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1. Introduction

Let F, be a free group of finite rank n > 2. Two elements g and h in F, are called transla-
tion equivalent if for every free and discrete isometric action of F, on an R-tree T, the elements
g and h have equal translation lengths on T, namely infyer d(x, gx) = infyer d(x, hx). This concept was
first introduced by Kapovich, Levitt, Schupp and Shpilrain [1] motivated by several notions studied
in Teichmiiller theory related to spectral geometry of hyperbolic surfaces, particularly the notions
of “hyperbolic equivalence” and “simple intersection theory” there (cf. [7]). It is easy to see that
if g is conjugate to h*! in F,, then g and h are translation equivalent. However it was not ob-
vious and not known that more complicated examples of translation equivalence exist. The paper
of Kapovich et al. [1] gave several combinatorial characterizations of translation equivalence in free
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groups and also exhibited two unexpected sources of translation equivalence: one associated with
traces of SL(2, C)-representations of F, (where the proof is ultimately analytic) and the other of a
combinatorial nature involving some R-tree techniques. In the same paper, Kapovich et al. proposed
a problem about other possible sources of translation equivalence in free groups, which was later
solved in the affirmative by the first author [4]. Furthermore, the first author [5] proved that there is
an algorithm to decide whether or not two given elements of F, are translation equivalent.

Kapovich et al. [1] also introduced two natural generalizations of the notion of translation equiv-
alence: one is the bounded translation equivalence in free groups and the other is the volume
equivalence of subgroups of free groups which is the main topic of the present paper.

Definition 1.1. Two elements g and h in F, are called boundedly translation equivalent if there is C > 0
such that

l< ¢l <cC
C lleMl

for every automorphism ¢ of Fj.

Clearly every pair of translation equivalent elements in F, are boundedly translation equivalent,
but not vice versa. As an easy example of bounded translation equivalent elements which are not
translation equivalent, we can take two elements g =a and h =a[a, b] in F(a,b) which is the free
group with basis {a, b}. Indeed, it was shown in [6, Introduction] that, for these two elements g and h,

lem | =|s@|+4

for every automorphism ¢ of F(a, b) and thus

1< ¢l <1
5 lleMll

for every automorphism ¢ of F(a,b). The first author also proved in [6] that bounded transla-
tion equivalence in the free group of rank two is algorithmically decidable. Recently, Kapovich and
Lustig [2] showed that any two “sufficiently random” elements in F, are boundedly translation equiv-
alent.

Definition 1.2. Two finitely generated subgroups H and K of F, are called volume equivalent, if for
every free and discrete isometric action of F, on an R-tree T, we have vol(Ty/H) = vol(Tx /K). Here
Ty is the unique minimal H-invariant subtree of T; thus Ty /H is a finite graph whose edges inherit
the same lengths as their lifts to T. The volume vol(Ty/H) is the sum of the lengths of the edges of
this graph.

Once again, if H is conjugate to K, then, obviously, H and K are volume equivalent. Also, if H
and K are subgroups of index m < oo in a subgroup L of F, then H and K are volume equivalent. If
H = (h) and K = (g) are infinite cyclic subgroups of Fj, then H and K are volume equivalent if and
only if g and h are translation equivalent. Furthermore, if H and K are volume equivalent in F, and if
¢ : Fy — Fp is an injective homomorphism, then ¢ (H) and ¢ (K) are volume equivalent in F,. Apart
from these observations, no other sources of volume equivalence have been known.

Let F, be the free group of finite rank n > 2 with basis X. It is well known that every finitely
generated subgroup H of F, has a unique finite graphical representation I'yy up to graph isomorphism.
The graph I'y is a cyclically reduced X-labeled directed graph which depends only on the conjugacy
class [H]. We refer the reader to [3] and [8] for the construction of the graph I'y. By V(I'y), we
denote the number of vertices of the graph I'y, whereas E(I'y) denotes the number of edges of I'y.
As in [8], for S ¢ X*!, the capacity of S, denoted by cap(I'y; S), means the number of vertices v
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of I'y such that the set of labels of incoming edges of v meets both S and its complement S¢. The
terminology “capacity” comes from hipergraph versions of Whitehead graphs for finitely generated
subgroups of free groups.

We now introduce our main results of the present paper. Motivated by [1, Theorem A], we give a
more algebraic and combinatorial characterization of volume equivalence as follows.

