by GL,,(Z) the linear group over the integers. We use the function | - |, to
count the number of a-occurrences in a word w.

2. SOLVABLE BAUMSLAG—SOLITAR GROUPS

The so-called Baumslag—Solitar groups BS(m,n) are the class of two-generated one-related
groups presented by

BS(m,n) = (a,t|a™ =t""a"t),

for m,n € Z. They all are HNN-extensions of Z (with associated subgroups mZ and nZ) sitting in
the middle of the well known short exact sequence

1 - <a>» — BSmmn) 5 Z
(1) a -

t —

Note that the homomorphism 7: BS(m,n) — Z, w — tI*l* is well defined because the defining
relation is ¢-balanced (not being the case for a, unless m = n). Of course, ker 7 =< a>> = {w(a,t) |
|w| =0} < BS(m,n).

In this paper we will concentrate in the solvable groups within this family, namely those with
m =1, BS(1,n). As the first elementary (and special) examples, we have BS(0,1) ~ Z, BS(1,1) ~
Z?,and BS(1,-1) = (a,t | a = t"*a~'t), which is the fundamental group of the Klein bottle. Note
that BS(1,n)* = Z ® Z/|n — 1|Z, with < a>> being, for n # 1, the only normal subgroup whose
quotient is isomorphic to Z; in particular, < a>> is invariant under any automorphism of BS(1,n),
a crucial property for the arguments below.

For the rest of the paper, we assume n # +1.
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2.1. Normal Form. Looking at the defining relation under the forms a™t = ta and ¢ ™"t = ta™ !,
one observes that, in an arbitrary word w(a, t), each positive occurrence of ¢ can always be moved to
the right, at the price of multiplying by n the exponents of the jumped a’s. Similarly, the defining
relation written in the forms t~!a” = at™! and t7'a™™ = a~'t7! tells us that each negative
occurrence of t’s can always be moved to the left, at the price of multiplying by n the exponents of
the jumped a’s. Summarizing, and using induction on p, for every p,k € Z, p > 0, we have

(2) tPa® = aF"t?  and  dFtP = t7PaP.

Repeating sufficiently many of these jumps, any element w(a,t) € BS(1,n) can be expressed in the
form g =t Pa*t9, where p,k,q € Z, p,q > 0.

To understand the structure of BS(1,n), we consider the following monomorphism, which proves
linearity for this family of groups.

Lemma 2.1. The map

(3) a — A=(51)
t = T=(§9)

defines a monomorphism of groups. In particular, BS(1,n) is a linear group.

Proof. Tt is straightforward to check that the map preserves the relation a = t~'a™t and, hence,

it is well defined:
A (1/n 0\ (1 n\(n 0\ (1 1\ _
AT = ( 0 1/\0 1 0 1/ \o 1 =4

Take an arbitrary element g = ¢t Pa*t? € BS(1,n). If (t Pa*t?)p = TP AFTY equals the identity,

1 0y _ (n7? 0\ (1 E\(n? 0\ (n9P? EknP
0 1) Lo 1/\0 1 0 1) 0 1 ’
then k£ = 0 and p = ¢ and, therefore, ¢ = 1. This shows that ¢ is injective. (|

As mentioned above, every element of BS(1,n) can be written in the form g = ¢~Pa*t?, with
p.k,q € Z, p,qg > 0. From now on, for technical reasons, we will prefer to write g = t"Pa¥t? =
t~PaktPte, where p,k,c € Z, p > 0 — close to being a normal form, as proven in the following
Corollary.

Corollary 2.2. Let p;, ki, c; € Z with p; > 0, for i =1,2. In the group BS(1,n), t Prakiiprter =
t=Pzak2tr2te2 if and only if 1 = co € Z and ky /nP* = ko /nP? € Z[1/n).

Proof. Applying 7 from , it is clear that ¢; = co is a necessary condition. Then, the assumed
equality can be expressed as

— 4—p1 kigp1—p2 ,—kayp2 _ 4—p1—p2 kinP2 —kanPl pi+p
1 =t PigFigPr—P2g—keyp2 — $—P1—P2M1 a k2 tprtrz

which is equivalent to a*1"*~k2n"" — 1 and so, to kynP2 — kanP' = 0 € Z, and to k1 /nPt = ko/nP? €
Z[1/n] (since, by Lemma a has infinite order in BS(1,n)). O
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This suggests to use the following notation: for o = k/n? € Z[1/n] (here, k,p € Z, p > 0) write
“.=t"Pa*tP € BS(1,n).

