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We introduce the new notion of quotient-saturation as a measure of the immensity 
of the quotient structure of a group, and we prove that it is a necessary condition 
for a non-elementary finitely presented group to embed in a hyperbolic group.
More generally, we present a sufficient condition �- called Congruence Extension 
Property equipment (in short, CEP-equipment) �- for a finitely presented group to 
be quotient-saturated. Using this property, we deduce that non-elementary finitely 
presented subgroups of a hyperbolic group (in particular, non-elementary hyperbolic 
groups themselves) are quotient-saturated.
Finally, we elaborate on the previous results to extend the scope of CEP-equipment 
(and hence of quotient-saturation) to finitely presented acylindrically hyperbolic 
groups.
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1. Introduction

The notion of quotient by a normal subgroup is central in the algebraic study of groups, starting from 
the foundational result that every group is (isomorphic to) a quotient of a free group. From this point of 
view, we can get a reasonable measure of the internal complexity of a group G by looking at its lattice of 
quotients: the more quotients G has, or the more intricate its lattice of quotients is, the richer the internal 
structure of G will be. Of course, these kinds of sentences are only at the intuitive level, and one needs to 
state precise definitions and prove concrete results in order to provide them with real mathematical meaning. 
One of the contributions in this direction was made by Higman, introducing the notion of SQ-universality: 
a group G is SQ-universal if any countable group can be embedded in some quotient of G. The classical 
Higman–Neumann--Neumann theorem states that the free group of rank 2 (and so, any non-abelian free 
group) is SQ-universal.

In this paper we propose the new notion of quotient-saturated group (see Definition 2.2 below), also 
conveying the idea that ‘G has lots of quotients’, and we provide a broad family of examples of such groups. 
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This notion has been inspired by its dual, that of intersection-saturated group, previously introduced in [3] 
by the same authors Delgado, Roy, and Ventura. In short, a group is intersection-saturated if it contains 
families of subgroups satisfying any possible finite pattern of finitely generated or nonfinitely generated 
intermediate intersections.

Let G be a group and let rk(G) denote its rank (i.e., the minimum cardinality of a generating set for G). 
Of course, the obvious inequality rk(G/N) ≤ rk(G) is a first restriction for all quotients of G. In particular, 
any quotient of a finitely generated group is finitely generated as well. No analog of this fact works at 
the level of relations: a finitely related group (even the free group of rank 2) may have non finitely related 
quotients, and vice-versa, non finitely related groups may have finitely related quotients (the trivial quotient, 
for instance). We are interested in studying how rich a group G could be in terms of the finite presentability 
of its quotients. We will restrict ourselves to finitely generated groups G, where being finitely related is 
equivalent to being finitely presented.

Consider a finitely generated group G and its lattice of quotients 𝒬G, paying attention at which are finitely 
presented and which are not. Intuitively, the more types of sublattices 𝒬G has, the more sophisticated the 
internal structure of G will be. We will consider the extreme situation where all abstract finite lattices 
(together with the information at each vertex whether we want that quotient to be finitely related or not) 
embed in 𝒬G; we will refer to such a group G as quotient-saturated, see Definition 2.2 for the details.

While both SQ-universality and quotient-saturation assess the immensity of the lattice of quotients, we 
would like to emphasize that these approaches are different and somewhat complementary. Whereas SQ
universality is essentially a local property (asserting the existence of specific quotients covering a whole 
universe of cases), quotient-saturation is rather a global property (asserting the universality of possible 
relative arrangements between the quotients in the lattice). It is worth mentioning that every non-elementary 
hyperbolic group is both SQ-universal ([6, Theorem 1]) and quotient-saturated (see Corollary 3.6 below).

The paper is organized as follows: in Section 2 we remind the notion of directed acyclic graph (DAG), 
and we use it to establish the formal definition of quotient-saturated group; we also obtain a first partial 
result (Proposition 2.4) providing the seed for our arguments to obtain finitely presented quotient-saturated 
groups. In Section 3 we prove our main result (Theorem 3.5), providing a sufficient condition (called CEP 
equipment, see Definition 3.4) for a group to be quotient-saturated. As a consequence, we deduce that all 
non-elementary finitely presented subgroups of hyperbolic groups (in particular, non-elementary hyperbolic 
groups themselves) are quotient-saturated. As a nice corollary, this provides a new obstruction for a group 
to embed into a hyperbolic group. Finally, in Section 4 we extend our previous analysis to showing that 
finitely presented acylindrically hyperbolic groups are all quotient-saturated as well.