Theorem A.

(1) Forn = 3, two finitely generated subgroups H and K of F, are volume equivalent if and only if E(I'y(H)) =
E(Iyx)) for every automorphism ¢ of Fp.

(2) Two finitely generated subgroups H and K of F» = F(a, b) are volume equivalent if and only if E(I'y (1)) =
E(Iyxy) and cap(Fpemy; {at')) = cap(Tyy; {at1)) for every automorphism ¢ of Fa.

The following corollary is immediate.
Corollary 1.3.

(1) For n > 3, two finitely generated subgroups H and K of F, are volume equivalent if and only if
vol(X(Fy, A)g/H) = vol(X(Fp, A)x /K) for Cayley graphs X(Fy, A) of F, with respect to all possible
free bases A of F,.

(2) Two finitely generated subgroups H and K of F, are volume equivalent if and only if vol(X(F2, A)y/H) =
vol(X(F, A)k/K) and cap(X(F, A)y/H; {xt1}) = cap(X(F3, A)x /K; (x*1}) for every free basis A
of F, and every x € A.

The proof of Theorem A will appear in Section 2, and it is only a modification and generalization
of the proof of [1, Theorem A]. As stated in Theorem A, our combinatorial characterization of vol-
ume equivalence in F, requires one additional condition on “capacities”. We justify that this extra
condition cannot be dropped by proving the following theorem, whose proof will be given also in
Section 2.

Theorem B. Let
H={[a,b]l) and K =/(a,b? bab~")

be subgroups of F(a, b). Then we have E(I'yn)) = E(I'y(k)) for every automorphism ¢ of F(a,b), but H
and K are not volume equivalent.

Introducing the notion of volume equivalence, Kapovich et al. [1] asked whether the volume equiv-
alence of two subgroups H and K of F, necessarily implies that H and K have the same rank. The
following theorem answers this question in the negative.

Theorem C. Let
H=([b,a"']b[b,a"']ba"'ba),

K= <[b,a‘1]2, ba‘l[b,a]b_2a>

be subgroups of F (a, b). Then H and K are volume equivalent in F(a, b) but rank(H) # rank(K).

The proof of Theorem C will appear in Section 4, and it heavily relies on the technical analysis
to be done in Section 3 where we will analyze the effect of automorphisms of F, on the subgroup
graphs of F, with the use of an explicit description of automorphisms of F, obtained in [5].
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Remark 1.4. (1) Using arguments similar to the proof of Theorem C, we can also prove:
(i) Two subgroups
H=([a,b"]a[a,b']*,a b~ [a,b7"]),
K ={([a,b"]a[a,b"']*,a""b""[a, b "]afa,b~"])

are volume equivalent in F(a, b).
(ii) Two subgroups

H=(a, (ab‘l)3a_2, ab~'a*b71),
K= (a5, (ab’l)3a’1,ab’1a2b’1>

satisfy E(IyH)) = E(I'y(k)) for every automorphism ¢ of F(a,b), but H and K are not volume
equivalent in F(a, b).

(2) If H=<(h) and K = (g1, g2) are as in Theorem C and if Ky is a subgroup of K of index m > 1,
then K; is volume equivalent to (h™). The rank of K; is equal to m + 1. Thus Theorem C yields
an example of a subgroup of F(a,b) of arbitrary rank k > 2 which is volume equivalent to a cyclic
subgroup.

2. A combinatorial characterization of volume equivalence

Throughout this section, let F, be the free group of finite rank n > 2 with basis X. We begin this
section by recalling that a Whitehead automorphism « of F, is defined to be an automorphism of one
of the following two types (cf. [5]):

(W1) a permutes elements in X+1,

(W2) « is defined by a letter x € X*! and a set S ¢ X*1\ {x,x~!} in such a way that if c € ¥*! then
(a) ar(c) = cx provided ce S and ¢! ¢ S; (b) ae(c) = x~'cx provided both c,c™ 1 € S; (c) a(c) =c¢
provided both c,c™1 ¢ S.

If o is of type (W2), we write o = (S, x). Note that in the expression of o = (S, x) it is conventional
to include the defining letter x in the defining set S, but for the sake of brevity of notation we will
omit x from S as defined above.