Note that this is coherent because the equality among rational numbers kn/nP*! = k/nP corre-
sponds to the equality t P~ 1a*" P+l = t=P(¢t~1q"t)*t? = t~Pa*t? among the corresponding elements
in BS(1,n). This is specific for powers of a so, we only accept rational exponents for the letter a.

Moreover, with this notation, the two rules stated above and saying that ¢ jumps to the
right (and t~1 to the left) of any integral power of a at the price of multiplying its exponent by
n, can be unified and extended to the more homogeneous rule saying that ¢t¢ (for ¢ € Z with no
signum distinction !), jumps to the right of rational powers of a at the price of multiplying its
exponent by n®. Furthermore, this new exponential notation is compatible with the standard rules
of computation:

Lemma 2.3. For any o = k/n?, 3 =4¢/n% € Z[1/n] (k,{,p,q € Z, p,q > 0) and ¢,r € Z, we have
ta® = a®"t¢ (equivalently, a®t® = t°a®™ " );

a®aP = aa+ﬁ

(a%)" =a™;

t~Ca%t® = a”‘/"c;
(aa ) a}—anfct—
i) (

n
a’t¢ ) — ainc T Oztrc

OétC

Proof. For ¢ > 0 we have t°a® = t°t=Pabt? = t~Pa*""tt? = a®""t°. And, for ¢ < 0, we have
tea® = tt Pkt = tePakP—cte = b/ ¢ = ¢on°t¢. In a similar fashion, we get the equivalent
version a®t¢ = t¢a®® . This proves (i).

For (i), a®aP = t~PaktPt—9at9 = t—P=1gkn’ gfn" pta = q(kn®+en?) /"0 _ qoth

For (iii), (a®)" = (tfpaktp) = t7Pa"ktP = gk = gre,

For (iv), t~¢a®t® = a®" “t~°t¢ = a®/™", using (i).

For (v), (a“tc)fl =t =a " "t¢, again using (i).

Finally, (vi) is obvious for r = 0,1. For r > 2 we use induction on r:

(aatc)T‘H — a%q ”c = ayre _ anrn“ 7f::llozt(r—i-l)c _ a(1+nC 7:LTCC:II)oct(r—i-l)c _

n—14n(rtl)e_pe
—aq  ne-i

n(rtl)e_q

at(”’l)c —q n°-1

ozt(r+1)c.

And, for r <0, we apply the just proved formula to —r > 0 and get

n re

(aatc)T _ ((aatc)*l)*T _ (afan_ctfc) -r _ aiﬂ,L_ll( an” )trc _ a*%atrc — a%atrc'
This completes the proof. ([l

Another straightforward consequence is the structure of ker 7 =< a>>.

Corollary 2.4. We have kerm =< a>> ~ Z[1/n], an additive subgroup of Q. In particular, it is
abelian and not finitely generated.
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Proof. Clearly,
kerm =< a>»= {a*t° € BS(1,n) | c=0} = {a® | « € Z[1/n]} ~ Z[1/n],

since, by Lemma (ii)7 a®a® = a®*8. This is an additive subgroup of Q, abelian and not finitely
generated. (Alternatively, this can also be seen by observing that the image of ker 7 =< a>> under
the monomorphism ¢ of (3) is (( 1/1”}7), p>0)={({%) | @ €Z[1/n]} < GLa(Z[1/n])). O

Using this notation and the above arguments, we can conclude the following easy and practi-

cal normal form for elements in BS(1,n), reflecting the semidirect product structure of BS(1,n)
inherited from :

Proposition 2.5. Every element g € BS(1,n) can be written, in a unique way, as g = a*t¢, for
some o € Z[1/n] and some c € Z. Moreover, (a®t°) (a%2t¢2) = gotn"tozgertes,

Proof. Moving negative powers of ¢ to the left and positive powers to the right, such a form always
exists, for any element g € BS(1,n). Unicity is given by Corollary Finally, the product rule
follows easily,

@ (119) (a17) = ami oot = gorenonyer e

from Lemma 2.3 O

2.2. Automorphisms of BS(1,n). Following a previous work by Collins—Levin [7], J. O’Neill [16]
gave an explicit description of the automorphisms of BS(1,n). For completeness, we give here a
more direct and compact proof.

