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Abstract. Given a finitely generated subgroup H of a free group F , we present
an algorithm which computes g1, . . . , gm ∈ F , such that the set of elements g ∈ F ,
for which there exists a non-trivial H-equation having g as a solution, is, precisely,
the disjoint union of the double cosets H ⊔ Hg1H ⊔ · · · ⊔ HgmH. Moreover, we
present an algorithm which, given a finitely generated subgroup H ⩽ F and an
element g ∈ F , computes a finite set of elements from H ∗ ⟨x⟩ (of the minimum
possible cardinal) generating, as a normal subgroup, the “ideal” IH(g) ⊴H ∗ ⟨x⟩
of all “polynomials” w(x), such that w(g) = 1. The algorithms, as well as the
proofs, are based on the graph-theoretic techniques introduced by Stallings and
on the more classical combinatorial techniques of Nielsen transformations. The
key notion here is that of dependence of an element g ∈ F on a subgroup H.
We also study the corresponding notions of dependence sequence and dependence
closure of a subgroup.

1. Introduction

The following is a basic question studied in classical algebra: given a field extension
L/K (L over K) and an element α ∈ L, is α algebraic over K, i.e., does there exist
a non-trivial polynomial with coefficients in K, say p(x) ∈ K[x], such that p(α) = 0,
or, otherwise, is α transcendental over K? Moreover, when α is algebraic over K,
it is interesting to study the set of all polynomials over K annihilating α, namely
IK(α) = {p(x) ∈ K[x] | p(α) = 0} ⊆ K[x]. As is well known, IK(α) is a principal
ideal of K[x], IK(α) = mα(x)K[x], whose unique monic generator mα(x) is called
the minimal polynomial of α over K. An interesting algorithmic problem is then to
compute mα(x) in terms of α.

Analogous questions can be asked and studied in the context of group theory,
where answers and algorithms turn out to be much more complicated. Here, we
start with an extension of groups H ⩽ G and an element g ∈ G. The analog of the
“ring of polynomials over K” is the free product H ∗ ⟨x⟩ ≃ H ∗Z, and the analog of
the “ideal of polynomials annihilating α” is the normal subgroup IH(g)⊴H ∗ ⟨x⟩ of
all “polynomials” w(x) ∈ H ∗ ⟨x⟩, such that w(g) = 1. In the present paper, after
some general considerations, we concentrate on extensions of free groups, H ⩽ F ,
where H is finitely generated, and analyze both the set of elements in F being
algebraic over H, and the set of equations over H satisfied by a given g ∈ F . We
give the precise definitions below.

Let G be a group and H ⩽ G. A univariate equation over H (or an H-equation,
for short) is a “polynomial equation” of the form

(1.1) w(x) = 1,
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where w(x) ∈ H ∗ ⟨x⟩, the free product of H and the free abelian group of rank 1
generated by the variable x. That is, w(x) is an expression of the form

(1.2) w(x) = h0x
ε1h1x

ε2 · · ·hd−1x
εdhd,

where εi = ±1 and hi ∈ H. We assume that the equation is non-trivial, i.e.,
w(x) ∈ H ∗ ⟨x⟩ \ {1}, and that it is in reduced form, i.e., εi = εi+1 whenever hi = 1,
for i = 1, . . . , d − 1. The degree of the equation w(x) = 1 (or of the polynomial

w(x)), when written in reduced form, is d =
∑d

i=1 |εi|. The equation is balanced

if
∑d

i=1 εi = 0. It is standard to group together into higher exponents the various
possible consecutive occurrences of x with trivial elements in between; for example,
h1x

2h2x
−2 stands for h1x1xh2x

−11x−1, a balanced equation of degree 4. An element
g ∈ G is a solution to equation (1.1) if w(g) = 1, that is, the element of G resulting
in substituting g for x in the expression (1.2) is the trivial group element.

The area of Group Theory studying equations and their solutions is known as
algebraic geometry over groups ; see [4]: the elements of H ∗ ⟨x⟩ (or, more generally,
of H ∗ ⟨x1, . . . , xn⟩ in the case of multivariate equations) are the analog of non-
commutative polynomials. Following the language from [4], a normal subgroup
I ⊴ H ∗ ⟨x1, . . . , xn⟩ is called an ideal, and the set of its common zeros (i.e., the
subset of Gn of common solutions to the set of equations {w(x) = 1 | w(x) ∈ I})
is an algebraic set. There is a vast body of literature about the general problem
of solving equations (univariate or multivariate) in a group G; see [4, 5, 11, 18, 19]
and the references therein. A typical question is to decide, given an equation (or a
system of equations), whether it has a solution in G or not and, in the positive case,
to describe the set of all such solutions and its structure. Two of the main results
in this direction are Makanin’s and Razborov’s theorems, which analyze the case
of free groups: the first one (see Makanin [11]) solves the decidability part of the
problem, while the second one (see Razborov [18, 19]) provides a kind of compact
algorithmic description of all solutions, in case they exist. These are two very deep
results, with intricate proofs, and having numerous important applications.

Here, we restrict ourselves to univariate equations and to free groups. In this
particular case, the description of solution sets is much simpler: Bormotov, Gilman
and Myasnikov [5] use reduction techniques from formal language theory to show
that the solution set to a single equation of degree greater than 1 is either the whole
group or a finite union of sets of the form {g1gn2 g3 | n ∈ Z}. They also give a
polynomial time algorithm for computing this solution set.

In contrast, we adopt here a kind of dual point of view. Instead of studying
the solution set to a given equation in a group G, we fix a subgroup H ⩽ G and
are interested in the set of all solutions in G of all possible equations over H. In
addition, given an element g ∈ G, we study the set of equations over H satisfied by
g, namely the ideal IH(g) = {w(x) ∈ H ∗ ⟨x⟩ | w(g) = 1} ⊴ H ∗ ⟨x⟩: Is it trivial
or not? And, if not, can we compute a finite set of generators for it (as a normal
subgroup)? We shall answer and give algorithms for these and related questions,
when the ambient group G is a free group.

The fundamental notion here is that of dependence of an element g ∈ G on a
subgroup H ⩽ G, first introduced in Rosenmann [22]:

Definition 1.1. Let G be a group, H ⩽ G a subgroup, and g ∈ G an element. We
say that g is dependent on H if there exists a non-trivial H-equation w(x) = 1 that
is satisfied by g. More generally, g is dependent on a subset S ⊆ G if it is dependent
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on the subgroup H = ⟨S⟩. We denote by depG(H) the set of elements in G that
depend on H, and by DepG(H) = ⟨depG(H)⟩, the subgroup they generate, called
the dependence subgroup of H. When there is no risk of confusion, we shall delete
the subscript G from the notation.

Remark 1.2. The notion of dependence, as given above, naturally suits free groups
(as defined in [22], and as studied here). However, other possible definitions suit
better in other contexts. For example, when G is an abelian group and 1 ̸= H ⩽ G
then every g ∈ G satisfies the equation hxh−1x−1 = 1 (for each h ∈ H) and so, it
is dependent on H. Here, we may define an element g to be dependent on H if it
satisfies an equation of the form xnh = 1, n ∈ Z\{0}, h ∈ H. When G is free abelian
and H is finitely generated then this definition is equivalent to rk (⟨H, g⟩) ⩽ rk (H).
As seen below (Proposition 2.1), the latter is also equivalent to Definition 1.1 in the
case of free groups.

Remark 1.3. Clearly, H ⊆ depG(H) ⊆ DepG(H) ⩽ G but, in general, depG(H) is
not a subgroup. Also, when H ⩽ K ⩽ G, we have depK(H) = K ∩ depG(H) and
DepK(H) ⩽ K∩DepG(H), where the inclusion may be strict. We shall see examples
of these situations in the free context; see Examples 2.2.

Examples 1.4. (i) If g ∈ H then g is dependent on H, satisfying the equation
g−1x = 1 (also gx−1 = 1) of degree 1.

(ii) If g /∈ H but Hg ∩H ̸= 1 then g is dependent on H, satisfying the balanced
equation x−1hxh′−1 = 1 of degree 2, where h, h′ ∈ H are such that g−1hg =
h′. It follows that if {1} ≠ H ⊴G is a nontrivial normal subgroup of G then
dep(H) = G. In particular, this is the case when {1} ≠ H is a subgroup
of the center Z(G) of G. It follows also that NG(H) ⊆ dep(H), where
NG(H) = {g ∈ G | g−1Hg = H} is the normalizer of H in G.

(iii) If H is of finite index in G then dep(H) = G: any g ∈ G satisfies the equation
xkh−1 = 1, where k ⩾ 1 and h ∈ H are such that gk = h.

(iv) dep({1}) is, precisely, the set of torsion elements of G. This follows from the
fact that the only equations of positive degree over the trivial subgroup are
those of the form xn = 1, n ∈ Z \ {0}.

Clearly, the notion of “g being dependent on H” is a group-theoretic analog of “α
being algebraic over the field K”. At this point, we can already observe a relevant
initial difference with classical field theory: the sum and product of two algebraic
elements over K are also algebraic over K while, here, the product of two dependent
elements on a subgroup H may very well not be dependent on H; see Example 2.2(i).
So, one can expect the structure of the set dep(H) to be more complicated than
its analog in the classical situation, where the algebraic elements over K just form
an intermediate field between K and F . Here, dep(H) is not even a subgroup but,
still, in the free group case, it will not be hard to understand its structure; see
Theorem 4.1 below.

In order to describe the set of elements dep(H), the following easy observation
will be important: dep(H) is always the disjoint union of maybe infinitely many
(H,H)-double cosets:

Observation 1.5. Let G be a group and let H ⩽ G. If g ∈ dep(H) then all the
elements of the double coset HgH depend on H as well. Moreover, they all satisfy
an H-equation of the same minimal degree.
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Proof. Let w(x) = h0x
ε1h1x

ε2 · · ·hd−1x
εdhd = 1 be an H-equation satisfying w(g) =

1. Then, for every h, h′ ∈ H, we have that the new equation

w′(x) = h0(h
−1xh′−1)ε1h1(h

−1xh′−1)ε2 · · ·hd−1(h
−1xh′−1)εdhd = 1

satisfies w′(hgh′) = 1, showing that hgh′ ∈ dep(H). Since (after appropriate can-
cellations) w′(x) = 1 has the same or smaller degree than w(x) = 1, it follows that
all the elements of HgH satisfy an H-equation of the same minimal degree. □

The following is another elementary result. Its converse, however, is not true in
general (see Example 2.2(iii) below).