We establish two lemmas that are used in the proof of Theorem A from the Introduction. If I" is a
finite cyclically reduced X-labeled directed graph and x € X*!, then n(I"; x) denotes the number of
edges of I" labeled by x. Clearly n(I"; x) =n(I"; x~1).

Lemma 2.1. For two finitely generated subgroups H and K of Fy, if E(I'g1y) = E(I'y(k)) for every automor-
phism ¢ of Fy, then n(I'y; x) = n(Ik; x) for every x € X+,

Proof. Let ¥ ={aj,az,...,a,}. For each i, j € {1,...,n} with i # j, let ¢;; = ({a;}, a;) be a Whitehead
automorphism of F, of type (W2). By [8], we have

V(Lgymy) — V(In) = cap(Tu; {ai, aj}) —n(Ts aj). (1)

Since ¢; is an automorphism of Fy, L) has the same number of faces as I'y does. So, by (1), we
have

E(Ig;my) — E(Tw) = cap(Ty; {ai, a;}) —n(Iy; aj). (2)
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For a similar reason, we get

E(Iy;m) — E(Tw) = cap(Tu; {ai, aj}) — n(ly; ap). (3)

Subtract (3) from (2) to obtain

E(I'g;Hy) — EU ;) =0Ty ai) —n(lw; aj).
So, for each i=1,...,n, we have
Y AEWgyam) = E@py) } = (1= DTz ap) = Y n(Tys a)).
j#i J#i

Here, since Z#i n(I'y;aj) = E(I'y) —n(I'y; a;), we obtain

1
n(I'y;a;) = - [E(FH) + Z{E(Fd)fj(H)) - E(Fd)ji(H))}]’
J#

The same argument is applied to K to get

1
(i ai) =~ [E(FK) + ) {EWTyya0) — E(F¢ji(K>)}]~
j#i

By the hypothesis of the lemma, we finally have
n(Fu; a;7') =n(Iys i) =n(k; @) =n(I; a;7')
for every i =1, ...,n, which proves the lemma. O

Lemma 2.2. For two finitely generated subgroups H and K of F, withn > 3, if E(I'y(ny) = E(I'p(k)) for every
automorphism ¢ of Fn, then cap(I'yy; S) = cap(I'k; S) for every subset S ¢ X*1 such that S*1 = S.

Proof. Let ¥ = {aj,ay,...,a,}, and let S be a subset of ¥*! such that S*! = S. Without loss of
generality, we may assume that S = {aq, ..., a)*! with k <n. Put N = E(I'y) = E(I'). There are two
cases to consider.

Casel. 1<k<n—1.

For a finite cyclically reduced X-labeled directed graph I, by L(I") we denote the number of
vertices v of I" such that v has only two incident edges labeled by a; and a, into the vertex v. Now
let ¢ be an automorphism of F, defined by

_ -N _ N
¢(ar) = (a;Naza)) " ar (a7 Nazal)";
¢ (a;) = afNaiallv for2 <i<k;
p(aj) =a;Najal fork+1<j<n—1;

¢ (an) = (a5 Nan_1aY) " an(a; Van_1al)"
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Fig. 1.

It is not hard to observe that
cap(I'y; S) = L(Tyw)),
cap(I'x; S) = LT p(x)), (4)

and that in the graphs I'yyy and Iy(k) there is no vertex v’ such that v/ has more than two incident
edges two labeled by a; and a, into the vertex v’. This observation yields that

E(T'yeHy) — Epm)) =nTpHy; a1) — 2L(Tp ),
E(T'y¢x) — Epm) =nTgay; a1) —2L(Tgxy)s (5)

where i is the Whitehead automorphism ({ai},a;) of F,. Here, by the hypothesis of the lemma,
E(F¢(H)) = E(F(,{)(K)) and E(F,/,,p(H)) = E(Fl/,d)([()), which implies

E(Ty¢m) = ETpmy) = EUyg i) = ETpx))-
Also by Lemma 2.1, we have n(I'yn); a1) =n(Iyky; ar). It then follows from (5) that
L(IpHy) = L(Tp(x)),
so that, by (4), we finally have
cap(I'y; S) =cap(I'k; S).
Case2. k=1ork=n-—1.

For every finite cyclically reduced X-labeled directed graph I, since

cap(T's {af!, ..., ¢, }) = cap(I: {a'}).