Proposition 2.6 (J. O'Neill, [16]). For n # +1, the automorphism group of BS(1,n) is
Aut(BS(1,n)) = {pap | @ € Z[1/n]", B € Z[1/n]}
where, for a =k/n? and B = £/n? with k,{,p,q € Z, p,q >0, @a p is defined as

vap: BS(1,n) — BS(l,n)
(5) a +— a%=t"Pakp
t — aft=t"9akt!,

Moreover, Pai,p1 © Paz,Bz = Paraz,Braz+P2s and (900475)_1 = Pa~-1,—Ba~1-

Proof. It is clear that any automorphism ¢ € Aut(BS(1,n)) must be of the above form: it must
leave < a>> invariant (because it is the only normal subgroup in BS(1,n) with quotient isomorphic
to Z, since n # 1) and so, it must send a to an element with |ap|; = 0, i.e., of the form a®, for some
a € Z[1/n]; the necessity of the invertibility condition for « = k/nP € Z[1/n]* (just meaning that
k divides some power of n) will be seen later. On the other hand, ¢ induces an automorphism of Z
and so, it must send ¢ to an element with |tp|; = 1, ie., tp = a’t*1; however, to = at~! is not
compatible with the defining relation from BS(1,n),

(aﬁtfl)fl(ao‘)"(aﬁfl) — ta Pa"aPt! = tant~l = g™ #a“,

since a is of infinite order, and n # +1. Therefore, all automorphisms of BS(1,n) have the form .
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Let us see that every such ¢, g is, in fact, an endomorphism. It is straightforward to check it is
well defined, by proving the preservation of the defining relation:

Pa s
a = aq®

)
t~ta"t f (aﬁt)_l(aa)n(aﬁt) =t ta Pa"dPt = t71a"t = a°.
Now let us check that the composition ¢a, 8, © Pas.8, €qUAlS Yo as.81as+8,- 1IN fact, for oy =
kl/np17 51 = gl/nql and Qg = k2/np27 /62 = EQ/ana with ki7€iapiaQi S Za DPiy> 4 2 07 1= 1727 we
have

a W e TR (0P) TP (02) M (o) =

—P1 pP1
— o T B gk ) T Baypr

n—P1l_1
=a n—1

—py nPl—1

n—1 e

B2 an7”1 kias a®

n~Pl_1
—q n-1

Bataiaz+i= g, —

n—1

— %12
=a s

and
t wgﬂl 0 b+l 50‘3‘,3;32 (aﬂQt) —n (aa2)el (aﬂgt) atl _

—q1 _ q1+1_
_ an”i,llﬁzt*thaﬁazan"i,llﬁ2t!h+l _

n”91 -1 —q1 —qp nd1tlo1
— aﬁ52an 41042a7l T62t —

n_91 —1 n—n_"91

—q n-1 Ba+Bras+ " thz

— gProztPay

Therefore, @ao,.8; © Pas,8; = Poras,Bras+8s: 8 We wanted to see. In particular, such an endo-
morphism ¢, g is an automorphism if and only if there exists ¢os g such that ¢, g0 pa g =
Yoo Ba’+p = 1d, which in turn implies that aa’ = 1 in Z[1/n], and so « is invertible. Furthermore,
whenever a € Z[1/n]*, we have

Pa,B 0 Pa-1,-Ba~1 = Pa—1,—Ba1 ° Pa,g = P1,0 = Id.
This completes the proof. O

Finally, note that ¢, s maps an arbitrary element ot € BS(1,n) (with v = m/n" € Z[1/n],
m,r,c € Z, r > 0) to

(@) pap = (770" ) pa s = (a’t) "am (aP1) =
= a%ﬂt_"‘amaa%ﬁtr-‘rc =

n—" r —rnTte_q

(6) = aﬁﬁamn7 aan n—1 ﬂtc =

nfr—lﬂ+mn—7"a+ nu—nfr'yﬁtc _

= n—1 n—1

n€—1

= al/lx+ n—1 ﬂtc'
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2.3. The Conjugacy Problem in BS(1,n). Let us observe the role of inner automorphisms.
Left conjugation by an arbitrary element a’t" € BS(1,n), where 8 € Z[1/n], r € Z, works as

r

a — (aﬁtr) a (aﬁtr)_l =ad’t"at"a P = aPa" a P =",
t = (aﬁt") t (aBtT)_l =aPta=? = aPa Pt = 1Py,

That is, left conjugation by a’t" equals ©Onr (1—n)g- In particular, left conjugation by a equals
©1,1—n, and left conjugation by ¢ equals ¢y, 9. Therefore,

Inn(BS(1,n)) = {(paﬁ la=n"(reZ),se(l- n)Z[i]} = (Y1,1-n, Pn,0) JAut(BS(1,n)).