Throughout the paper, we adopt the following notation. Given a group G, and elements g, h ∈ G, we 
denote by gh = h−1gh the conjugate of g by h, and we extend this notation to subsets R,S ⊆ G writing 
RS = {rs | r ∈ R, s ∈ S}. The normal closure of R ⊆ G in G is ⟨ ⟨ R ⟩ ⟩G = ⟨RG⟩, namely the smallest normal 
subgroup of G containing R. For any cardinal n ≥ 0, the free group of rank n is denoted by Fn (or FA if we 
want to specify a free basis A).

2. Quotient-saturated groups

Let G be a finitely generated group and let N1, . . . , Nn ⊴ G be a finite collection of pairwise different 
normal subgroups of G. We can form a directed simple graph with set of vertices V = [n] = {1, . . . , n}, 
and having a directed edge (i, j) from i to j if and only if Ni < Nj (in this note, we use the symbol < to 
mean strict inclusion). Dually, we can think that vertex i represents the quotient group G/Ni, and edge 
(i, j) represents the proper canonical projection πi,j : G/Ni

 −→→G/Nj (proper because the normal subgroups 
Ni < Nj are different; in other words, we do not consider loops at any vertex representing the identity 
id : G/Ni → G/Ni). Note that, by construction, this is a directed graph containing no non-trivial directed 
closed paths.
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We recall that a directed (simple) graph, or digraph, is formally a pair Γ = (V,E), where V = V Γ is a 
nonempty set, called the set of vertices of Γ, and E = EΓ ⊆ V × V \ {(v, v) : v ∈ V }, called the set of 
(directed) edges of Γ (note that neither loops nor multiple edges with the same initial and terminal points 
are allowed). If e = (p, q) then we say that e is an edge from p to q. The order of a digraph is its number of 
vertices. We say that Γ is finite if its order is finite.

A (directed) path in a digraph is an alternating sequence of the form γ = v0e1v1e2v2 · · · ekvk, where the 
vi’s are vertices, the ei’s are directed edges, and ei = (vi−1, vi), for i = 1, . . . , k. Then, we say that γ is a 
path from v0 to vk of length k, namely the number of edges occurring in γ (with possible repetitions). Paths 
of length zero can be identified with vertices, and are called trivial paths. If the first and last vertex in a 
path coincide, we say that it is closed. A directed acyclic graph (a DAG, for short) is a digraph containing 
no non-trivial closed paths (a.k.a. cycles). Note that we are not requiring any kind of connectivity in the 
definition of a DAG; in particular, any edgeless graph is, certainly, a DAG.

In any DAG Γ, the existence of a directed path between vertices defines a partial order in V Γ: for 
u, v ∈ V Γ, u ≤Γ v if and only if there is a directed path v0e1v1e2v2 · · · ekvk in Γ from u = v0 to v = vk. 
Formally, this partial order is the reflexive-transitive closure of the relation describing (directed) adjacency 
in Γ. Recall that the transitive closure of a digraph Γ is the minimal transitive superdigraph of Γ.

As usual, we write u <Γ v to mean u ≤Γ v but u ̸= v. In both notations, ≤Γ and <Γ, we will omit the 
subscript whenever the underlying DAG Γ is clear.

Finally, a colored DAG is a 3-tuple Γ = (V,E, c) where (V,E) is a DAG and c : V → {0, 1} is a map 
assigning a 0/1 color to each vertex.

Definition 2.1. Let Γ = (V,E, c) be a colored DAG, and G be a finitely generated group. A (quotient) 
realization of Γ in G is an assignment of a normal subgroup Nv ⊴ G to each vertex v ∈ V Γ, in such a way 
that:

(i) for any two distinct vertices u ̸= v, we have Nu ̸= Nv;

(ii) for any two vertices u, v, we have u ≤ v if and only if Nu ⩽ Nv;

(iii) for any vertex v, the quotient group Gv = G/Nv is finitely presented if and only if c(v) = 0.
When such a realization exists we say that Γ is realizable in the group G, and that G admits a realization 
of Γ.

Definition 2.2. A finitely generated group G is said to be quotient-saturated if every finite colored DAG is 
realizable in G.