Observation 1.6. Let H ⩽ G, g ∈ G, and k ∈ Z \ {0}. If gk ∈ G is dependent on
H then g is dependent on H as well.

Proof. If h0x
ε1h1x

ε2 · · ·hd−1x
εdhd = 1 is a non-trivial H-equation satisfied by gk

then, h0x
kε1h1x

kε2 · · ·hd−1x
kεdhd = 1 is a non-trivial H-equation satisfied by g. □

Two related notions are those of a dependence-closed subgroup and the depen-
dence closure operator. The latter appeared first in Rosenmann [22] and it coincides
with the notion of elementary-algebraic extension closure from Miasnikov–Ventura–
Weil [16].

Definition 1.7. Let H ⩽ G. The subgroup H is called dependence-closed if
Dep(H) = H, i.e., if the only elements g ∈ G which are solutions to non-trivial H-
equations are those g ∈ H. For example, any free factor of G is clearly dependence-
closed.

When H is not dependence-closed then dep(H), the set of all dependent elements
on H, strictly contains H. But then, when constructing the subgroup Dep(H) gen-
erated by these elements, new elements may arise, which depend on Dep(H) but
not on H. We can then iterate this process of executing the dependence opera-
tor and ask ourselves whether the process finally stabilizes, that is, do we reach a
dependence-closed subgroup after finally many steps, or can the process continue
indefinitely? In Proposition 7.3, we show that when H is a finitely generated sub-
group of a free group then the process indeed stabilizes after finitely many steps.
However, the number of steps may be arbitrary large, even in the case of subgroups
of the free group of rank 2, as shown in Example 7.1, but it is still bounded by the
total length of the generators of H (see Proposition 7.3).

Definition 1.8. Let the ascending sequence of subgroups H0 ⩽ H1 ⩽ H2 ⩽ · · · ⩽ G
be defined by H0 = H and Hi = Dep(Hi−1) = Depi(H), for i ⩾ 1. We define the
dependence closure of H to be the subgroup

D̂ep(H) =
⋃
i⩾0

Hi ⩽ G.

If this ascending sequence stabilizes after finitely many steps, we define the depen-

dence length of H to be depl(H) = min{j ⩾ 0 | Hj = D̂ep(H)}; otherwise, we let
depl(H) =∞.

Observation 1.9. For any subgroup H ⩽ G, D̂ep(H) is the smallest dependence-
closed subgroup of G containing H.
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Proof. Let g ∈ G be dependent on D̂ep(H), i.e., g is a solution to some non-trivial

D̂ep(H)-equation w(x) = h0x
ε1h1 · · · xεdhd = 1. Since h0, h1, . . . , hd ∈ D̂ep(H),

there exists m ⩾ 0, such that h0, h1, . . . , hd ∈ Depm(H). Thus, w(x) = 1 is also a

non-trivial Depm(H)-equation and hence, g ∈ Depm+1(H) ⩽ D̂ep(H). Therefore,

D̂ep(H) is dependence-closed. The rest of the statement is clear. □

The following two propositions are straightforward, and we leave their proofs to
the reader.

Proposition 1.10. Let H ⩽ K ⩽ G. If H is dependence-closed in K, and K is
dependence-closed in G then H is dependence-closed in G. □

Proposition 1.11. Let H ⩽ G be a dependence-closed subgroup of a group G. Then:

(i) H is malnormal in G: Hg ∩H = 1 for every g ∈ G \H;
(ii) H is pure in G (also called root-closed, radical-closed): if gn ∈ H, n ̸= 0,

then g ∈ H;
(iii) if H ⩽ K ⩽ G and H ̸= K then |K : H| =∞;
(iv) if K is a free factor of H then K is dependence-closed in G;
(v) if K ⩽ G is also dependence-closed in G then so is H ∩K. □

In the following and along the rest of the paper, when referring to morphisms, we
adopt the notation with arguments on the left: x 7→ (x)φ = xφ, and compositions
denoted accordingly: x 7→ xφ 7→ xφϕ.

Let us now look at H-equations from a different perspective. When H ⩽ G and
g ∈ G, we can consider the group homomorphism

φH,g : H ∗ ⟨x⟩ → G,

h 7→ h, ∀h ∈ H,(1.3)

x 7→ g,

which is well defined by the universal property of free products. Then, (w(x))φH,g =
w(g). So, in this setting, g is a solution to w(x) = 1 if and only if w(x) ∈ kerφH,g.
Thus, the set of H-equations satisfied by g is exactly

{w(x) = 1 | w(x) ∈ kerφH,g},
and kerφH,g is a normal subgroup of H ∗ ⟨x⟩. Hence, a natural way to describe
these H-equations is by giving a set of generators for the ideal IH(g) = kerφH,g

as a normal subgroup of H ∗ ⟨x⟩. This is what we do in the free case: we show
that IH(g) is always finitely generated (as a normal subgroup) and we provide an
algorithm computing a set of generators for it, of the minimum possible cardinal;
see Theorem 5.3.

Organization of the paper. After this section, where the basic notions and defini-
tions corresponding to dependence on subgroups in general groups have been intro-
duced, we restrict ourselves to free groups F for the rest of the paper. In Section 2 we
exhibit basic results for free groups. In Section 3 we present a brief description of the
well-known Stallings techniques for studying subgroups of a free group, which play a
central role in the paper. Then, in Section 4, we examine closely the way we can use
Stallings foldings in order to provide an explicit description of the set of elements
that depend on a finitely generated subgroup H ⩽ F . This set is proved to have the
form of a finite disjoint union of double cosets dep(H) = Hg0H⊔Hg1H⊔· · ·⊔HgnH,
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where g0 = 1 and the gi’s are computable and generate Dep(H); see Theorem 4.1.
In Section 5 we present two alternative algorithms for computing a minimal finite
set of normal generators for the ideal (i.e., normal subgroup) IH(g)⊴H ∗ ⟨x⟩, for a
given fixed element g ∈ F ; see Theorem 5.3. The first algorithm is based on Nielsen
transformations and the second one on Stallings graph-theoretic techniques provid-
ing, respectively, an algebraic and a geometric reason (in a way, complementary
to one another) for such equations to exist. Finally, in Section 7 we study further
the notion of a dependence-closed subgroup, and the corresponding closure opera-
tor within the context of free groups F , including examples of subgroups H ⩽ F2

with arbitrarily large dependence length. We close the paper highlighting a few
interesting questions for further research.

A preliminary version of this paper was uploaded to arXiv on July 2021; see [24]. A
year later, in the process of writing the present final version, we have been informed
of a recent further development in this interesting topic: also applying Stallings
techniques, Dario Ascari [2] has gone further and has analyzed the set of degrees of
the polynomials in the ideal IH(g). Answering one of our questions from [24], he
presented an algorithm that computes a non-trivial polynomial in IH(g) of a minimal
degree. Also, he exhibited an interesting example of a finitely generated subgroup
H ⩽ F , whose corresponding ideal IH(g) cannot be generated by its polynomials
of minimal degree, even as a normal subgroup (providing another intriguing differ-
ence with the more classical field theory). See also Ascari [3] for a more language
theoretically oriented exposition of similar results.

2. Dependence in free groups

For the rest of the paper we concentrate on free groups and study the above
notions in this setting, both from the algebraic and the algorithmic points of view.
We adopt the following notation: a free group is generally denoted by F ; also by Fr,
if we want to emphasize its rank, rk (Fr) = r; and by F (A), if we want to emphasize
a basis (a set of free generators) A ⊆ F for it. The notations H ⩽fg F and H ⩽ff F
mean that H is a finitely generated subgroup, respectively, a free factor of F .
The next proposition follows from works by Nielsen and Schreier (see Rosen-

mann [22, Lemma 1.1], or Miasnikov–Ventura–Weil [16, Prop. 3.13]) and provides
equivalent definitions for dependence of elements in the setting of free groups.

Proposition 2.1. Let H ⩽ F and g ∈ F . The following statements are equivalent:

(a) g does not depend on H;
(b) the morphism φH,g : H ∗ ⟨x⟩ → F, h 7→ h, x 7→ g is injective;
(c) H is a proper free factor of ⟨H, g⟩;
(d) H is contained in a proper free factor of ⟨H, g⟩;
(e) rk (⟨H ′, g⟩) = rk (H ′) + 1 for every finitely generated subgroup H ′ ⩽ H;
(f) rk (⟨H ′, g⟩) > rk (H ′) for every finitely generated subgroup H ′ ⩽ H. □

In view of Proposition 2.1, it is quite easy to decide, given H ⩽fg F and g ∈ F ,
whether g is dependent on H or not: we only need to compute the rank of ⟨H, g⟩.
In case g is dependent on H, we can even find an explicit non-trivial H-equation
w(x) = 1, such that w(g) = 1, by a brute force algorithm, enumerating all possible
H-equations and checking for which one is g a solution. In the following sections we
tackle more challenging problems:
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(i) in Section 4 we provide an effective algorithm which, given H ⩽fg F , com-
putes a finite set of generators for Dep(H);

(ii) in Section 5 we present two independent algorithms (both faster and more
interesting than the brute force algorithm) which, given g ∈ dep(H), results
in a representation of all the H-equations having g as a solution.

Examples 2.2. Let F2 = F ({a, b}) be a free group of rank 2.

(i) For H = ⟨a2, b2⟩, we have a, b ∈ dep(H) (being solutions to the H-equations
x2a−2 = 1 and x2b−2 = 1, respectively) and so, Dep(H) = F2. However,
ab /∈ dep(H) since {a2, b2, ab} is a freely independent subset of F2. It follows
that dep(H) is not a subgroup and thus, it is strictly contained in Dep(H).

(ii) When H = ⟨a2, b2⟩ and K = ⟨a2, b2, ab⟩ ⩽ F2 then H ⩽ff K ⩽ F2. It follows
that DepK(H) = H and K ∩DepF2

(H) = K ∩F2 = K, so that the inclusion
DepK(H) ⩽ K ∩DepF2

(H) is strict.
(iii) For H = ⟨b, aba−1⟩ ⩽ F2, we have a ∈ dep(H), whereas ar ̸∈ dep(H) for
|r| ⩾ 2.