As a straightforward consequence, we can deduce the following solution to the Conjugacy Problem
for BS(1,n), a well-know classical result (see [I]):

Proposition 2.7. The Conjugacy Problem is solvable in BS(1,n).

Proof. Let a”'t®, a2t € BS(1,n) be two arbitrary elements, where v; = k;/nPi € Z[1/n] with
ki,pi, ¢ € Z, p; > 0,1 =1,2. By the previous analysis, ¢; = ¢y is a necessary condition for vy, vy
to be conjugated to each other; assume this and call it just ¢. Inverting the inputs, if necessary, we
can further assume ¢ > 0.

Since a¥it¢ = t~PighitPite ~ aFit¢ i = 1,2, we have that a”'t¢ ~ a"2t¢ if and only if a*1t¢ ~ a*2t°.
And, by equation @, this happens if and only if there exists § € Z[1/n] and r € Z such that
(7) ky = kin" — (n° —1)B.
For ¢ = 0 this will happen if and only if the integers k1 and ko differ, precisely, in a multiplicative
power of n; this is easily decidable by comparing the prime decompositions of k1, ks and n.

Assume ¢ > 1. Since n¢ — 1 is coprime to n, equation @ can only admit solutions with 5 € Z.
In this case, the two inputs are conjugate to each other if and only if

ky =kin” (mod n®—1)
for some r € Z. And checking this for r = 0,1,...,¢ — 1 is enough; this completes the proof. O

Remark 2.8. For later use, let us be more explicit here. Given the two elements above
a’1tt a*2t2 € BS(1,n), a necessary condition for them to be conjugated to each other is ¢; = ¢o
(call it ¢). In this case, a”*t¢ ~ a"2t¢ if and only if a¥1¢¢ ~ a*2t¢, which happens if and only if, for
some 1 € Z, we have ko = k1n” (mod n¢ — 1), understanding equality in Z, ko = kin", in the case
¢ = 0. This condition is easy to check, in practice.

3. THE TWISTED CONJUGACY PROBLEM IN BS(1,n)

Our goal in this section is to make a further step solving the Twisted Conjugacy Problem for
the groups BS(1,n). First, we record the following general and elementary fact, which is true in
an arbitrary group G. The proof is direct from the definitions.

Lemma 3.1. Let G be a group, u,v,w € G, p,v € Aut(G) and v, € Inn(G). Then, the following
are equivalent:

(a) u ~o U,
(b) ’Uﬂ/} ~p—loy 1”7[}7
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(c) wu ~vpy _, w,
(d) uw ~y o vw. O

Theorem 3.2. The Twisted Conjugacy Problem is solvable in BS(1,n).

Proof. Suppose we are given a fixed automorphism ¢, 3 € Aut(BS(1,n)), where a = k/nP €
Z[1/n)*, B =¢/n? € Z[1/n] with k,¢,p,q € Z, p,q > 0. Suppose we are also given two elements
u = a1t v =a"2t? € BS(1,n), where v; = m;/n" € Z[1/n] with m;,r;,¢; € Z, r; > 0,7 =1,2.
We have to decide whether a”*t“* and a*2t? are ¢, g-twisted conjugated to each other, i.e., whether

U~ v. Observe that, again, ¢; = co (call it just ¢) is an obvious necessary condition.

Po,B

Applying Lemma (a)e(d) with w =1¢7¢, and (a)<(b) with ¢ = v,-~ , we have that

_ _vig4cC Vo yC V1 Vo mi —(ro—r1) ,,moyra—r1
U=071" 5 G =0 S 07 Nyepa, @ S @ yriyepa,pr, - b a’?t -

Thus, adjusting the twisting automorphism appropriately, we are reduced to check twisted conju-
gation for inputs of the form u = a™*, v = t~"a™2t", with mq, mg,r € Z, r > 0.
Writing the possible ¢, g-twisted conjugator as g = a“t¢, v € Z[1/n], d € Z, and using equa-
tion (6]), we have
nd—
Gpa,s = a" T O
now, using Lemma [2.3{iv),

-1 — — 7ﬁ —d(_ 7nd71
(g@a,ﬁ) ug =1 da vaT T Bamlal’td =qaq" ( va— 3 B+M1+V).

Hence, u = a™ ~,_ , t7"a™?t" = v if and only if
ma 4 nt—1
n’ n—1
for some v € Z[1/n] and d € Z; rearranging and simplifying, we get

(n— Dmaon® + (n — Dn"v(a— 1)+ (n% — 1)n" = (n — 1)n"m;.