Note that a DAG Γ = (V,E) is realizable if and only if its transitive closure is realizable. We emphasize 
that conditions (ii) and (iii) are double implications: for any pair of vertices, u, v, (ii) requires that, whenever 
there is a directed path from u to v, then Nu ⩽ Nv; but also vice-versa: if there is no directed path from 
u to v then Nu must not be a subgroup of Nv. Similarly, in any realization of Γ, for each vertex v ∈ V , 
the quotient group Gv := G/Nv is required to be finitely presented if c(v) = 0, and not finitely-presented if 
c(v) = 1.

Alternatively, we can think that a realization attaches a quotient Gv of G to each vertex v ∈ V , being 
finitely presented or not according to the color c(v), and in such a way that non-trivial directed paths 
represent proper projection maps. Of course, the connection among these dual points of view is Nv =
ker(G  −→→Gv). Restricting ourselves to the cases where G is finitely presented, and using the following well
known fact, we can characterize the finite presentability of Gv = G/Nv purely in terms of the normal 
subgroup Nv; this will be convenient later.
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Lemma 2.3 (Miller III, [5, Thm.   2.10]]). Let Fn be a finitely generated free group, and R ⊆ Fn. If the quotient 
Fn/⟨ ⟨ R ⟩ ⟩ is finitely presented then there exists a finite subset R0 ⊆ R such that ⟨ ⟨ R0 ⟩ ⟩ = ⟨ ⟨ R ⟩ ⟩; in particular, 
Fn/⟨ ⟨ R ⟩ ⟩ = Fn/⟨ ⟨ R0 ⟩ ⟩. □

Clearly (since quotients of quotients are again quotients), if G2 is a quotient of G1 then every colored 
DAG realizable in G2 is also realizable in G1. In particular, if G2 is quotient-saturated then G1 is quotient
saturated as well. Hence, the question about existence of quotient-saturated groups (of rank n) reduces to 
whether free groups (of rank n) are quotient-saturated. In the next section, as a consequence of our main 
result, it will follow that non-abelian free groups are, in fact, quotient-saturated. At the moment, we can 
prove a first partial result in this direction: every finite colored DAG is realizable in a free group of big 
enough rank. To this purpose, we shall use the well-known fact that free factors of free groups �-that is, 
subgroups H ⩽ Fn whose bases can be extended to a basis of Fn, denoted by H ⩽ff Fn�- satisfy the property 
⟨ ⟨ R ⟩ ⟩H = H ∩ ⟨ ⟨ R ⟩ ⟩Fn for every subset R ⊆ H (see Remark 3.2 below).

Proposition 2.4. Any finite colored DAG of order n is realizable in the free group F2n.

Proof. Let us prove it by induction on n ≥ 1. For n = 1 the statement is true, since F2 admits both finitely 
presented and not finitely presented quotients (e.g., it is well known that the wreath product Z ≀Z = ⟨a, b |
[b, bai ], i ∈ N⟩ is not finitely presentable).

Fix n ≥ 2, suppose the result is true for colored DAG’s with less than n vertices, and let Γ be a colored 
DAG with n vertices. By finiteness, Γ has a (not necessarily unique) ≤-maximal vertex; choose one of them, 
i.e., a vertex w with no edges going out of it, and remove it from Γ together with the edges arriving to 
it. By induction, the obtained DAG Γ \ {w} admits a realization in F2n−2 = ⟨x1, x2, . . . , x2n−3, x2n−2⟩
by a certain family of normal subgroups Nu ⊴ F2n−2, u ∈ V (Γ \ {w}). In order to realize Γ in F2n =
⟨x1, x2, . . . , x2n−1, x2n⟩ = F2n−2 ∗ ⟨x2n−1, x2n⟩, consider the following assignment of normal subgroups of 
F2n to the vertices of Γ:

N ′
u =

⎧⎪⎨
⎪⎩

⟨ ⟨ Nu, x2n−1, x2n ⟩ ⟩F2n if u ̸= w ̸> u,

⟨ ⟨ Nu ⟩ ⟩F2n if u ̸= w > u,

⟨ ⟨ x1, . . . , x2n−2, R ⟩ ⟩F2n if u = w,

(2.1)

where R = {x2n−1} if c(w) = 0, and R = ker(⟨x2n−1, x2n⟩  −→→L) if c(w) = 1, with L being a two-generated not 
finitely presented group (like the wreath product Z ≀Z mentioned above). In other words, if Gu = F2n−2/Nu

are the quotients given by the realization of Γ\{w} from the induction hypothesis, we are defining G′
u = Gu

if u ̸= w ̸> u, G′
u = Gu ∗ ⟨x2n−1, x2n⟩ ≃ Gu ∗ F2 if u ̸= w > u, and G′

w = ⟨x2n−1, x2n | R ⟩ (isomorphic to Z
if c(w) = 0, and to L if c(w) = 1).