(iv) Let F be a free group and g ∈ F not being a proper power. Then, for every
0 ̸= r ∈ Z, dep(⟨gr⟩) = Dep(⟨gr⟩) = ⟨g⟩. In particular, ⟨gr⟩ is dependence-
closed if and only if r = ±1, i.e., the dependence-closed cyclic subgroups are,
precisely, the maximal ones.

(v) Let F be a free group, g ∈ F , and H,K ⩽ F , such that F = H ∗ ⟨g⟩ and
H < K (strict inclusion). Then, Dep(K) = F because g is dependent on K.

When H ⩽fg F then Dep(H) ⩽fg F and, moreover, rk (Dep(H)) ⩽ rk (H). This
follows from results in Rosenmann [22] and Miasnikov–Ventura–Weil [16]; for com-
pleteness, we offer here a direct and elementary proof.

Lemma 2.3. Let H0 ⩽fg H1 ⩽fg H2 ⩽fg · · · be a non-decreasing sequence of finitely
generated subgroups of a free group F , satisfying rk (Hi) ⩾ rk (Hi+1), for i ⩾ 0. Let
H =

⋃
i⩾0Hi. Then rk (H) = limi→∞ rk (Hi) and, furthermore, there exists m, such

that H = Hi for all i ⩾ m.

Proof. Let ri = rk (Hi), for each i ⩾ 0, and let rH = rk (H). The sequence (ri)i⩾0

of natural numbers is monotone non-increasing and therefore eventually constant:
there exists r ⩾ 0 and m′ ⩾ 0 such that ri = r, for all i ⩾ m′. Suppose now that
rH > r. It follows that there exists H ′ ⩽ff H of rank r + 1. But then, H ′ ⩽ Hm′′ ,
for some m′′, and, in fact, H ′ ⩽ff Hi, for all i ⩾ m′′, which is in contradiction to
rk (Hi) = r for all i ⩾ m′. Therefore, rH ⩽ r and there exists m, such that Hm

contains a generating set of H, which implies that H = Hi, for all i ⩾ m, and
rH = r. □

Proposition 2.4. Let H ⩽fg F . Then, rk (Dep(H)) ⩽ rk (H).

Proof. Being finitely generated, H is contained in a finitely generated free factor of
F (even in the case that F is not countably generated). Therefore, there are only
countably many elements in F depending on H, say (gi)i⩾1. Let (Hi)i⩾0 be the
sequence of ascending subgroups of F defined by H0 = H and Hi+1 = ⟨Hi, gi+1⟩, for
i > 0. Since gi+1 ∈ dep(H) then gi+1 ∈ dep(Hi) and hence, by Proposition 2.1(vi),
rk (Hi+1) ⩽ rk (Hi), for each i. The result then follows by Lemma 2.3. □

Proposition 2.5. Let H,K ⩽ G. Then,
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(i) Dep(H ∩K) ⩽ Dep(H) ∩Dep(K) and the inclusion may be strict;
(ii) Dep(⟨H,K⟩) ⩾ ⟨Dep(H),Dep(K)⟩ and the inclusion may be strict.

Proof. (i). The inclusion is immediate by definition. As an example for a strict
inclusion, let F = F ({a, b, c}), H = ⟨a−1ba, b⟩ and K = ⟨a−1ca, c⟩. Then H ∩K = 1
and so, Dep(H ∩ K) = 1. However, Dep(H) = ⟨a, b⟩, Dep(K) = ⟨a, c⟩, hence
Dep(H) ∩Dep(K) = ⟨a⟩.
(ii) The inclusion is clear. As an example for a strict inclusion, let F = F ({a, b}),

H = ⟨a2b⟩ and K = ⟨a4b⟩. By Example 2.2(iv), Dep(H) = H and Dep(K) = K.
But ⟨H,K⟩ = ⟨a2, b⟩ and so, Dep(⟨H,K⟩) = F , which strictly contains ⟨a2, b⟩ =
⟨Dep(H),Dep(K)⟩. □

3. Stallings graph-theoretic techniques

LetA = {a1, . . . , ar} be an alphabet of r letters, letA± = {a1, . . . , ar, a−1
1 , . . . , a−1

r }
be its formal involutive closure, and let F (A) be the free group on A (formally, F (A)
is the free monoid (A±)∗ on A±, modulo the equivalence relation generated by the
elementary reductions aia

−1
i ∼ a−1

i ai ∼ 1). In 1983, elaborating on previous ideas
by several authors, Stallings [26] established the notion of so-called Stallings A-
automata: oriented graphs (allowing loops and parallel edges) with labels from A±

at the edges, being involutive (i.e., for every edge e from p to q with label a ∈ A there
is an edge e−1 from q to p labelled a−1; e and e−1 are said to be inverse to each other),
with a selected vertex called the basepoint (denoted here ), and being connected,
deterministic (there are no two different edges with the same label coming from, or
into, the same vertex) and trim (every vertex appears in some reduced closed path
through the basepoint). For the underlying oriented graph of an A-automaton we
shall use the standard notation (V,E, ι, τ), where V is the set of vertices, E is the
set of edges, and ι, τ : E → V are the incidence (initial and terminal) functions. A
(nontrivial) path of length n ⩾ 1 is a concatenation of edges γ = eε11 · · · eεnn , such
that τeεii = ιe

εi+1

i+1 (the terminal vertex of an edge is the initial vertex of the follow-
ing edge), for i = 1, . . . , n − 1. The label of γ is ℓ(γ) = (ℓ(e1))

ε1 · · · (ℓ(en))εn , the
product of the labels of the edges, understood as an element of F (A). A path is
reduced if it has no backtracking, i.e., if εi = εi+1 whenever ei = ei+1. Note, that in
the deterministic case, a path γ is reduced if and only if its label ℓ(γ) is a reduced
word of (A±)∗. A path beginning and ending at vertex p is called a closed path at
p (a p-cycle, for short). For later convenience, given a vertex p in a deterministic
A-automaton Γ and given a reduced word u ∈ F (A), we define pu to be the end
of the unique possible path in Γ labelled u and starting at p; in case no such path
exists, pu remains undefined.

For the sake of brevity, we may only mention and depict the positive subautoma-
ton of Γ (i.e., that formed by the edges labelled by letters in A), denoted Γ+, bearing
in mind that, for each of such edges, Γ also contains its inverse (even if not depicted
or mentioned). The degree of a vertex in Γ is the number of edges of Γ+ incident to
it.

With this notion, Stallings [26] established a bijection between the set of (free)
subgroups of F (A), and the set of isomorphism classes of Stallings A-automata.



DEPENDENCE OVER SUBGROUPS OF FREE GROUPS 9

Theorem 3.1 (Stallings, [26]). The following is a bijection:

St : {H ⩽ F (A)} −→ {isom. classes of Stallings A-automata}
H 7→ ΓA(H),

L(Γ) ←[ Γ.

Furthermore, H ⩽fg FA if and only if ΓA(H) is finite; in this case, both directions
are computable. □

The map to the left consists of reading the language subgroup L(Γ) ⩽ F (A) of
a given Stallings A-automaton Γ, i.e., the set of labels of reduced -cycles in Γ. As
for the map to the right, it assigns to each subgroup H ⩽ F (A) its Stallings A-
automaton ΓA(H), being the core of the Schreier coset graph of H with respect to
the basis A of F (A), and with the trivial coset taken as the basepoint, = H1. By
the core of an A-automaton Γ, denoted c(Γ), we mean its largest trim subautomaton.
It follows that Γ is trim if and only if c(Γ) = Γ. One can think of the Schreier coset
graph of H ⩽ F (A) with respect to A as the covering graph of the A-bouquet F(A)
corresponding to the subgroup H; and its Stallings graph ΓA(H) as its core, i.e.,
the result of trimming all the hanging trees not containing the basepoint. For more
details, see [6, 8, 16, 26].

For the purpose of the present paper, the important part of the bijection in The-
orem 3.1 is when restricted to finitely generated subgroups on one side, and to finite
Stallings A-automata on the other. In this case, the bijection becomes algorithmic
friendly, i.e., there are fast algorithms for computing both directions, which we sum-
marize in the following couple of paragraphs. Let us also mention that, in the finite
and connected case, it is easy to see that an A-automaton Γ is trim if and only if
no vertex in Γ has degree 1, except, possibly, for ; moreover, in this case, one can
obtain c(Γ) from Γ by applying finitely many times the trim operation: removing a
vertex of degree one different from (together with the incident edge).

In order to compute the map to the left, assuming that Γ is finite, we first construct
a spanning tree T of Γ by removing a set of edges E ′ = {e ∈ EΓ+ \ ET}. Then,
for each e ∈ E ′, consider the group element he = ℓ(T [ , ιe] · e · T [τe, ]) ∈ F (A),
where T [p, q] stands for the unique reduced path in T from vertex p to vertex q
(the T -geodesic from p to q). It is easy to see that, when Γ is deterministic, this
is a free basis for L(Γ) ⩽ F (A), whose rank then coincides with the first Betti
number (cyclomatic number) of Γ, namely rk (L(Γ)) = 1− |V Γ|+ |EΓ| (in general,
without determinism, we can only say that {he | e ∈ E ′} generates L(Γ) and so,
rk (L(Γ)) ⩽ 1− |V Γ|+ |EΓ|).