> n—1 n
we may assume that S = {afl}. Let L1(I"), Lo(I") and L3(I") denote the number of vertices of I" of

type I, II and III, respectively, as depicted in Fig. 1.
Let ¢ be an automorphism of F, defined by

¢(a1) =as;
o(a) =a,Naa for2<i<n-—1;

_ _N _ N
¢(an) = (an Nan,la,’;’) an(an Nan71a,[1\’) )

It is not hard to observe that
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cap(I'y; S) = cap(Tyny; S) = Li(Tpw)) + La(Tpmy) + Ls(Tpmy),
cap(I'x; S) = cap(Fypky; S) = Li(Tpky) + La(Tgpxy)) + La(Tpciy)- (6)

Let ¥ and v, be the Whitehead automorphisms ({a,},a;) and ({an},a;l) of F,, respectively.
Then, by the hypothesis of the lemma,

E(I'y;¢y) — Epny) = E(Ty 1)) — ETp ().
for j =1, 2. Note that
E(Ty,¢H) — E@gmy) =nTyy; an) — 2L2(Tyw)) — L3(Tpm)),
E(lyy¢0) — E(Tg k) =n(T ks an) — 2L2 (k) — L3(Tpk)),
and that
E(Iy,e1y) — Epy) =n(TpHys an) — 2L1(Tpy) — L3s(Tpmy),
E(Iy,p00) — Epuy) =nTpk); an) — 2L1(Tpk)) — L3(Tpx))-
Here, since n(I'y(n); an) =n(Iyk); an) by Lemma 2.1, we have
2L (Tyn)) + Ls(Tpy) = 2La(Tgx)) + L3(Tpx)),
2L1(FpHy) + L3(TpHy)) = 2L1 (T k) + L3 (T xy)-

Adding these two equalities yields

2L1(Fp(Hy) + 2L2(TpHy) + 2L3(TgH)) = 2L1(Tp0)) + 2L (T k) + 2L3(Tgp (k)

that is,

Li(ITpy) + La(Tgmy) + Ls(Tpwy) = LTy ) + La(Tpy) + Ls(Tgpxy)-

It then follows from (6) that

cap(I'y; S) = cap(I'k; S),
as required. O
Now we are in a position to prove Theorem A from the Introduction.
Theorem A.
(1) Forn > 3, two finitely generated subgroups H and K of F,, are volume equivalent if and only if E(I'yH)) =
E(Iy(ky) for every automorphism ¢ of Fy.

(2) Two finitely generated subgroups H and K of F» = F(a, b) are volume equivalent if and only if E(I'y(n)) =
E(Iyky) and cap(Fyemy; {at}) = cap(Tyy; {at1)) for every automorphism ¢ of Fa.
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Proof. We first prove the “only if” part of (1) and (2). Suppose that H and K are volume equivalent
in F, (n > 2). So, for every free and discrete isometric action of F, on an R-tree X, vol(Xy/H) =
vol(Xk /K). Let ¢ be an automorphism of F,. Obviously X' = ¢(X) is a free basis of F,. Take an R-
tree X as the Cayley graph of F, with respect to ¥’. Then vol(Xy/H) = E(I'yn)) and vol(Xg/K) =
E(F¢(l()), and thus we have E(F¢(H)) = E(F¢(l()).

To show that the additional assertion on “capacities” holds in (2), let u be a monomorphism from
F(a,b) to F(a,b,c) defined by j(a) =c 'ac and p(b) =b. Then p¢ is a monomorphism from F(a, b)
to F(a,b,c). Since H and K are volume equivalent in F(a,b), u¢(H) and u¢(K) are also volume
equivalent in F(a, b, ¢). Hence E(I'u¢H)) = E(Iug(k)), and thus

E(Tugy) — ETpy) = EUugy) — ETgao)-

It then follows from E(Iugm) — Epmy) = cap(Typ; (0') and Eugx) — E(Tpk) =
cap(Typk); {a*!}) that

cap(Fyqy: {a™'}) = cap(Fyao: {a*'}).

as required.