To see that this is a correct realization for Γ, let us prove properties (i), (ii), and (iii). Note that, since 
F2n−2 ⩽ff F2n, we have N ′

u ∩F2n−2 = Nu, for u ̸= w; so, for any two old vertices u, v ̸= w, N ′
u = N ′

v implies 
Nu = Nv which implies u = v. Also, if u ̸= w ̸> u we have x2n ∈ N ′

u while x2n ̸∈ N ′
w (obviously if c(w) = 0, 

and because L would be cyclic and so finitely presented if c(w) = 1 and x2n ∈ N ′
w); and if u ̸= w > u, N ′

u

contains no non-trivial word from ⟨x2n−1, x2n⟩, while N ′
w always does. Therefore, N ′

w ̸= N ′
u and (i) follows.

To see (ii), take two old vertices u, v ̸= w: by hypothesis, if u ≤ v then Nu ⩽ Nv and so, N ′
u ⩽ N ′

v (note 
that u ̸= w ̸> u and v ̸= w > v cannot happen simultaneously). Conversely, if N ′

u ⩽ N ′
v then, intersecting 

with F2n−2, we have Nu ⩽ Nv and so, u ≤ v. Moreover, if u ̸= w ̸> u then x2n ∈ N ′
u but x2n ̸∈ N ′

w so, 
N ′

u ̸⩽ N ′
w; and if u ̸= w > u then N ′

u = ⟨ ⟨ Nu ⟩ ⟩F2n ⩽ ⟨ ⟨ x1, . . . , x2n−2 ⟩ ⟩F2n < N ′
w. This completes the proof of 

(ii).
Finally, (iii) is clear: for any old vertex u ̸= w, G′

u = F2n/N
′
u is isomorphic to either Gu (if u ̸= w ̸> u) 

or to Gu ∗ ⟨x2n−1, x2n⟩ (if u ̸= w > u); in both cases, G′
u is finitely presented if and only if Gu is so, which, 
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by induction, happened if and only if c(u) = 0. On the other hand, by construction, G′
w = ⟨x2n−1, x2n | R⟩

is isomorphic to Z, if c(w) = 0, and to L if c(w) = 1; hence, it is finitely presented (in fact, infinite cyclic) 
if and only if c(w) = 0.

Thus, the normal subgroups defined in (2.1) realize Γ in F2n, completing the induction step. □
Remark 2.5. As a corollary of Proposition 2.4, one is tempted to deduce that the free group of countable 
rank, Fℵ0 = F{a1,a2,...}, is quotient-saturated. This intuition is correct, but there is a subtle detail to highlight 
here. We can generalize Definitions 2.1 and 2.2 to non finitely generated ambient groups G in two different 
ways: taking condition (iii) verbatim, or replacing it by:
(iii’) for any vertex v, the quotient group Gv = G/Nv is finitely related if and only if c(v) = 0.

Both are equivalent when G is finitely generated, but not equivalent otherwise. An easy adaptation of the 
proof of Proposition 2.4 shows that Fℵ0 is quotient-saturated in both senses: given a finite DAG Γ of order 
|V Γ| = n, realize Γ in F2n ⩽ff Fℵ0 by certain normal subgroups Nv ⊴ F2n, v ∈ V Γ, and then replace 
them by N ′

v = ⟨ ⟨ Nv, x2n+1, x2n+2, . . .⟩ ⟩Fℵ0
⊴ Fℵ0 . Since each quotient Fℵ0/N

′
v is finitely generated, it will 

be finitely presented if and only if it is finitely related (which happens if and only if c(v) = 0). For a 
non finitely generated group G these two notions of realizability (and hence the corresponding notions of 
quotient-saturation) do not coincide in general.

The main idea in the proof of Proposition 2.4 is to iteratively extend the realization from smaller to 
bigger DAG’s, vertex by vertex, by using two fresh ambient generators to accommodate each new vertex. 
Since this would require a number of ambient generators growing with the order of the DAG, this strategy 
is incompatible with a finitely generated ambient group.

Instead, in the next section, we will adopt a different strategy. In order to provide a large family of 
examples of finitely presented quotient-saturated groups, we will make use of a strong result by Olshanskii.