ﬁ+m1+1/a

Write v = y/n*, x,y € Z, x > 0, and apply the change of variable Z > z = d + z; our equation
becomes equivalent to the integral equation
B d B r Yy k—nP
(n—1Dman®+ (n—1)n e
(n — 1)mon®™ P4 4 (n — D)y(k — nP)n" T + (n% — 1)n" P = (n — 1)myn"tPHote,

(En”p +(n- 1)m1nr+p+q)nw + ((n - 1)(n? - k)nTJrq)y = ((n — 1)mgnP™? + €nr+p)nz.

1
+ (nd — 1)nrﬁ = (n—1)n"my,

From the data (namely k,p, ¢, q, mi,ma,7,n € Z, p,q,r > 0, n # £1) compute the three integers
A=tn"t? 4 (n — D)mn"tPTY, B=(n—-1)(n? —k)n"t9, C = (n—1)mgonP*e + (n" P,
Summarizing A, B,C € Z, and u = ™' and v = t~"a™?t" are ¢, g-twisted conjugated to each

other if and only if the equation
(8) An® + By = Cn*

has an integral solution, for the unknowns x,y,z € Z, with > 0. If B = +1 this is always the
case; so, assume B # +1.
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If C = 0 it is easy to check: if further B = 0 then equation has no solution unless A = 0; and
if B # 0 compute the finite set A" = {1,n,n?,...} C Z/BZ (by computing the successive powers of
n until obtaining the first repetition modulo B) and check whether the set AN contains 0 (mod B).

So, assume C # 0, write C = C'n® with s > 0 and C’ # 0 not being multiple of n, and note that
all possible solutions to equation have z > —s. So, with the change of variable Z 3 2/ = z + s,
is equivalent to

(9) An® + By = C'n*
for the unknowns z,y, 2’ € Z, with x, 2z’ > 0. Let us distinguish two more cases.

Case 1: B = 0. Our equation becomes An* = C’ nzl, which has the desired solution if and only
if A/C’ is a rational number being a (positive or negative) power of n. This can be checked by
looking at the prime factorizations of A, C’, and n.

Case 2: B # (0. Now, equation @ is equivalent to
An* =C'n®  (mod B),

for the unknowns z, 2’ € Z, with z, 2’ > 0. Compute the finite set N' = {1,n,n?,...} C Z/BZ (note
that there are infinitely many powers to compute, but they take only finitely many values modulo
B, so we only have to compute until getting the first repetition modulo B). Clearly, our equation
admits a solution if and only if the subsets AN and C'N from Z/BZ intersect non-trivially, a fact
which is easily decidable. This completes the proof. O

4. ORBIT DECIDABILITY FOR THE FULL Aut(BS(1,n))

In this section we are going to solve the Orbit Decidability Problem for the whole automorphism
group Aut(BS(1,n)), i.e., given two elements u,v € BS(1,n) we will decide whether there exists
©Ya,3 € Aut(BS(1,n)) such that up, g = v. Before, we need to remind a folklore algorithmic result
about the ring (Z[1/n],+,-). Note that, till now, we have considered Z[1/n] just as an additive
group, and Z[1/n]* as the (multiplicative) group of units of the ring (Z[1/n],+, ).

It is well known that, as a ring, Z[1/n] is a subring of the field of rational numbers Q, being itself
an Euclidean domain; in particular: (i) we have an easy algorithm to compute greatest common
divisors of elements in Z[1/n]; and (ii) Z[1/n] is a principal ideal domain; see [13] for a general basic
reference for these kind of commutative rings.

Proposition 4.1. There is an algorithm which, given «,0 € Z[1/n] decides whether the coset
a+ 0Z[1/n] (of the principal ideal generated by 0) contains an invertible element.