Next, we prove the “if” part of (1) and (2). Suppose that F, (n > 2) is acting freely, discretely and
isometrically on an R-tree X. Let Y = X/F, be the quotient graph of X. Since X is a metric tree, the
edges e of Y come equipped with the lengths I(e). Thus every edge-path in Y has a length which is
the sum of the lengths of the edges of this path. There is an obvious canonical identification between
F, and m1(Y,v), where v is a vertex of Y. Choose an orientation EY = ETY UE~Y on Y. Then for
every maximal tree in Y there is a canonically associated free basis of w1 (Y, v).

On the other hand, let Xy be the unique minimal H-invariant subtree. Since vol(Xy/H) is the sum
of lengths of the edges of the metric graph Xy/H, we have

vol(Xp/H) =) n(Xu/H:e)l(e),

ecEtY

where n(Xy/H;e) is the number of times that e occurs in Xy /H.

We consider two cases separately. First, suppose that e € E*Y does not separate Y. Choose a
maximal tree not containing e, and consider the associated free basis A of F, = m(Y, v). Let ¢ be
an automorphism of F, which sends A to X. Then n(Xy/H;e) =n(IyH); ¢ (@e)) where ae € A is the
generator corresponding to e. Hence the assertion follows from Lemma 2.1.

Suppose next that e separates Y, so that Y = Y; Ue U Y;. Choose a basis A of F, associated
to any maximal tree in Y. This basis is partitioned as A = A1 U Ay, with b € A; if and only if
it corresponds to an edge in Y;. Let ¥ be an automorphism of F, which sends A to X. Then
n(Xn/H;e) = cap(I'y (Hy; 1//(A1i1)). Thus the assertion follows from Lemma 2.2 and the hypothesis
of the lemma. O

As stated in Theorem A, our combinatorial characterization of volume equivalence in F, requires
one additional condition on “capacities” compared to the case of free groups of higher rank. We justify
that this extra condition cannot be dropped by proving the following:

Theorem B. Let
H=(la,bl) and K ={a,b* bab~")

be subgroups of F(a,b). Then we have E(I'yu)) = E(I'y(k)) for every automorphism ¢ of F(a,b), but H
and K are not volume equivalent in F(a, b).
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Proof. Let ¢ be an arbitrary automorphism of F» = F(a, b). Then ¢([a, b]) is conjugate to [a, b]*!
and hence E(I'y(H)) = 4. Note that K has index 2 in F,. So the subgroup ¢(K) also has index 2
in F. This implies that I, is a 2-fold cover of the wedge of two circles labeled by a,b and hence
E(Tpx)) =4.

However, we show that H and K are not volume equivalent in F,. One can see this either us-
ing Theorem A (indeed, we can check cap(I'y; {a*!}) =4 # 2 = cap(I'k; {a*'})) or directly using the
definition of volume equivalence. Namely, let I" be a graph consisting of two disjoint loop-edges x
and y with a non-loop edge z joining the base point * of x with a base point of y. Then (I, *)
is isomorphic to F, via a =x, b = zyz~!. The universal cover of I' is a tree T where we give every
edge length 1. Then Tx/K = T/K is the double-cover of I and thus has volume 6. The volume of
Ty/H is equal to the translation length infic7 d(t, [a, b]t) which we can compute by finding a cycli-
cally reduced loop in I" representing [a, b]. Thus we have [a,b] =aba~'b~! = xzyz 1x"1zy—1z1.
Hence vol(Ty/H) = infie7 d(t, [a, b]t) =8 # 6. Thus H and K are not volume equivalent in F,. O

3. The effect of automorphisms on the subgroup graphs of F,

This section is the technical heart of the present paper. Throughout this section, let F» = F(a, b),
the free group with basis {a, b}. For two automorphisms ¢ and ¢ of F;, by writing ¢ = we mean
the equality of ¢ and v over all cyclic words in F,, that is, ¢(w) = v(w) as cyclic words for every
cyclic word w in F,. From now on, we let

o=({a),b), t=(b}.a), G=(la,b"), T=({b""}.q)

be Whitehead automorphisms of F, of type (W2). As proved in [5], every automorphism of F, can be
represented in one of two particular types over all cyclic words of F, as follows:

Lemma 3.1. (See Lemma 2.3 of [5].) Every automorphism ¢ of F, can be represented as ¢ = B¢’, where B is a
Whitehead automorphism of F of type (W1) and ¢’ is a chain of one of the forms
(Cl) ¢’ =tMok...cmgh,

) ¢ =t™sh...gmgh
with k € N and both l;, m; > 0 foreveryi=1,...,k.