3. The main result

Let us pay closer attention to the technical property we have used in the proof of Proposition 2.4 about 
normal closures. In general, whenever we have an extension of groups H ⩽ G, and a subset R ⊆ H, 
the inclusion ⟨ ⟨ R ⟩ ⟩H ⩽ H ∩ ⟨ ⟨ R ⟩ ⟩G always holds, while equality is not necessarily true. Not even in free 
groups: take, for example, G = F{a,b} the rank two free group with basis {a, b}, H = ⟨a, b−1ab⟩ and 
R = {b−1ab}; since H is again a rank two free group (this time with basis {a, b−1ab}) we have that 
⟨ ⟨ R ⟩ ⟩H = ⟨a−nb−1aban, n ∈ Z⟩ < H, whereas H ∩ ⟨ ⟨ R ⟩ ⟩G = H ∩ ⟨ ⟨ a ⟩ ⟩G = H. This property about normal 
closures was already considered in the literature for other purposes.

Definition 3.1. An extension of groups, H ⩽ G, is said to satisfy the Congruence Extension Property (is 
CEP, for short) if, for every subset R ⊆ H, ⟨ ⟨ R ⟩ ⟩H = H ∩ ⟨ ⟨ R ⟩ ⟩G.

The proper way to understand CEP is as follows: since ⟨ ⟨ R ⟩ ⟩H ⩽ ⟨ ⟨ R ⟩ ⟩G, the natural inclusion ι : H ↪→ G

descends to a well-defined group homomorphism ι : H/⟨ ⟨ R ⟩ ⟩H → G/⟨ ⟨ R ⟩ ⟩G, making the corresponding 
diagram commutative:

H G

H/⟨ ⟨ R ⟩ ⟩H G/⟨ ⟨ R ⟩ ⟩G

ι

πH ↺ πG

ι

(3.1)

Note that ι is injective if and only if ⟨ ⟨ R ⟩ ⟩H = ker(πH) = ker(πHι) = ker(ιπG), i.e., if and only if
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⟨ ⟨ R ⟩ ⟩H = H ∩ ⟨ ⟨ R ⟩ ⟩G. (3.2)

In short, the extension H ⩽ G has CEP if and only if the commutative diagram (3.1) yields an injective 
map ι for every R ⊆ H.

It is straightforward to see that the property of being CEP is transitive: for H ⩽ K ⩽ G, if H ⩽ K is 
CEP and K ⩽ G is CEP, then H ⩽ G is CEP as well. Moreover, if H ⩽ G is CEP then H ⩽ K is CEP as 
well.

Remark 3.2. From the discussion above, free factors in free groups are CEP: if Fn = L ∗H then, for every 
R ⊆ H, Fn/⟨ ⟨ R ⟩ ⟩Fn = L ∗H/⟨ ⟨ R ⟩ ⟩H and the above homomorphism ι, sending h⟨ ⟨ R ⟩ ⟩H to h⟨ ⟨ R ⟩ ⟩Fn , is clearly 
injective. Olshanskii proved in [6] (see Theorem 3.3 below) that CEP shows up also in other situations far 
from free factors: for any hyperbolic group G, and any non-elementary subgroup D ⩽ G, one can find a 
free subgroup H ⩽ D ⩽ G of any desired rank n ∈ [2,ℵ0] such that H ⩽ D is CEP. This will be a crucial 
ingredient to prove our main result.

Theorem 3.3 (Olshanskii, [6, Thm.   3]). For any hyperbolic group G, any non-elementary subgroup D ⩽ G, 
and any 2 ≤ n ≤ ℵ0, there exists a rank n free subgroup H ⩽ D ⩽ G such that H ⩽ G is CEP (and so, 
H ⩽ D is CEP). □

As a consequence observe that, for a group G, the existence of non-abelian free subgroups Fn ≃ H ⩽ G

such that H ⩽ G is CEP does not depend on the specific rank 2 ≤ n ≤ ℵ0: certainly, if G contains a CEP 
subgroup H ⩽ G isomorphic to Fn, we can always select a free factor of rank two, F2 ⩽ff Fn ≃ H ⩽ G and, 
by transitivity, it will be a free CEP subgroup of G of rank two. And, conversely, if G contains a free CEP 
subgroup of rank two, F2 ≃ H ⩽ G, applying Olshanskii Theorem 3.3, we can select inside H a free CEP 
subgroup of any desired rank 2 ≤ n ≤ ℵ0, Fn ⩽ F2 ≃ H ⩽ G which, again by transitivity, will also be CEP 
as a subgroup of G. This group property turns out to be sufficient for a finitely presented group G to be 
quotient saturated: this is our main result.