In order to compute the map to the right, we need to use a key result in this setting:
“for every H ⩽ F (A) there exists a unique A-automaton (up to isomorphism) which
is deterministic, trim, and has language H”; it is called the Stallings A-automaton
for H, and is denoted ΓA(H). Given a set W = {h1, . . . , hn} of reduced words
on A, we can construct the Stallings A-automaton ΓA(H) for the subgroup H =
⟨h1, . . . , hn⟩ ⩽ F (A) by applying the following procedure. First, for each hi, i =
1, . . . , n, we form the circular graph (called petal) whose A-label, when starting at
the basepoint, spells the word hi (or its inverse if traveled in the opposite direction).
Then, we form the wedge of these circuits by identifying the n basepoints into a
single one, denoted . The resulting A-automaton is called the flower automaton,
denoted F(W ). Note, that L(F(W )) = H. In order to gain determinism, we apply
a finite series of elementary foldings : whenever two edges sharing the same initial
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Figure 1. (a), (b) open (or homotopic) foldings; (c), (d) closed (or
non-homotopic) foldings

(resp., terminal) vertex have the same label, we identify them into a single edge,
together with their terminal (resp., initial) vertices. When the two terminal as well as
the two initial vertices are the same, the elementary folding is called closed (or non-
homotopic) (see Figure 1(c),(d)) and the first Betti number of the automaton reduces
by one; otherwise, the folding is called open (or homotopic) (see Figure 1(a),(b)), and
the first Betti number remains unchanged. In general, we denote such an elementary
folding as Γ ↷ Γ′. Note, that in a closed folding we identify two edges, whereas in an
open folding we identify two edges as well as two vertices. In both cases, the language
of the automaton remains unchanged. Of course, after performing an elementary
folding, new possible foldings may emerge, but since at each step the number of
edges strictly decreases, the process terminates after a finite number of steps. By
construction, the resulting A-automaton is deterministic and has language H. It is
also easy to see that it is trim (each vertex of the flower automaton, except possibly
for the basepoint, has two incident edges of different labels, and they remain incident
to that vertex throughout all the folding process). By the previous key result, the
output of this process must be ΓA(H). In particular, this implies that the result
of the folding process is independent from the specific sequence of foldings applied,
and even of the set of generators for H we started with: it only depends on the
subgroup H ⩽ F (A) (and on the ambient basis A chosen to work with).

Touikan [28] gave a more refined algorithm to compute ΓA(H) in timeO(n log∗(n)),
where n is the sum of the lengths of the given generators for H, and log∗(n) is the
minimal number of successive applications of the log operator to n until reaching 1
or below.

Stallings bijection behaves well with respect to inclusions in the sense that, for
any two subgroups H,K ⩽ F (A), the inclusion H ⩽ K holds if and only if there is
a (unique) A-homomorphism θH,K : ΓA(H) → ΓA(K) (sending vertices to vertices,

H to K , and a-labelled edges to a-labelled edges, for each a ∈ A). When H ⩽ K ⩽
F (A) and ΓA(H) is a subautomaton of ΓA(K), that is, the map θH,K is injective,
then H is a free factor of K (take a spanning tree for ΓA(H) and extend its image
under θH,K to a spanning tree for ΓA(K), resulting in extending the corresponding
basis for H to a basis for K), whereas the converse is far from true. Dually, the case
where θH,K is onto, at the level of edges, will be of central interest for our purposes.
Here, we will be particularly interested in the case K = ⟨H, g⟩.
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Let us finish with some technical details, which will be needed later. Given a finite
A-automaton Γ, let us distinguish between the language L(Γ) ⩽ F (A) of Γ, and its
fundamental group at the basepoint π(Γ, ) (namely the set of equivalence classes
of -cycles modulo backtracking, endowed with the operation of concatenation).
Of course, both are free groups and “reading the label” gives us an epimorphism
ℓ : π(Γ, ) ↠ L(Γ), γ 7→ ℓ(γ); in particular, rk (π(Γ, )) = b1(Γ) = 1−|V Γ|+ |EΓ| ⩾
rk (L(Γ)). Suppose now that Γ ↷ Γ′ is an elementary folding, identifying the edges
e1, e2 ∈ EΓ with ιe1 = ιe2 = p, τe1 = q1, τe2 = q2, and ℓ(e1) = ℓ(e2) = a ∈ A. The
natural map φ : Γ → Γ′ induces an epimorphism φ : π(Γ, ) ↠ π(Γ′, ), such that
φℓ = ℓ, and φ is an isomorphism if and only if the folding is open (i.e., q1 ̸= q2).
Given a reduced path γ in Γ, the action of φ projects γ in a natural way to a path
γ′ in Γ′ (which may not be reduced, e.g. when γ goes through e−1

1 and immediately
through e2, or through e−1

2 and immediately through e1).
In the other direction, when γ′ is a reduced path in Γ′, then we can lift γ′ to a path

γ in Γ, but the lifting is not necessarily unique. When the folding Γ ↷ Γ′ is closed,
then the lifting of γ′ can simply be done in the following way: whenever we pass (in
either direction) through the identified (e1 = e2)-edge, we choose between e1 and e2
to be in γ, while all the vertices and occurrences of other edges along the path stay
the same. When the folding Γ ↷ Γ′ is open then it can happen that the path γ′

goes through the identified vertex q1 = q2 in such a way that, after the unfolding
and separation of these vertices, it needs to enter the vertex q1 and immediately exit
the vertex q2 (or the other way round). The remedy to this cut in the path is to
connect q1 with q2 by inserting the segment e−1

1 e2 (or e
−1
2 e1 in the reverse direction).

At the level of labelling, ℓ(γ) may thus not be reduced, even when ℓ(γ′) is reduced;
however, both labels represent the same element in the free group F (A).

Since 1983, Stallings bijection became a central tool for the modern understanding
and study of the lattice of subgroups of a free group. With the development of these
graph-theoretic techniques, many new results have been obtained about free groups
and their subgroups. Also, most of the results known before Stallings [26] have been
reproved using graph-theoretic techniques, usually with conceptually simpler and
more transparent proofs.

4. An explicit description of the set of dependent elements

Let |A| < ∞ be a finite alphabet and let H ⩽fg F (A) and 1 ̸= g ∈ F (A) be
given. According to Proposition 2.1, in order to check whether g is dependent on
H, we just have to check whether rk (⟨H, g⟩) ⩽ rk (H). One way to do this is by
using classical Nielsen transformations; see [10]. Another way is within the Stallings
graph theoretical setting. We start by computing ΓA(H) and then we form the
wedge of ΓA(H) with a petal spelling the (reduced) word g. Let Γ0 be the resulting
A-automaton. Clearly, L(Γ0) = ⟨H, g⟩. It is not necessarily deterministic but, after
performing a maximal sequence of foldings to Γ0, we obtain the Stallings automaton
ΓA(⟨H, g⟩):

(4.1) Γ0 ↷ Γ1 ↷ Γ2 ↷ · · ·↷ Γs = ΓA(⟨H, g⟩)

(again, independent from the order in which we perform the foldings). Counting the
first Betti numbers for these graphs, we have b1(Γ0) = b1(ΓA(H)) + 1 = rk (H) + 1
and b1(ΓA(⟨H, g⟩)) = rk (⟨H, g⟩). Since at each elementary folding Γi ↷ Γi+1 the
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ΓA(H)q
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g0
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g+ p

(a)

ΓA(H)q
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g+ p

g0 ̸= 1

(b)

Figure 2. The A-automata (a) Γ0; and (b) Γ(⟨H, g⟩) in case (i)

first Betti number either remains unchanged or decreases by one, we deduce that

g is dependent on H ⇔ rk (⟨H, g⟩) ⩽ rk (H)
⇔ b1(ΓA(⟨H, g⟩)) ⩽ b1(Γ0)− 1
⇔ (4.1) contains at least one closed folding.

Let us look in more detail into the process of obtaining ΓA(⟨H, g⟩) from Γ0. Since
the result does not depend on the order of foldings, we can choose an order that suits
our needs. We start at the basepoint and fold one by one the edges of the g-petal
into those of the deterministic A-automaton ΓA(H), as long as this is possible. Let
g = g+g

′, with g+ being the maximal initial segment of g that we managed to fold
(where g+ or g′ may be trivial), and let p be the vertex in ΓA(H) at which the path
spelling g+ ends. Note, that, by maximality of |g+|, if g′ is non-trivial then its first
letter does not equal any of the labels of the edges in ΓA(H) leaving p. In a similar
way, we fold, edge by edge and backwards, into ΓA(H) the longest possible terminal
segment of the path spelling g′. Let g′ = g0g

−1
− be the corresponding decomposition

of g′, with g− spelling the label of a path from to a vertex, say q, in ΓA(H). Again,
by maximality of |g−|, if g0 is non-trivial then its last letter does not equal any of
the labels of the edges in ΓA(H) terminating at q; see Figure 2(a). Note, that all
the elementary foldings performed until now were open. At this stage we have the
decomposition g = g+g0g

−1
− , with no cancellation among the three factors. Let us

distinguish between the following three cases:

(i) g0 ̸= 1. In this case the folding process is complete and the obtained
A-automaton ΓA(⟨H, g⟩) consists of ΓA(H) with an arc of positive length
spelling g0 attached to it and going from p to q; see Figure 2(b). In this case,
b1(ΓA(⟨H, g⟩)) = b1(ΓA(H)) + 1 = b1(Γ0) and so, g does not depend on H.

(ii) g0 = 1 and p = q. In this case, g = g+g
−1
− is the label of a genuine -cycle in

ΓA(H). Thus, g ∈ H and ⟨H, g⟩ = H. Clearly, g is dependent on H in this
case.

(iii) g0 = 1 and p ̸= q. Here, as in case (i), g ̸∈ H, but at this stage it is not clear
yet whether g is dependent on H or not. At this moment, we have exhausted
the original petal g and have identified the vertices p and q, obtaining the
automaton ΓA(H)/(p = q). This automaton is not necessarily deterministic
and further foldings may need to be performed until reaching ΓA(⟨H, g⟩). In
this case, g is dependent on H if and only if at least one closed folding occurs
in this second part of the process.
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Summarizing, g depends on H if and only if g ∈ H, or g goes into case (iii) with
at least a closed folding occurring in the second part of the process. The above
discussion leads us to an explicit description of all elements dependent on H.

Theorem 4.1. Let F (A) be the free group with basis A. Given a finite set of
generators of total length n for a subgroup H ⩽fg F (A), one can algorithmically
compute in time O(n3 log∗(n)) a finite set {g0 = 1, g1, . . . , gm} of elements of F (A)
that depend on H, and such that dep(H) is the disjoint union of the corresponding
double cosets, dep(H) = H ⊔Hg1H ⊔ · · · ⊔HgmH.

Proof. Since H is finitely generated, there exists a finite subset A0 ⊆ A (com-
putable in linear time), such that H ⩽fg F (A0) ⩽ff F (A); moreover, depF (A)(H) =
depF (A0)(H). Thus, without loss of generality, we may assume that A is finite, say
A = {a1, . . . , ar}.