Proof. Note that generators of (principal) ideals in Z[1/n] work up to products by units of the
ambient ring. So, without loss of generality, we can assume 6 € Z. If 6 = 0 or § € Z[1/n]* the result
is immediate. So, assume J # 0 is multiple of some prime not appearing in the prime factorization
of n =p{" - ptm. The coset of interest is the subset

a+0Z[1/n] ={a+ 3| B € Z]1/n]} C Z[1/n].
So, given a = k/n" € Z[1/n], k,r € Z, r > 0, and given ¢ € Z with the above conditions, we have
to decide whether there exists x,z € Z, z > 0, such that

k T kn® + dxn”
_ +57 -

nr n? - nrJrz

e Z[1/n]*
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or, equivalently, kn* + dn"x belongs to Z[1/n]*. In other words, we have to decide whether there
exists x,z € Z, z > 0, such that the integer kn® + dn"x factorizes involving only the primes
{p1,...,pm}. In order to decide this, compute the finite sets

N ={1,n,n? ..} CZ/5Z,

for i =1,...,m (note that, as in the proof of Theorem above, both are finite and computable).
Compute also the finite set

P:{ylyM|y1€P1a7ymep’m}gZ/5Z7

and let us distinguish two cases: z > r and 0 < z < r.

e There exists x, z € Z, z > r, such that kn* + on"x is invertible in Z[1/n] if and only if there
exists z,2' € Z, 2/ > 0, such that kn? + dz € Z[1/n]*, and this happens if and only if kN
and P intersect non-trivially as subsets of Z/0Z.

e There exists 2,z € Z, 0 < z < r, such that kn* + on"z is invertible in Z[1/n] if and only
if there exists € Z such that at least one of k + én"x, ...,k + dn’x belongs to Z[1/n]*;
which is equivalent to the existence of « € Z such that k+ 0z € Z[1/n]*. And this happens
if and only if k£ € P (mod 9).

Clearly, these two conditions are decidable. This completes the proof. ([l
Theorem 4.2. The full automorphism group A = Aut(BS(1,n)) is orbit decidable.

Proof. We first recall from () that Aut(BS(1,n)) = {¢a,s | a € Z[1/n]*, B € Z[1/n]} and the
action on BS(1,n) is described by the equation (a"t%)¢, 5 = a”*" e Be,

Let w = a"t, v = a”2t® € BS(1,n) be two given elements, where v; = k;/nP* € Z[1/n],
ki,pisci € Z, p; > 0, i = 1,2. We have to decide whether v and v belong to the same orbit, i.e.,
whether ug, g = v, for some a € Z[1/n]* and some 8 € Z[1/n]. As observed above, ¢; = ¢ is a
necessary condition; let us assume this and just denote it by c¢. Replacing v and v by their inverses,
if necessary, we can assume c > 0.

Consider now the equation
vo = via+ up,
with unknowns « € Z[1/n]* and 8 € Z[1/n], and where p = 7;;:11 € Z < Z[1/n]. Using the fact
that Z[1/n] is an Euclidean domain, compute ged(vy, p); if vo is not multiple of it then, clearly, the
above equation has no solution and we are done. So assume it is and, simplifying ged(vq, ), we are

reduced to consider the equation
(10) vy = via+ B

where, now, ged(vi, ') = 1. Using Bezout’s identity, we can effectively compute a particular
solution to it, say ag, 8o € Z[1/n] satisfying

vh = viag + 1 Bo-
If, by chance, ag were invertible, aq, 8y would be a valid solution to our problem and we would
conclude that u and v belong to the same orbit. Otherwise, we need to run over all possible
alternative solutions to and check whether at least one of them has « invertible. Note that,
for any other possible solution to (10)), say v4 = v + i/, we have v{(a — ap) + /(8 — Bo) = 0
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and so (since ged(vf, 1) = 1), o — ap = A’ and S — By = —Avj, for some A € Z[1/n]. This means
that all solutions to are of the form

a = ap+ M\ }

B o= Po—A [’
for A € Z[1/n]. Tt remains to decide whether ag + Ay’ is invertible for some A € Z[1/n]. This can
be effectively done by Proposition 4.1 O

Theorem is the analog for BS(1,n) of the classical Whitehead’s result for free groups. As
explained in the introduction, the following is an immediate consequence via Theorem [1.1

Corollary 4.3. Let H be a torsion-free hyperbolic group (with m generators) and let p1,...,om €
Aut(BS(1,n)) be automorphisms such that (©1,...,om) = Aut(BS(1,n)). Then, the Conjugacy
Problem is solvable in any group of the form BS(1,n) Xy, . o, H. O

5. ORBIT DECIDABILITY FOR CYCLIC SUBGROUPS
In this final section we will prove orbit decidability for subgroups Inn(BS(1,n)) < A <

Aut(BS(1,n)) such that A/ Inn(BS(1,n)) is cyclic. This is the analog for BS(1,n) of Brinkman’s
result for free groups; see [5]. We remind that

Inn(BS(1,n)) = {(pa”g la=n"(reZ),Be(l- n)Z[i]} = (P1,1-n, ¥n,0) JAut(BS(1,n)).