Definition 3.4. A group G is CEP-equipped if it contains free non-abelian CEP subgroups (of some, and 
hence any, rank 2 ≤ n ≤ ℵ0).

Theorem 3.5. Let G be a finitely presented group. If G is CEP-equipped then G is quotient-saturated.

Proof. Let G ≃ ⟨X | S ⟩ = F(X)/⟨ ⟨ S ⟩ ⟩F(X) be a finite presentation for G, i.e., X is a finite alphabet, F(X)
is the free group on X, and S ⊆ F(X) is a finite set of relations. Denote by : F(X)  −→→G, w ↦→ w, the 
quotient map.

Fix a finite colored DAG, Γ = (V,E, c), write n = 2|V |, and let us find a realization of Γ in the group 
G. By hypothesis, G contains a rank n free CEP subgroup Fn ≃ H ⩽ G. And, by Proposition 2.4, Γ admits 
a realization in H, say, by some normal subgroups Nv = ⟨ ⟨ Rv ⟩ ⟩H ⊴ H ⩽ G, v ∈ V , where Rv ⊆ F(X)
are certain (not necessarily finite) sets of words with Rv ⊆ H ⩽ G. However, by Lemma 2.3 and passing 
to an appropriate finite subset when necessary, we can assume |Rv| < ∞ whenever Hv = H/Nv is finitely 
presented, i.e., whenever c(v) = 0.

Let us replicate this realization, but using the appropriate normal subgroups in G instead of normal 
subgroups in H. Attach to every vertex v ∈ V the subgroup N ′

v = ⟨ ⟨ Rv ⟩ ⟩G ⊴ G. Clearly, if u ̸= v

then ⟨ ⟨ Ru ⟩ ⟩H = Nu ̸= Nv = ⟨ ⟨ Rv ⟩ ⟩H and hence N ′
u = ⟨ ⟨ Ru ⟩ ⟩G ̸= ⟨ ⟨ Rv ⟩ ⟩G = N ′

v (recall that we have 
⟨ ⟨ Ru ⟩ ⟩H = H ∩ ⟨ ⟨ Ru ⟩ ⟩G and ⟨ ⟨ Rv ⟩ ⟩H = H ∩ ⟨ ⟨ Rv ⟩ ⟩G, because H ⩽ G is CEP). This shows property (i).

If u ≤ v then Nu ⩽ Nv and hence N ′
u = ⟨ ⟨ Ru ⟩ ⟩G = ⟨ ⟨ Nu ⟩ ⟩G ⩽ ⟨ ⟨ Nv ⟩ ⟩G = ⟨ ⟨ Rv ⟩ ⟩G = N ′

v. Conversely, if 
N ′

u ⩽ N ′
v then, intersecting with H, we get Nu ⩽ Nv and so, u ≤ v. This shows property (ii).
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Finally, we claim that the quotient Gv = G/⟨ ⟨ Rv ⟩ ⟩G is finitely presented if and only if Hv = H/⟨ ⟨ Rv ⟩ ⟩H
is so. In fact, if Hv is finitely presented then, by construction, |Rv| < ∞ and

Gv = G/⟨ ⟨ Rv ⟩ ⟩G ≃ F(X)/⟨ ⟨ S ∪Rv ⟩ ⟩F(X)

is finitely presented as well, since |S ∪ Rv| ⩽ |S| + |Rv| < ∞. Conversely, suppose that Gv ≃ F(X)/⟨ ⟨ S ∪
Rv ⟩ ⟩F(X) is finitely presented. By Lemma 2.3, there is a finite subset Tv ⊆ S ∪ Rv ⊆ F(X) such that 
⟨ ⟨ Tv ⟩ ⟩F(X) = ⟨ ⟨ S ∪ Rv ⟩ ⟩F(X). Now, projecting this subgroup equality down to G, we get ⟨ ⟨ Tv ⟩ ⟩G = ⟨ ⟨ S ∪
Rv ⟩ ⟩G = ⟨ ⟨ Rv ⟩ ⟩G. Finally, note that the possible elements from Tv which belong to S vanish in Tv so, 
Tv ⊆ {1} ∪Rv ⊆ H and, since H ⩽ G is CEP,

⟨ ⟨ Tv ⟩ ⟩H = H ∩ ⟨ ⟨ Tv ⟩ ⟩G = H ∩ ⟨ ⟨ Rv ⟩ ⟩G = ⟨ ⟨ Rv ⟩ ⟩H .