First, we construct the finite Stallings A-automaton ΓA(H). Then, for each pair
of distinct vertices p, q ∈ V = V ΓA(H), we form the graph ΓA(H)/(p = q) by iden-
tifying these two vertices, and then we perform elementary foldings until reaching a
deterministic A-automaton, say Γp=q. Let

(4.2) R =
{
(p, q) ∈ V × V | p ̸= q, b1(Γp=q) ⩽ rk (H)

}
⊆ (V × V ) \∆,

where ∆ = {(p, p) | p ∈ V } is the diagonal of V × V . In other words, R is the set
of pairs (p, q) ∈ (V × V ) \ ∆, for which the sequence of elementary foldings from
ΓA(H)/(p = q) to Γp=q contains at least a closed folding. Note, that (p, q) ∈ R
implies that (q, p) ∈ R and also (paεi , qa

ε
i ) ∈ R, for all ai ∈ A and ε ∈ {1,−1}, for

which both paεi and qaεi are defined.
Clearly, the discussion above tells us that

(4.3) dep(H) = H ⊔
⋃

(p,q)∈R

S(p,q),

where S(p,q) is the set of elements g ∈ F (A) that fall into case (iii) identifying p and
q, that is, those of the form g = g+g

−1
− where g+ labels some path from to p, and

g− labels some path from to q,

S(p,q) = {g = g+g
−1
− | g+ = ℓ(γp), g− = ℓ(γq), ιγp = ιγq = , τγp = p, τγq = q}.

It only remains to observe that each of these sets S(p,q) is the double coset S(p,q) =
Hg(p,q)H, for some (any) representative g(p,q) ∈ S(p,q). Since H is finitely generated,
ΓA(H) and R are finite, and so, the union in (4.3) is also finite. In addition, the
coset representatives g(p,q) are computable. Moreover, we can algorithmically check
whether HuH = HvH, i.e., uH ∩Hv ̸= ∅, by using a solution to the coset intersec-
tion problem for free groups; see [6]. So, by writing g( , ) = 1 and S( , ) = H, and
keeping in the set {g(p,q) | (p, q) ∈ R} only one representative of each double coset,
we obtain the required elements g0 = 1, g1, . . . , gm, such that:

dep(H) =
⋃

(p,q)∈R⊔{( , )}

S(p,q) = H ⊔Hg1H ⊔ · · · ⊔HgmH.

If n denotes the total length of the input generators, ΓA(H) can be computed in
time O(n log∗(n)); see Touikan [28]. This A-automaton contains at most n vertices,
and so, O(n2) pairs (p, q). For each such pair (p, q), we can check in timeO(n log∗(n))
whether, after identifying p with q, the elementary foldings towards Γp=q contain a
closed folding. This makes a total time O(n3 log∗(n)) to compute the set R.
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Finally, the process of removing from R the excessive pairs of vertices, so that no
two pairs determine the same double coset, can be done in time O(n3). In order
to do it, we first compute a spanning tree T of ΓA(H) (in time O(n)). Then, for
each p ∈ V ΓA(H), we attach to ΓA(H) a “hair”, labelled ℓ(T [ , p]), that ends at the
basepoint . After making the necessary elementary foldings, we obtain a “hairy”
A-automaton, denoted Γ′, with at most O(n2) vertices. Next, we compute the pull-
back of Γ′ with ΓA(H), which takes time O(n3); see [6]. For each pair of vertices
p, q ∈ V ΓA(H), let u = ℓ(T [ , p]) and v = ℓ(T [ , q]). Then, HuH = HvH if and
only if uH ∩Hv ̸= ∅ if and only if ( u−1, ) and ( , q) belong to the same connected
component of the pull-back.

Altogether, the whole process can be done in time O(n3 log∗(n)). □

Remark 4.2. The complexity bound O(n3 log∗(n)) is rather high in practice. Here
is a possible idea to reduce it: for each pair of vertices (p, q) in ΓA(H), each a ∈ A
and each ε = ±1 with paε and qaε both defined, identifying p with q gives the final
same result as identifying paε with qaε, after the subsequent necessary foldings.
Therefore, when following the algorithm provided in the previous theorem, we do
not need to perform O(n2) checks, i.e., one for each vertex (p, q) in the pull-back
ΓA(H) × ΓA(H), but only one for each connected components in ΓA(H) × ΓA(H).
This could result into a significant improvement (which then goes multiplied by
O(n log∗(n))), although it is not clear how to quantify it: the dispersion of ΓA(H)×
ΓA(H) into more or less connected components strongly depends on the geometry
of the Stallings automaton ΓA(H).

Remark 4.3. The algorithm for computing the representatives gi of the double
cosets whose union is dep(H) can also be done using Nielsen transformations. Sup-
pose that u = ℓ(T [ , p]) and v = ℓ(T [ , q]), as in the proof of Theorem 4.1. Let
S = W ∪ {g}, where W is a basis of H and g = uv−1. Then, an occurrence of
a closed elementary folding, after the identification of p with q, is equivalent to
the trivial group element showing up at least once in a (any) sequence of Nielsen
transformations leading from S to a basis for ⟨H, g⟩.
In fact, an identification of two edges of the same initial vertex and the same label

a is the graphical counterpart to the reduction of a word in which the letter aε is
followed by a−ε.

Similar to performing Nielsen transformations but using a different representation
is the following. We can represent each group element g = uv−1 as a binomial u− v
in the group ring Z2F of the free group F over the ring of integers modulo 2. Then,
the analog of a Nielsen transformation is a reduction à la Gröbner bases, using, say,
a shortlex order (comparing monomials by their length and using a lexicographic
order for a tie-breaker); see [21, Sec. 7]. The advantage of this method is that it
allows, in some cases, the generalization of theorems and algorithms from groups to
group rings. On the other hand, Stallings graph-theoretic techniques, besides the
new perspective and results they brought to the field of subgroups of free groups,
show, in many cases, a simplified and unified approach: for example, the graph
representation of the subgroup H ⩽ F does not depend on the generators of H but
only on the chosen basis for F .

Corollary 4.4. Given a finite set of generators of total length n for a subgroup
H ⩽fg F (A), a generating set for Dep(H) can be algorithmically computed in time
O(n3 log∗(n)).
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Proof. Clearly, if {h1, . . . , hs} are the given generators for H, then Dep(H) =
⟨h1, . . . , hs, g1, . . . , gm⟩, where g1, . . . , gm are the elements computed in Theorem 4.1.
The result then follows. □

5. Equations for a dependent element

Let H ⩽fg F (A) be a subgroup with rk (H) = n, and let g ∈ F (A) be an ele-
ment dependent on H, i.e., rk (⟨H, g⟩) = m ⩽ n. In this section we present two
algorithms for computing a finite set of polynomials generating IH(g) (the ideal of
all polynomials w(x), such that w(g) = 1) as a normal subgroup of H ∗ ⟨x⟩: the
first one is based on Nielsen transformations and the second one on Stallings graph
theoretical techniques. The number of normal generators computed by these algo-
rithms is n+1−m, which is the minimal possible number, as shown by the following
observation.

Observation 5.1. A lower bound to the number of normal generators of the ideal
IH(g) is n+ 1−m, where rk (H) = n and rk (⟨H, g⟩) = m.

Proof. Assume that IH(g) = ⟨⟨w1(x), . . . , wk(x)⟩⟩. We will show that k ⩾ n+1−m.
Since the morphism φH,g : H ∗ ⟨x⟩ ↠ ⟨H, g⟩ ⩽ F (A) is onto, the following is a
presentation of the free group of rank m:

Fm ≃ ⟨H, g⟩ ≃ H ∗ ⟨x⟩/IH(g) = ⟨h1, . . . , hn, x | w1(x), . . . , wk(x)⟩,
where {h1, . . . , hn} is a free basis for H. Abelianizing, we have

Zm = ⟨h1, . . . , hn, x | w1(x), . . . , wk(x), [hi, hj], [hi, x] (i, j = 1, . . . , n)⟩
= ⟨h1, . . . , hn, x | w1(x)

ab, . . . , wk(x)
ab⟩ab

= Zn+1/⟨w1(x)
ab, . . . , wk(x)

ab⟩
and so, m ⩾ n+ 1− k. □

Let us start with the easy case g ∈ H.

Observation 5.2. For g ∈ H ⩽fg F (A), we have IH(g) = ⟨⟨g−1x⟩⟩⊴H ∗ ⟨x⟩.

Proof. Clearly, g−1x ∈ IH(g). Let now w(x) = 1 be a reduced H-equation satisfying
w(g) = 1. We will show, by induction on the degree d of w(x), that w(x) is in
the normal subgroup ⟨⟨g−1x⟩⟩ = ⟨⟨gx−1⟩⟩. For d = 1, we have w(x) = h0x

ε1h1 and
h0g

ε1h1 = 1. So, g−ε1 = h1h0 and

w(x) = h0x
ε1h1 = h−1

1 (h1h0x
ε1)h1 = h−1

1 (g−ε1xε1)h1 ∈ ⟨⟨g−1x⟩⟩.
Assume now that the statement holds for equations of degree d− 1, and let

w(x) = h0x
ε1h1x

ε2 · · ·hd−1x
εdhd = 1

be a reduced H-equation of degree d and satisfying w(g) = 1. Then, g clearly
satisfies the H-equation

w′(x) = h0x
ε1h1x

ε2 · · ·xεd−1(hd−1g
εdhd) = 1

of degree d − 1, and so, by the induction hypothesis, w′(x) ∈ ⟨⟨g−1x⟩⟩. It follows
that

w(x) = (h0x
ε1h1x

ε2 · · ·xεd−1hd−1g
εdhd)(h

−1
d g−εdxεdhd) = w′(x)(g−εdxεd)hd ,

which also belongs to ⟨⟨g−1x⟩⟩. □
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Theorem 5.3. Let H ⩽fg F (A) be a subgroup of rank n, and let 1 ̸= g ∈ F (A) be
dependent on H and such that rk (⟨H, g⟩) = m ⩽ n. Then, there exists an algorithm
that, given a finite set of generators for H, computes a set of n + 1 − m normal
generators of the ideal IH(g)⊴H ∗ ⟨x⟩:

IH(g) = ⟨⟨w1(x), . . . , wn−m+1(x)⟩⟩.
Proof (using Nielsen transformations). Let {h1, . . . , hn} be a set of free generators
of H. As in (1.3), we consider the epimorphism

φH,g : H ∗ ⟨x⟩ ↠ ⟨H, g⟩ ⩽ F (A)
h1 7→ h1,

...
hn 7→ hn,
x 7→ g.