So, our target subgroups are those of the form A = (¥1,1-n, ¥n.,0, Pao.8o) < Aut(BS(1,n)), for a
given ag € Z[1/n]* and Sy € Z[1/n].

Lemma 5.1. For any 1 # « € Z[1/n]*, 8 € Z[1/n], and r € Z, we have

(Pa,8)" = Por ar=1 4
For the special case o =1, we have (¢1.3)" = ¢1.r8-
Proof. The case a = 1 works by a straightforward induction.
Suppose « # 1. For r = 0,1 the equality is clear. For r» > 2, using induction, we have
-1
(a,8)" = a0 (Pas) ™ = Pap 0Py arioig =0, g arion g =

a”—1 .
a—1

= Par (@14 arlmtys = Par,
Finally, for » < —1 we apply Proposition [2.6| and the already proven formula for —r > 1, to get

(SDOAB)T = (gp;,lﬂ)ir = (¢a71’75a71)*7 = @(a71)77.,(a—1)7r,1 (_Ba,l) = (par,_oﬂ‘71ﬁ = war7ar*1 .

a—1_1 1—a a—1

This concludes the proof. O

Theorem 5.2. For any oy € Z[1/n]* and By € Z[1/n], the subgroup A = (p1,1-n, ©n,0, Pac.Bo) <
Aut(BS(1,n)) is orbit decidable.
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Proof. The values of ag € Z[1/n]* and By € Z[1/n] (i.e., the automorphism ¢, 5, € Aut(BS(1,n)))
are fixed along all the argument. Let now u = a”'t*, v = a*2t°> € BS(1,n) be two given elements,
where v; = k;/n? € Z[1/n], ki,pi,ci € Z, p; > 0, i = 1,2, and we have to decide whether uyp = v
for some ¢ € A= (Y1,1-n, Pn,0, Pay,B) < Aut(BS(1,n)). Equivalently, we have to decide whether
UW(Pay.8,)° ~ v, for some s € Z. Since a”it% ~ aFit¢ i = 1,2, this is equivalent to checking whether
(aF1t°1) (Pag,B,)° = (a*2t°?) @, (1-n)g, for some s € Z and some @, (1_pn)5 € Inn(BS(1,n)). As in
the previous section, ¢; = ¢s is a clear necessary condition for this to happen; so, let us assume this
equality, and denote it just by ¢ € Z; without loss of generality, we can further assume ¢ > 0.

To analyze this fact, Lemma gives us control on the powers (¢q,,3,)° Which, by equation @,
act over a*1t¢ as

n®—1 .
kltc . (akltc)(pLsBU — ak1+ — sBotc if Qo = 17
= s, nt_1ad—1
(@) (Pao.po) (a*1t%)p B=1g, = QFront =T so=ihoge i ap # 1.

07 og—110

On the other hand, an arbitrary conjugation ¢, (1_n)5, Where r € Z, 8 € Z[1], acts on a*2t¢ as

kon"+ 7'::11 (1—n)ﬁtc _ akgan(ncfl)ﬁtc.

(@2t )ppr (1-myp = @
Hence (given £1 # n € Z, k1, ka,c € Z, By € Z[1/n] and ag € Z[1/n]*), we have to decide whether
there exist 5,7 € Z and 8 € Z[1/n] such that (a*1°)(¢a,.5,)° = @™ ~ (=8¢, Let us distinguish
two cases ag = 1 and ag # 1.

If ap = 1 we have to decide whether there exist s,7 € Z and 8 € Z[1/n] such that

5Bo = kan" — (n° — 1),

C

n
k
1+ n—1

ie.,

(n—1)k1 + (n®—1)spy = (n — D)kan” — (n — 1)(n® — 1)B.
Rearranging, this is equivalent to
(11) An" 4+ Bs+ C = Dg,

where A = (1 — n)ks, B = (n° —1)8y, C = (n — 1)ky, and D = (1 — n)(n® — 1) are fixed (and
computable) elements from Z[1/n]. Note that 0 # D € Z and ged(D,n) = 1. If D = +£1 the
equation has obvious solutions (for r, s € Z and 8 € Z[1/n]); so, we can assume D # —1,0,1. Now,
construct the finite set

N ={1,n,n? ...} CZ[1/n]/DZ[1/n] ~ Z/DZ,
and observe that, since ged(n, D) = 1, the first repetition will happen against 1; hence, N' = {n”
(mod D) | r € Z}. We conclude that equation has a solution for s,r € Z and 8 € Z[1/n] if
and only if 0 belongs to the set AN + B(Z[1/n]/DZ[1/n])+{C} C Z[1/n]/DZ[1/n]. This is clearly
decidable.