Therefore, Hv = H/⟨ ⟨ Rv ⟩ ⟩H = H/⟨ ⟨ Tv ⟩ ⟩H is finitely presented as well. This shows property (iii) and com
pletes the proof that the above N ′

v’s determine a realization of Γ in G. Since this is valid for every finite 
colored DAG Γ, the group G is quotient-saturated. □

Using Olshanskii Theorem 3.3, we obtain the first known explicit examples of finitely presented quotient
saturated groups.

Corollary 3.6. Any non-elementary finitely presented subgroup D of a hyperbolic group G (and hence any 
non-elementary hyperbolic group itself) is quotient-saturated.

Proof. By Olshanskii Theorem 3.3, there exists a free subgroup H of any desired rank 2 ≤ n ≤ ℵ0, 
H ⩽ D ⩽ G, such that H ⩽ D is CEP; therefore, D is CEP-equipped. Now, by Theorem 3.5, D is 
quotient-saturated. □

Of course, as particular cases, non-abelian free groups Fn of all possible ranks n ≥ 2 are also quotient
saturated.

Remark 3.7. Obviously, if G is finitely generated and admits F2 as a quotient then it is quotient-saturated. 
We remark that the converse is far from true: even groups having neither F2 nor even F1 = Z as a quotient 
may be quotient-saturated: perfect hyperbolic groups, for example; one can easily construct such groups by 
writing a finite presentation with a set of relations satisfying C ′(1/6) (so, presenting a hyperbolic group), 
but having trivial abelianization, Gab = 1.

Finally, we highlight the following corollary providing a new theoretical obstruction for a group D to 
embed into a hyperbolic group; we think this could be of independent interest.

Corollary 3.8. Non-elementary, finitely presented, non quotient-saturated groups D do not embed in any 
hyperbolic group G. □

In particular, non-elementary finitely presented just infinite groups (including infinite simple groups) and 
non-elementary finitely generated nilpotent groups do not embed in hyperbolic groups.

4. Acylindrically hyperbolic groups are quotient saturated

In this final section, we will further leverage our main result to extend the realm of quotient-saturated 
groups beyond non-elementary, finitely presented subgroups of hyperbolic groups.
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The profound significance of hyperbolic groups, introduced by Gromov in 1987, has generated several 
attempts at generalization. In the 2010’s, the family of acylindrically hyperbolic groups was introduced 
by Denis Osin in [7]: although greatly extending the family of hyperbolic groups, one can prove that 
acylindrically hyperbolic groups still satisfy lots of properties with hyperbolic flavor. As we will see in this 
section, CEP-equipment is one of them.

An action by isometries of a group G on a metric space S is called acylindrical if, for every ϵ > 0, 
there exist R,N > 0 such that, for every two points x, y ∈ S with d(x, y) ≥ R, we have the inequality 
|{g ∈ G | d(x, gx) ≤ ϵ and d(y, gy) ≤ ϵ}| ≤ N (this definition was introduced by Bowditch in [1], while the 
notion of acylindricity for actions on trees dates back to Sela [8]). A group G is acylindrically hyperbolic if it 
admits a non-elementary acylindrical action on a hyperbolic space (recall that an action of a group G on a 
hyperbolic space S is elementary if the limit set of G on ∂S contains at most 2 points). We refer the reader 
to [7] for an introduction to acylindrically hyperbolic groups. This is a family of groups greatly extending 
that of non-elementary hyperbolic groups. A list of prominent examples of acylindrically hyperbolic groups 
follows (see [7] for more details and references):

(a) non-elementary subgroups of hyperbolic groups (since their natural action on the Cayley graph of 
its ambient hyperbolic group is non-elementary and free);

(b) non-virtually-cyclic relatively hyperbolic groups with proper peripheral subgroups;

(c) the mapping class group MCG(Σg,p) of a closed surface of genus g with p punctures, except for the 
cases g = 0 and p ≤ 3 (these exceptions are finite groups);

(d) Out(Fn) for n ≥ 2;

(e) every right-angled Artin group which is neither cyclic nor directly decomposable;

(f) 1-relator groups with 3 or more generators;
The goal of the present section is to prove that every finitely presented acylindrically hyperbolic group 

is quotient-saturated. This clearly extends Corollary 3.6 since many significant subfamilies of groups in the 
above list contain Z2 and so, they do not embed into any hyperbolic group. Our goal will follow from a few 
known results about acylindrically hyperbolic groups, plus a property known to experts but, apparently, 
not included in the existing literature.