By applying a sequence of Nielsen transformations (each denoted by the symbol
↬), the tuple (h1, . . . , hn, g) can be transformed into the tuple (1, . . . , 1, b1, . . . , bm),
consisting of n−m+ 1 trivial elements, followed by a basis {b1, . . . , bm} of ⟨H, g⟩:

(h1, . . . , hn, g) ↬ · · ·↬ (1, . . . , 1, b1, . . . , bm).

Applying the same sequence of transformations to the tuple (h1, . . . , hn, x) results
in a new basis {w1(x), . . . , wn+1(x)} of the free group H ∗ ⟨x⟩. The epimorphism
φH,g, expressed in this new basis, is

φH,g : H ∗ ⟨x⟩ ↠ ⟨H, g⟩
w1(x) 7→ 1,

...
wn−m+1(x) 7→ 1,
wn−m+2(x) 7→ b1,

...
wn+1(x), 7→ bm.

But {b1, . . . , bm} is a basis for ⟨H, g⟩ so, the restriction of φH,g to ⟨wn−m+2(x), . . .,
wn+1(x)⟩ is injective, thus the kernel of φH,g is

kerφH,g = ⟨⟨w1(x), . . . , wn−m+1(x)⟩⟩,
the (normal) subgroup of H ∗ ⟨x⟩, normally generated by w1(x), . . . , wn−m+1(x). □

Proof (using Stallings techniques). An alternative way to obtain a set of normal gen-
erators for the ideal IH(g) is through Stallings techniques. The basic case g ∈ H was
already covered in Observation 5.2: in this case ⟨H, g⟩ = H, m = n, n−m+ 1 = 1,
and IH(g) is normally generated by the polynomial g−1x.

So, let us assume that g is dependent on H and g /∈ H, i.e., g fits in case (iii)
from the discussion at the beginning of Section 4. Let W = {h1, . . . , hn} be a free
basis for H and let F(W ∪ {g}) be the corresponding flower automaton. We will
now perform a series of elementary foldings towards the deterministic A-automaton
ΓA(⟨H, g⟩), in a particular order that suits our needs. At the first stage we perform
all possible folding among edges coming from W and leave the petal g untouched,
obtaining the automaton Γ0 (as at the beginning of (4.1)) which is the wedge of
ΓA(H) with the petal labelled g:

F(W ∪ {g}) ↷ · · ·↷ Γ0.
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Note that, up to now, all the foldings are open because W is a free basis for H. In
a second stage, we integrate g into ΓA(H) through a series of elementary foldings
as in (4.1), but doing only open foldings, until no more possible open foldings are
available: first we fold the maximal initial and terminal segments of the petal labelled
g until getting the automaton ΓA(H)/(p = q), and then we keep applying open
foldings until no more are available; denote Γp,q the resulting automaton:

Γ0 ↷ · · ·↷ ΓA(H)/(p = q) ↷ · · ·↷ Γp,q.

The automaton Γp,q is not yet necessarily deterministic: it could contain several
closed foldings to be done. But note that, after doing all of them, no more identi-
fications of vertices are happening, no new foldings are introduced and so, we get
directly the final deterministic output

(5.1) Γp,q ↷ · · · ↷ ΓA(⟨H, g⟩).
Let us introduce notation for this final step: Γp,q contains, say, r ⩾ 0 blocks of edges
(possibly loops) parallel to each other, namely {ei,0, ei,1, . . . , ei,ki} for i = 1, . . . , r,
with ιei,0 = ιei,1 = · · · = ιei,ki , and τei,0 = τei,1 = · · · = τei,ki , and ℓ(ei,0) = ℓ(ei,1) =
· · · = ℓ(ei,ki). Let us aggregate all these final closed foldings from (5.1) into a single
final step denoted ↷̂: it is made of

r∑
i=1

ki = n−m+ 1

closed foldings, and consists simply on identifying each block into a single edge;
alternatively, we can think of it as deleting the edges ei,1, . . . , ei,ki and leaving only
ei,0 from each block. Summarizing, the whole folding process looks like this:
(5.2)
F(W ∪ {g}) ↷ · · ·↷ Γ0 ↷ · · ·↷ ΓA(H)/(p = q) ↷ · · ·↷ Γp,q ↷̂ΓA(⟨H, g⟩).
Next, we will show how to construct n − m + 1 non-trivial H-equations, each

satisfied by g: one, say wi,j(x) = 1, for each of the edges ei,j, i = 1, . . . , r, j =
1, . . . , ki. Then, we will prove that the polynomials wi,j(x) generate the ideal IH(g)
as a normal subgroup of H ∗ ⟨x⟩.

For each 1 ⩽ i ⩽ r, one of the vertices ιei,0 = · · · = ιei,ki or τei,0 = · · · = τei,ki (or
both) belong the same connected component of Γp,q \ {ei,0, . . . , ei,ki} containing ;
without loss of generality, we can assume it is the first one. Let then γi be a reduced
path in Γp,q from to ιei,0 = · · · = ιei,ki , which does not contain any of the edges
ei,0, . . . , ei,ki nor their inverses. For each i = 1, . . . , r and for each j = 1, . . . , ki, let
now γi,j be the reduced non-trivial -cycle

γi,j = γiei,je
−1
i,0 γ

−1
i .

Let aεii ∈ A± be the common label of the edges e′i,js. Then, the label of γi,j is

ℓ(γi,j) = ℓ(γi)a
εi
i a

−εi
i ℓ(γi)

−1 = 1;

this is capturing the algebraic essence of the closed folding determined by the pair of
parallel edges ei,0 and ei,j. In the next stage, we lift γi,j all the way up to F(W ∪{g})
by unfolding the open foldings from (5.2) in the reverse order, to obtain a (uniquely
determined reduced) -cycle γ̂i,j. This -cycle γ̂i,j in F(W ∪ {g}) is non-trivial and
presents no backtracking. So, it spells a non-trivial, reduced word, denoted wi,j(g),
on W ∪ {g}, but reads the trivial element ℓ(γ̂i,j) = ℓ(γi,j) = 1. Replacing the
occurrences of g by x (and of g−1 by x−1) in wi,j(g), results in a reduced, non-trivial
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polynomial wi,j(x), satisfying wi,j(g) = 1 (note, that x must occur in wi,j(x) at least
once, because W was chosen to be a free basis for H).

Let us rename the n−m+1 polynomials wi,j(x) obtained this way by w1(x), . . . ,
wn−m+1(x). We finish the proof by showing that they generate normally the ideal
IH(g). So, let w(x) ∈ IH(g) be an arbitrary reduced polynomial over H, satisfying
w(g) = 1. Then, w(x) corresponds to a reduced -cycle γ in the flower A-automaton
F(W ∪ {g}). Note, that the condition w(g) = 1 means that ℓ(γ) = 1. We project
γ down the open foldings in the cascade (5.2) until getting a reduced -cycle γ′

in Γp,q, satisfying ℓ(γ′) = 1. We are going to prove our goal, namely w(x) ∈
⟨⟨w1(x), . . . , wn−m+1(x)⟩⟩, by induction on the number of occurrences, say s, of the
duplicated edges ei,j, i = 1, . . . , r, j = 1, . . . , ki, in γ′. If s = 0 then the same path
γ′ is, in fact, also a reduced -cycle in ΓA(⟨H, g⟩) because the closed foldings do not
affect it. But ΓA(⟨H, g⟩) is a deterministic A-automaton and so, ℓ(γ′) = 1 implies
that γ′ must be the trivial path. Therefore, γ is the trivial -cycle (from F(W ∪
{g})) as well, meaning that w(x) is the trivial polynomial, obviously belonging to
⟨⟨w1(x), . . . , wn−m+1(x)⟩⟩. This proves the base of the induction.

Suppose now that the result holds for equations determining paths with s occur-
rences of the duplicated edges ei,j and let w(x) ∈ Ig(H) be an equation determining
a path γ with s + 1 ⩾ 1 such occurrences. Then, highlighting the first of such
occurrences, γ can be written as γ = αeεi,jβ, for some ε = ±1, some i = 1, . . . , r,
some j = 1, . . . , ki, and with α containing no duplicated edge ei,j in either direction.
Next, we decompose γ in the following form:

γ =

{
αei,jβ = (αγ−1

i )(γiei,je
−1
i,0 γ

−1
i )(γiα

−1)(αei,0β), if ε = 1;
αe−1

i,j β = (αe−1
i,0β)(β

−1γ−1
i )(γiei,0e

−1
i,j γ

−1
i )(γiβ), if ε = −1.

Lifting γ up to F(W ∪ {g}), we get

γ̂ =

{
(γ̂iα−1)−1γ̂i,j(γ̂iα−1)(α̂ei,0β), if ε = 1;

(α̂e−1
i,0β)(γ̂iβ)

−1γ̂−1
i,j (γ̂iβ), if ε = −1,

which, when translated back into H-polynomials, means that w(x) equals the prod-
uct of a conjugate of one of the polynomials w1(x)

±, . . . , wn−m+1(x)
± and the poly-

nomial corresponding to (α̂eεi,0β), say w′(x). Observe that w′(g) = 1 as well, and
that the corresponding path has s occurrences of duplicated edges (since the first
one, eεi,j, was replaced by eεi,0). By the induction hypothesis, we have w′(x) ∈
⟨⟨w1(x), . . . , wn−m+1(x)⟩⟩ and therefore, so does w(x). This concludes the proof. □

Corollary 5.4. Given H ⩽fg F , one can effectively compute an integer d, such that
each g ∈ F dependent on H satisfies an equation over H of degree at most d.

Proof. By Theorem 4.1, we can compute elements g1, . . . , gm ∈ F dependent on H,
so that dep(H) = H⊔Hg1H⊔· · ·⊔HgmH. Now, by Theorem 5.3, we can effectively
compute an H-equation wi(x) = 1 of degree, say, di for each gi, i = 1, . . . ,m. Since,
by Observation 1.5, all the elements of the form hgih

′ ∈ HgiH satisfy an H-equation
of degree less than or equal to di, it follows that each dependent element satisfies an
equation of degree at most d = max{d1, . . . , dm}. □
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Remark 5.5. We have seen that, when H ⩽fg F , the set of elements that depend
on H is of the form dep(H) = H ⊔Hg1H ⊔ · · · ⊔HgmH. Let

J =
m⋃
i=0

IH(gi) ⊆ H ∗ ⟨x⟩,

where g0 = 1. Then, the set ofH-polynomials which are annihilated by some element
dependent on H is the union, over the set of all automorphisms of H ∗ ⟨x⟩ that fix
H, of images of J . This is because the H-equations satisfied by hgih

′ are, precisely,
those of the form w(h−1xh′−1) = 1, for w(x) ∈ IH(gi), and the elements h−1xh′−1

are, precisely, all the images of x by the automorphisms of H ∗ ⟨x⟩ fixing H.