Lemma 3.1 provides us with an advantage of dealing with automorphisms of F,. Indeed, in order
to see how graphs of subgroups of F; are transformed by applying automorphisms of F», it suffices
to consider how these graphs are affected by only 4 Whitehead automorphisms o, 7, ¢ and 7.

Now we introduce the notation that is used throughout the remainder of this paper. Let I" be a
finite cyclically reduced {a, b}-labeled directed graph. It is clear that there are 11 possible types of
vertices of I as shown in Fig. 2. We put

A(I') = the number of vertices in I" of the form II-1, II-2, [I-5 and III-3;
B(I") = the number of vertices in I" of the form II-4, II-5, II-6 and III-4;
C(I') = the number of vertices in I" of the form II-5;

D(I") = the number of vertices in I" of the form II-3. (7)

Also we put

;\(1") = the number of vertices in I" of the form II-1, II-3, II-6 and III-1;
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11-4 11-5 11-6
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II1-1 1I1-2 111-3
/\:12/\ b ﬁ
b b a a
111-4 IV-1

Fig. 2. 11 possible types of vertices of I".

B(I") = the number of vertices in I" of the form II-4, 1I-5, II-6 and III-4;
C(I'") = the number of vertices in I” of the form II-6;
D(I") = the number of vertices in I” of the form II-2. (8)
For the remainder of this section, let M be a finitely generated subgroup of F,. The following
Proposition 3.2-Remark 3.7, that are repeatedly used in Section 4, discuss the effect of Whitehead
automorphisms o, T, 6 and T on the subgroup graph I'y.
Proposition 3.2. Under the foregoing notation, we have
E(omy) — EUM) =AM) — CIm) — D(I'm);
E(It(my)) —E(I'm) =BUI'm) — CI'm) — DI'm).
Proof. Due to a recent result of [8], we have
V(I'gamy) — V(ITm) = cap(Iu; {a. b}) —n(Iw; b);
V(I'tay) — V(I'm) = cap(Iw; {a, b}) —n(I'y: a).
Since o and t are automorphisms of Fy, o (M) and t(M) have the same rank as M does. This implies

that the graphs I'; (v and Iy () have the same number of faces as I'y does. So the vertex difference
is the same as the edge difference, and thus we have

E(I'ymy) — E(I'w) = cap(I'u: {a, b}) — n(I'w; b);
E(I'tmy) — E(I'w) = cap(I'vi; {a, b}) —n(Iy: @).
Expressing the right-hand sides of these equalities using the notation in (7) and (8), we get
E(Ioo) —EUm) =AU M) —CUm) — DU m);
E(ITmy) —EU'M) =B(UIm) — C(I'm) — D),

as required. 0O
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Fig. 3. Claim 1.
<d) /Q\_O/Q\_. _ 9 /(—Iv—b\()/g\..
(b) a b a o a b b
a b a o a b a

Fig. 4. Claim 2.

Remarlf 3._3._Th_e same statement as in Proposition 3.2 holds if we replace o, T and A, B,C,D by &,
T and A, B, C, D, respectively.

Proposition 3.4. Under the foregoing notation, we have

AlTsmmy) =AU m);
B(I'sm) =AUm)+BU'm) —CUm) —DUI'm).

Proof. Let 1 be the labeling function from the edges of Iy to {a, b}*!. In the following 11 claims,
we observe how each vertex in Iy is transformed in the process of obtaining Iy (). In the proof of
each claim, we assume that every reduced path p; consists of at least two edges.

Claim 1. A vertex of the form II-1 in Iy is transformed to a vertex of the form 1I-6 in Iy ), in which process
a vertex of the form 11-2 newly occurs in I'; (m).

Proof. Let Q be a vertex of the form II-1 in I'y. Also let p; and p, be reduced paths in Iy with
terminus Q and labels ending in a and a~', respectively. Then o (i4(p1)) and o (u(p2)) end in ab
and a~!, respectively. This implies that the vertex Q is transformed to a vertex of the form II-6 by o
and in this process a new vertex of the form II-2 occurs as depicted in Fig. 3. O

Claim 2. A vertex of the form 11-2 in I'y is transformed to

either (i) a vertex of the form I1I-4 or 1lI-2 in It vy, in which process a vertex of the form II-2 newly occurs
in I';vy,
or (ii) a vertex of the form 1I-3 in I'; (my, in which process a vertex of the form 1I-2 newly occurs in I'; (v
and a vertex of the form 1I-3 in 'y disappears.