Dahmani–Guirardel--Osin introduced the notion of a hyperbolically embedded subgroup H in a group 
G, denoted H ↪→h G (the precise definition is a bit technical and not relevant for our purposes; see [2, 
Def. 2.1]); it turned out to be equivalent to acylindrical hyperbolicity in the following terms:

Theorem 4.1 (Osin, [7, Thm.   1.2]). For any group G, the following conditions are equivalent:
(a) G is acylindrically hyperbolic;

(b) G contains a proper infinite hyperbolically embedded subgroup, H ↪→h G. □
Relating these two notions, they showed the following two results, clearly connecting with our interests.

Theorem 4.2 (Dahmani–Guirardel--Osin, [2, Thm.   2.24]). Let G be an acylindrically hyperbolic group. Then, 
for any n ∈ [2,∞), G contains a hyperbolically embedded subgroup Fn×K ≃ H ↪→h G, where |K| < ∞. □
Definition 4.3. An extension of groups, H ⩽ G, is said to be almost-CEP if there exists a finite subset 
S ⊆ H \ {1} such that, for every R ⊆ H with S ∩ ⟨ ⟨ R ⟩ ⟩H = ∅, we have ⟨ ⟨ R ⟩ ⟩H = H ∩ ⟨ ⟨ R ⟩ ⟩G.

Theorem 4.4 (Dahmani–Guirardel--Osin, [2, Thm.   2.27(a)]). Let G be a group. Every hyperbolically embed
ded subgroup H ↪→h G is almost-CEP. □
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The following improvement of Theorem 4.4 is known to experts but does not seem to be present in the 
literature. We include a proof for completeness.

Proposition 4.5. Acylindrically hyperbolic groups G are CEP-equipped.

Proof. It suffices to find a free rank 2 CEP subgroup of G. By Theorem 4.2 with n = 2, and Theorem 4.4, 
we have a subgroup H ⩽ G such that H = H ′ × K with H ′ ≃ F2, |K| < ∞, and with H ⩽ G being 
almost-CEP, i.e., there is a finite subset S ⊆ H \ {1} satisfying ⟨ ⟨ R ⟩ ⟩H = H ∩ ⟨ ⟨ R ⟩ ⟩G, for every R ⊆ H with 
S ∩ ⟨ ⟨ R ⟩ ⟩H = ∅. Now, since H ′ is residually finite (see [4]) and the intersection of finitely many finite index 
normal subgroups of F2 is again normal of finite index, it contains a normal finite index subgroup N ⊴ H ′

such that S ∩N = ∅. And, by Olshanskii’s Theorem 3.3, there is M ⩽ N such that M ≃ F2 and M ⩽ H ′ is 
CEP.

Now, we claim that the extension M ⩽ G is CEP. In fact, we have M ⩽ N ⊴ H ′ ⩽ H ′ ×K = H ⩽ G

and, for every R ⊆ M , ⟨ ⟨ R ⟩ ⟩H = ⟨ ⟨ R ⟩ ⟩H′ ⩽ N (since H ′ and K commute) and so, S∩⟨ ⟨ R ⟩ ⟩H = ∅. Therefore, 
⟨ ⟨ R ⟩ ⟩H = H ∩ ⟨ ⟨ R ⟩ ⟩G and hence, ⟨ ⟨ R ⟩ ⟩M = M ∩ ⟨ ⟨ R ⟩ ⟩H′ = M ∩ ⟨ ⟨ R ⟩ ⟩H = M ∩H ∩ ⟨ ⟨ R ⟩ ⟩G = M ∩ ⟨ ⟨ R ⟩ ⟩G. 
This proves that M ⩽ G is CEP, concluding the proof. □

Our final claim follows directly from Proposition 4.5 and Theorem 3.5.

Theorem 4.6. Finitely presented acylindrically hyperbolic groups are quotient-saturated. □
To conclude this note we remark that the converse of this last result is not true. In fact, F2 × F2 is 

quotient-saturated (as it admits F2 as a quotient), but not acylindrically hyperbolic since it is a direct 
product of two infinite groups (see [7, Cor. 7.3(b)]).
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