6. On certain classes of subgroups

Let us look at some special classes of subgroups of a finitely generated free group
F and see whether they are preserved under the dependence operator. These classes
form a chain with respect to inclusion, where at the top of the chain are compressed
subgroups and at the bottom free factors; see Figure 3.

A subgroup H ⩽ F is called inert if rk (H ∩ K) ⩽ rk (K), for every K ⩽ F ,
and it is called compressed when rk (H) ⩽ rk (K), for every H ⩽ K ⩽ F (i.e.,
the same property as for inertness, required only for those subgroups K containing
H); see [7]. Of course, every inert subgroup of F is compressed, and it is an open
problem whether compressed subgroups in free groups are inert. It is also clear that
compressed subgroups of F cannot have rank larger than that of the ambient group
F .

A subgroup H ⩽ Fr is an echelon subgroup if there exists an ordered basis A =
{a1, . . . , ar} of Fr, such that 0 ⩽ rk (Hi) − rk (Hi−1) ⩽ 1 for i = 1, . . . , r, where
H0 = {1} and Hi = H ∩ ⟨a1, . . . , ai⟩, i = 1, . . . , r (we also say then that H is in
echelon form w.r.t. A); see [23]. Note, that the inequality 0 ⩽ rk (Hi) − rk (Hi−1)
always holds because Hi−1 ⩽ff Hi. Clearly, every free factor of F is an echelon
subgroup.

The family of echelon subgroups is a subclass of a broader class, called 1-gen-
endo, which was shown by Rosenmann [23] to be inert. A 1-gen-endo subgroup H
is formed through a finite number of transformations. We start with a basis B0 of
a free group F and let H1 be the subgroup generated by the elements of B0 except
for some h ∈ B0 that is replaced by some element h′ ∈ F . Suppose now that at step
i we have a subgroup Hi ⩽ F . Then, in step i+ 1, we form Hi+1 by replacing some
element hj of a basis Bi of Hi by an element h′

j ∈ Hi. That is, Hi+1 is the image of
the Hi-endomorphism which sends hj to h′

j and all other basis elements are mapped
to themselves. We stop after finitely-many steps and the resulting subgroup is H.
It is easy to see that every echelon subgroup can be formed through a finite number
of such transformations.

We also note that the class of inert subgroups is still larger since e.g. every
subgroup of rank 2 is inert, and there are subgroups of rank 2 that are not 1-gen-
endo subgroups.

Let Aut(F ) be the group of automorphisms of F . A subgroup H ⩽ F is called
1-auto-fixed if H = Fix(α), the subgroup of elements of F fixed by α, for some α ∈
Aut(F ); see [14]. Clearly, this class includes free factors of F . In Dicks–Ventura [7]
it was proved that 1-auto-fixed subgroups of finitely generated free groups are inert
(recently, this has been generalized to 1-endo-fixed subgroups by Antoĺın–Jaikin [1],
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free
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1-auto-fixed
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inert
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Figure 3. A chain of classes of subgroups of a free group

solving the inertia conjecture from [7]). Also, an explicit description of 1-auto-fixed
subgroups of free groups was given in Martino–Ventura [15], and from this it follows
that 1-auto-fixed subgroups are in echelon form w.r.t. an appropriate ambient basis;
see also [23].

Next, we examine which of these classes are closed under the dependence opera-
tor. For some it is not difficult to give a positive answer: free factor, echelon and
compressed. For the others, it seems to be an open problem.

6.1. Free factors. We start with the simplest class, that of free factors of F .
Clearly, a subgroup which is a free factor is dependence-closed and so, it is invariant
under the dependence operator. In the following proposition we are dealing with a
somewhat more complex situation, where Stallings automata play an essential role
in the proof.

Proposition 6.1. Let F1 = F (A1), F2 = F (A2), where A1 and A2 are disjoint
alphabets, and let F = F (A1 ⊔ A2) = F1 ∗ F2. Let H1 ⩽ F1, H2 ⩽ F2 and let
H = ⟨H1, H2⟩. Then, DepF (H) = DepF1

(H1) ∗DepF2
(H2).

In particular, if H1 is dependence-closed in F1 and H2 is dependence-closed in F2,
then H is dependence-closed in F .

Proof. It is clear that H = H1 ∗ H2. The Stallings automaton ΓA1⊔A2(H) with
respect to the basis A1⊔A2 of F is the disjoint union of ΓA1⊔A2(H1) = ΓA1(H1) and
ΓA1⊔A2(H2) = ΓA2(H2), with the basepoints 1 and 2 identified into a single one
. Let R1, R2, and R be the sets of pairs of vertices as in (4.2), respectively, from
ΓA1(H1), ΓA2(H2), and ΓA1⊔A2(H). We claim that

R = R1 ⊔R2.

Clearly, R ⊇ R1 ⊔ R2 since each of the pairs (p, q) in R1 and in R2 results in a
rank reduction after identifying p with q in the corresponding part. On the other
hand, when we identify 1 ̸= p ∈ ΓA1(H1) and 2 ̸= q ∈ ΓA2(H2), we already obtain
a deterministic (A1 ⊔ A2)-automaton (by the fact that A1 ∩ A2 = ∅) and thus, no
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folding occurs and the rank increases by 1, implying that (p, q) /∈ R. It follows that

depF (H) =
⋃

(p,q)∈R1⊔R2⊔{( , )}

Hg(p,q)H

and DepF (H) = DepF1
(H1) ∗DepF2

(H2). □

6.2. 1-auto-fixed subgroups. In the following example we show that the depen-
dence subgroup of H = Fix(α), for α ∈ Aut(F ), is not necessarily fixed by α. This
does not exclude the possibility of Dep(H) being fixed by another automorphism,
as is indeed the case in this particular example.

Example 6.2. Let F = F (a, b) and let α : F → F be the automorphism defined by
a 7→ a, b 7→ ba. Then, H = Fix(α) = ⟨a, bab−1⟩, and Dep(H) = F is not fixed by α.
However, clearly F is fixed by the identity automorphism.

6.3. Echelon subgroups. For the class of echelon subgroups, we show that it is
closed under the dependence operator.

Proposition 6.3. Let F (A) be the free group on A = {a1, . . . , ar}, and let H ⩽fg

F (A) be an echelon subgroup w.r.t. A. Then, Dep(H) is also an echelon subgroup
w.r.t. A.

Proof. Let F0 = {1} and Fi = ⟨a1, . . . , ai⟩ ⩽ff F , for i = 1, . . . , r. Also, let Hi =
H ∩ Fi ⩽ff H and Di = Dep(H) ∩ Fi ⩽ff Dep(H), for i = 0, . . . , r. Since Fi−1 ⩽ff Fi

then Hi−1 ⩽ff Hi, Di−1 ⩽ff Di and rk (Hi−1) ⩽ rk (Hi), rk (Di−1) ⩽ rk (Di), for
i = 1, . . . , r. Moreover, observe that when rk (Di) = rk (Di−1) then Di = Di−1 and
this implies that Hi = Hi−1. Now, suppose that H is in echelon form w.r.t. A,
i.e., 0 ⩽ rk (Hi) − rk (Hi−1) ⩽ 1, for each i. Then rk (H) equals the number of
times that rk (Hi) = rk (Hi−1) + 1. Since an equality in ranks, rk (Di) = rk (Di−1),
implies Hi = Hi−1, we deduce that rk (Di)−rk (Di−1) ⩾ rk (Hi)−rk (Hi−1), for each
i = 1, . . . , r. Therefore,

rk (Dep(H)) =
r∑

i=1

(rk (Di)− rk (Di−1)) ⩾
r∑

i=1

(rk (Hi)− rk (Hi−1)) = rk (H).

But, by Proposition 2.4, rk (Dep(H)) ⩽ rk (H). Hence, the above inequality is an
equality and thus, for each i = 1, . . . , r,

0 ⩽ rk (Di)− rk (Di−1) = rk (Hi)− rk (Hi−1) ⩽ 1.

Thus, Dep(H) is in echelon form w.r.t A. □

6.4. Compressed subgroups.

Proposition 6.4. Let F be a free group and let H ⩽fg F be a compressed subgroup.
Then, Dep(H) is compressed, with rk (Dep(H)) = rk (H).

Proof. By Proposition 2.4, rk (Dep(H)) ⩽ rk (H), but since H ⩽ Dep(H) and H is
compressed then rk (Dep(H)) = rk (H). Let now K be an arbitrary subgroup with
Dep(H) ⩽ K ⩽ F . Then, since H ⩽ K and H is compressed, we have

rk (K) ⩾ rk (H) = rk (Dep(H)),

which proves that Dep(H) is compressed. □
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7. Dependence sequence and dependence closure

In this section we investigate further the dependence operator and the notion of
dependence closure in the setting of a free group F . Recall that a subgroup H ⩽ F
is dependence-closed in F if DepF (H) = H. For example, free factors H ⩽ff F
are dependence-closed in F , but they are not the only ones (e.g., H = ⟨a2b2⟩ and
K = ⟨[a, b]⟩ are both dependence-closed in F ({a, b})).
We provide here an example of a subgroup H ⩽fg F (a, b), such that Dep(H) is

not dependence-closed; that is, the process of adding to H all the elements that
depend on H and constructing Dep(H), itself creates new dependent elements. In
fact, for every m ⩾ 1, we exhibit a finitely generated subgroup Hm ⩽fg F (a, b) with
dependence length depl(Hm) = m, i.e., for which its dependence sequence has length

exactly m, Hm < Dep1(Hm) < Dep2(Hm) < · · · < Depm(Hm) = D̂ep(Hm).

Example 7.1. For every m ⩾ 1, we construct a subgroup Hm ⩽ F = F (a, b) of
dependence length m ⩾ 1 in the following way (see Figure 4 for the case m = 4).
Let p1, p2, p3, . . . = 2, 3, 5, . . . be the ascending sequence of prime numbers. We

define the elements An ∈ F , n ≥ 1, to be1

A1 = a2b3a5b7, A2 = a11b13a17b19, . . . , An = a p4n−3 b p4n−2 a p4n−1 b p4n .