Finally, for cg # 1 we have to decide whether there exist s, € Z and § € Z[1/n] such that

n—1laf—1
kiog + 0By = kan” — (n° —1)8,

n—1 ao—l
ie.,

(n—1)(ao — Dkrag + (n° = D) (ay — 1)Bo = (n — 1) (g — 1)kan” — (n — 1)(ag — 1)(n® — 1)5.
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Rearranging, this is equivalent to
(12) An" + Bag + C = Dp,

where, as in the previous case, A = (1 — n)(ag — 1)k2, B = (n — 1)(ao — 1)k1 + (n° — 1)5o,
C=—-(n°—1)fp, and D = (1 —n)(ag — 1)(n® — 1) # 0 are fixed (and computable) elements from
Z[1/n]. With a change of variable of the form 8 = v/’ for the appropriate unit v € Z[1/n]*, we can
assume that D € Z and ged(D,n) = 1. If D = £1 the equation has obvious solutions (for s,r € Z
and 8 € Z[1/n]); so, we can assume D # —1,0,1. Now, similarly to the previous case, construct
the finite sets

N ={1,n,n2,...} CZ[1/n]/DZ]1/n] ~ Z/DZ,

A={1,a0,03,...} CZ[1/n]/DZ[1/n] ~ Z/DZ,
where, again, the first repetition will happen against 1 in both cases, since ged(n, D) = ged (g, D) =
1; hence, N' = {n” (mod D) | r € Z} and A = {¢&f (mod D) | s € Z}. We conclude that
equation has a solution for s,r € Z and 8 € Z[1/n] if and only if 0 belongs to the set
AN + BA+{C} C Z[1/n]/DZ[1/n]. This is clearly decidable, concluding the proof. O

As in the previous section, the following is an immediate consequence via Theorem

Corollary 5.3. Let H be a torsion-free hyperbolic group (with m generators) and let p1,...,om €
Aut(BS(1,n)) be automorphisms such that (@1,...,¢m) < Out(BS(1,n)) is cyclic. Then, the
Congugacy Problem is solvable in any group of the form BS(1,n) X, . . H. |

6. QUESTIONS

At this point, a natural pending question about the group BS(1,n) is the following.

Question 6.1. What is the behavior of the finitely generated subgroups Inn(BS(1,n)) < A <
Aut(BS(1,n)) not covered in Theorems or[5.9 ? Are all of them orbit decidable? Or are
there some of them being orbit undecidable? In other words, is the Conjugacy Problem solvable
for all semidirect products of the form BS(1,n) Xy, .. o, H, with H torsion-free hyperbolic and
D1y om € Aut(BS(1,n))? Or are there some of them having unsolvable Conjugacy Problem?

It is known that Out(BS(1,n)) is virtually abelian and, in fact, metabelian as well, see [7]; more
concretely, in our notation, it is not difficult to see that the subgroup

<()0p1707 . ,(ppm,0> < Out(BS(l, n))

is abelian and has index n—1, where n = p{* - - - p&m is the prime factorization of n. So, the structure
of subgroups of Out(BS(1,n)) is relatively simple and this seems to point into the direction that
one should be able to understand their actions on the conjugacy classes of BS(1,n). From this
perspective, it may seem more reasonable to think that all subgroups of Aut(BS(1,n)) are orbit
decidable. However, we have not yet been able to prove this in full generality. As a possible negative
news, several recent papers like [11] and [12] point out some other algorithmic problems, apparently
not far from ours, which happen to be undecidable, in general, for metabelian groups, or even for
2 x 2 matrices over Q.

Question 6.2. Is the Twisted Conjugacy Problem solvable for an arbitrary Baumslag—Solitar group
BS(m,n)? In the affirmative case, can one follow a similar program and detect orbit decidable
and/or orbit undecidable subgroups of Aut(BS(m,n)) (together with the corresponding families of
semidirect products having solvable/unsolvable Conjugacy Problem)?
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This question seems much more ambitious since, in general, Aut(BS(m,n)) is much more com-
plicated and less known than Aut(BS(1,n)). For example, Collins—Levin [7] proved that, for m
multiple of n # 0,£1 but having the same set of prime divisors, the group Aut(BS(m,n)) is not
even finitely generated.
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