Now, let Hm = ⟨h1, . . . , hm−1, A
5
m, Am+1⟩ ⩽ F , where

h1 = A2A3A
5
1A3A2, h2 = A3A4A

5
2A4A3, . . . , hm−1 = AmAm+1A

5
m−1Am+1Am.

Proposition 7.2. Hm is of dependence length m.

Proof. We claim that

Dep(Hm) = ⟨h1, . . . , hm−2, A
5
m−1, Am, Am+1⟩,

Dep2(Hm) = ⟨h1, . . . , hm−3, A
5
m−2, Am−1, Am, Am+1⟩,

...

Depj(Hm) = ⟨h1, . . . , hm−1−j, A
5
m−j, Am−j+1, . . . , Am+1⟩,

...

Depm(Hm) = ⟨A1, A2, . . . , Am+1⟩,
where all the above generators are free generators.

The idea in constructing Hm is the following. Since Hm contains the element A5
m,

then, clearly, Am ∈ Dep(Hm). Consequently, A5
m−1 is “revealed” since Dep(Hm)

contains Am+1, Am and hm−1 = AmAm+1A
5
m−1Am+1Am. Thus, Am−1 is a dependent

element of Dep(Hm). In the next step, we obtain Am−2 as a dependent element of
Dep2(Hm) through Am, Am−1 and hm−2 = Am−1AmA

5
m−2AmAm−1, and so on. It

follows that after (at most) m steps we end up with the subgroup Depm(Hm) =
⟨A1, A2, . . . , Am+1⟩, which is dependence-closed.
It is, however, less clear that throughout the dependence sequence there are no

more dependent elements besides the ones mentioned above, which can cause ad-
ditional foldings in the graphs of the subgroups. So, let us examine the graph of
the subgroup Depm−j(Hm). It contains m + 1 simple cycles that are of (at most)

1The fact that the powers of a and b in the An are prime numbers may reduce the number of
possible foldings in the graphs of the dependent subgroups, but it does not seem to be a necessary
condition.
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Figure 4. The dependence sequence of length 4 of the subgroup H4,
where hj = Aj+1Aj+2A

5
jAj+2Aj+1, for j = 1, 2, 3.

four types: the -cycles hi = Ai+1Ai+2A
5
iAi+2Ai+1, for i = 1, . . . , j − 1, Ak, for

k = j+1, . . . ,m+1, and A5
j (in addition to the cycle Aj+1A

5
j−1Aj+1A

−3
j which does

not include the basepoint and is formed through hj−1 and A5
j). For convenience and

without loss of generality, we will make use of the graph of H4 (Figure 5(a)) when
checking the possible identifications of vertices. This graph contains cycles of all the
above four types, and it is representative of the general case.

The fact that there are not many dependent elements is also due to the fact that
the vertices are of low degrees. Most of the vertices are of degree 2, with outgoing
pairs of edges labelled by (a, a−1), (b, b−1), (a, b−1) or (b, a−1). Some vertices are
of degree 3 (at most 2(m + 1) such vertices in Depi(Hm)), with outgoing triples
of edges labelled by (a, a−1, b) or (b, b−1, a−1). The latter are to be found in the
neighbourhood of the basepoint , and two more vertices of degree 3 are located
near the cycle that does not pass through (near vertices 9 and 12 in Figure 5(a)).

Let us now look at the identification of any pair of possible vertices. We call a
vertex at which an Ai-segment starts or terminates a prime vertex, and otherwise -
a secondary vertex. When no prime vertex is involved in the identification (either
directly or after the consequent foldings) then it takes place within some Ai. But
clearly any such identification forms a loop that cannot be erased.

So, we can assume that the initial identification is of a prime vertex p and another
vertex q. Suppose, first, that q is a secondary vertex. A p-cycle then starts with an
Ai-segment (or an A−1

i -segment), for some i, and ends with an Aj-segment (or an
A−1

j -segment), for some j. Let us assume, w.l.o.g. that it starts with an Ai-segment
and ends with an Aj-segment. Given that Ai = a p4i−3 b p4i−2 a p4i−1 b p4i , the p-cycle
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Figure 5. Identifying vertices of ΓA(H4)

begins with a sequence of a’s and ends with a sequence of b’s. The matching q-cycle
then must also start and end with such sequences. Then, even if both a-sequences
at the start of the cycles are completely matched, then the next sequence of b’s (of
size p4i−2 in our case) in the p-cycle can be matched with a corresponding sequence
of b’s in the q-cycle only when this b-sequence is part of an Ai-segment (the same
i as in the p-cycle). This is because the size of the sequence of b’s that follows a
sequence of a’s is unique to Ai. But then the previous sequence of a’s in the q-cycle
should also be the first part of some Ai, which contradicts our assumption that q is
a secondary vertex. Similarly, the last part of the p-cycle, consisting of a sequence of
b’s that is preceded by an a-sequence, cannot be completely matched with a similar
segment at the end of the q-cycle. It follows that the middle part of the p-cycle stays
unfolded, and so the number of cycles cannot be reduced, and the identification of
the vertices p and q does not produce a dependent element.
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Let us now examine the case of identifying two prime vertices. Here it is clear
that we can only match two paths both starting with an Ai-segment (the same i)
and ending with an Aj-segment (the same j); otherwise, we cannot even match the
first sequence of a’s or the last sequence of b’s.

It remains to look at an identification of two prime vertices p and q where both
are incident to an Ai-segment or an A−1

j -segment (the same i or j). By the pre-
ceding discussion, we can look at the Ai-segments as single edges, representing free
generators for the subgroups they generate (as in Figure 4(e)). So, let us examine
such identifications in Γ(H4) (Figure 5(a)). Clearly, the identification of vertex 0
(the basepoint ) with vertex 9 leads to the folding of the A5

4-cycle into the A4-
segment and the result, after some more foldings, is seen in Figure 4(b). That is,
A4 is obtained as a dependent element of H4. We claim that all other identification
of vertices (other than the ones that result with the same graph as in Figure 4(b))
increase the number of cycles. These are shown in Figure 5(b)-(f), where vertices
of ΓA(H4) that are the initial or terminal vertices of an Ai-segment (the same i
in both vertices) are identified. Not all possible identifications are shown, but the
other identifications either lead to graphs that are of the same form as the graphs
in Figure 5 (possibly with different vertex and edge labels) or are those in which it
is clearly seen that they increase the number of cycles from 5 to 6.

The process of constructing the dependence sequence of Hm ends after m steps
in the subgroup freely generated by the elements A1, . . . , Am+1 and then no more
dependent elements outside the subgroup exist. It follows that the dependence
length of Hm is m. □

Despite the existence of these arbitrarily long dependence sequences, the depen-
dence length, depl(H), of a finitely generated subgroup H ⩽fg F is finite, and its

dependence closure, D̂ep(H), is always finitely generated. In addition, given a set
of generators for H, one can algorithmically compute a set of generators for all the
subgroups in the dependence sequence of H.

Proposition 7.3. Let H ⩽fg F (A) and let n be the total length of the given gener-
ators of H. Then

(i) depl(H) ⩽ n and it is computable;

(ii) rk (D̂ep(H)) ⩽ rk (H) and one can effectively compute a basis for D̂ep(H)
in time O(n4 log∗(n)).

Proof. (i) Consider the ascending sequence H ⩽ Dep1(H) ⩽ Dep2(H) ⩽ · · · of
subgroups of F (A). At each step, when passing from Depi(H) to Depi+1(H), we
identify at least one pair of vertices of the automaton ΓA(Dep

i(H)), which does
not result in an increase of rank. When no such pair exits anymore, the resulting

dependence-closed subgroup is D̂ep(H). Since the sum of the lengths of the given
generators is n, the automaton ΓA(H) has at most n vertices and so, the process
consists of at most n steps, i.e., depl(H) ⩽ n.

(ii) The fact that rk (D̂ep(H)) ⩽ rk (H) follows from Proposition 2.4 and from
Lemma 2.3. By Corollary 4.4, given a set of generators for Depi(H), we can compute
a basis for Depi+1(H) in time O(n3 log∗(n)). Since the dependence length is at most

n, a basis for D̂ep(H) can be computed in time O(n4 log∗(n)).
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In fact, we can accelerate the process of computing a set of generators for D̂ep(H)
(without getting generators for all the intermediate subgroups Depi(H)) in the fol-
lowing way: whenever two vertices p and q are identified in an automaton Γ and,
after performing all the subsequent foldings, the resulting automaton Γ′ has rank
not bigger than that of Γ, then we continue the identification of subsequent pairs of
vertices from Γ′ instead of Γ. □

When we are just interested in the question of deciding whether the subgroup
H ⩽fg F (A) is dependence-closed then we only need to check if Dep(H) = H.

Proposition 7.4. Let H ⩽fg F (A) and let n be the total length of the given gener-
ators of H. Then, it is algorithmically decidable in time O(n3 log∗(n)) whether H
is dependence-closed or not.

Proof. In order to decide whether Dep(H) ̸= H, we only need to check (in the
worst case) all pairs of distinct vertices (p, q) of the automaton ΓA(H) and see
whether, after identifying p with q, the following elementary foldings are all open.
By Corollary 4.4, this can be done in time O(n3 log∗(n)). □

8. Open problems

We gather here some questions that we think are interesting for further research.

Question 8.1 (answered by Dario Ascari [2]). Given H ⩽fg F and an element
g ∈ F dependent on H, is it possible to find a non-trivial H-equation of minimal
degree that is satisfied by g? Is the ideal IH(g) (of all polynomials w(x), such that
w(g) = 1) generated (as normal subgroup of H ∗ ⟨x⟩) by (some of) its polynomials
of minimal degree?

Question 8.2. Is the class of 1-auto-fixed subgroups closed under the dependence
operator? And the class of 1-gen-endo subgroups? and that of inert subgroups?

Question 8.3. Can one extend the definitions and results in this paper to other
classes of groups beside free groups? What are the “right” definitions of dependence
in these cases (see Remark 1.2)?

Question 8.4. Is there a finitely presented group G where (some of) the above
questions are algorithmically unsolvable? In the affirmative, construct such a group.

Question 8.5. Can one develop a similar theory for multi-variate equations over a
subgroup H ⩽fg G? Here, also, one has to find the “right” definition of dependence.
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