Proof. Let Q be a vertex of the form II-2 in I'y. Also let p; and p, be reduced paths in I'y; with ter-
minus Q and labels ending in a and b~!, respectively. Then o (1 (p1)) ends in ab, whereas o (u(p2))
ends in a (this happens when w(pz) ends in ab=1) or b=,

There are three possibilities. First, for every p», o ((p2)) ends in b~1, in which case the vertex Q
is transformed to a vertex of the form II-4 as depicted in Fig. 4(a). Next, for some pj, o (u(p2)) ends
in b~1, and for another py, o (1 (p2)) ends in a, in which case the vertex Q is transformed to a vertex
of the form III-2 as depicted in Fig. 4(b). Finally, for every p,, o (i (p2)) ends in a, in which case the
vertex Q is transformed to a vertex of the form II-3 and a vertex of the form II-3 in I'); disappears
as depicted in Fig. 4(c). In any of three cases above, a new vertex of the form II-2 occurs in s,
because o (u(p1)) ends in ab. O
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Claim 3. A vertex of the form 1I-3 in I'); disappears, in which process no other vertex newly occurs or disap-
pears.

Proof. Let Q be a vertex of the form II-2 in I'y. Also let p; and p, be reduced paths in ') with
terminus Q and labels ending in a and b, respectively. Then o (w(p1)) ends in ab and o (u(p2))
ends in b. This implies that Q is transformed to a vertex of degree 1 and then it is removed by the
construction of the reduced {a, b}-labeled graph I'z\). O

Claim 4. A vertex of the form 11-4 in I'y is transformed to

either (i) a vertex of the form 11-4 or I1I-2 in Iy my, in which process no other vertex newly occurs or disap-
pears;
or (ii) a vertex of the form 11-3 in I'; (v, in which process a vertex of the form 11-3 in I'\y disappears.

Proof. Let Q be a vertex of the form II-4 in I'y. Also let p; and p, be reduced paths in ')y with
terminus Q and labels ending in b and b~1, respectively. Then o (14(p1)) ends in b, whereas o (1.(p2))
ends in a (this happens when p» has label ending in ab~1) or b~1.

There are three possibilities. First, for every p», o (j4(p2)) ends in b1, in which case the vertex Q
is transformed to a vertex of the form II-4. Next, for some py, o (i(p2)) ends in b=, and for an-
other p2, o (u(p2)) ends in a, in which case the vertex Q is transformed to a vertex of the form III-2.
Finally, for every p;, o (u(p2)) ends in a, in which case the vertex Q is transformed to a vertex of
the form II-3 and a vertex of the form II-3 in I'y disappears. O

Claim 5. A vertex of the form 11-5 in I'y is transformed to

either (i) a vertex of the form II-5 or 1lI-3 in Iy (), in which process no other vertex newly occurs or disap-
pears;
or (ii) a vertex of the form II-1 in I'; (), in which process a vertex of the form I1-3 in I'y disappears.

Proof. Let Q be a vertex of the form II-5 in I}y. Also let p; and p, be reduced paths in ')y with
terminus Q and labels ending in a~! and b~!, respectively. Then o (t(p1)) ends in a~!, whereas
o (u(p2)) ends in a (this happens when g(p2) ends in ab=1) or b~1.

There are three possibilities. First, for every p», o ((p2)) ends in b=, in which case the vertex Q
is transformed to a vertex of the form II-5. Next, for some py, o (i(p2)) ends in b~!, and for an-
other p,, o (u(p2)) ends in a, in which case the vertex Q is transformed to a vertex of the form III-3.
Finally, for every p2, o (i(p2)) ends in a, in which case the vertex Q is transformed to a vertex of
the form II-1 and a vertex of the form II-3 in Iy, disappears. O

Claim 6. A vertex of the form 11-6 in I'y is transformed to a vertex of the form 11-6 in I's ), in which process
no other vertex newly occurs or disappears.

Proof. Let Q be a vertex of the form II-6 in I}y. Also let p; and p, be reduced paths in Iy with
terminus Q and labels ending in a~! and b, respectively. Then o (4(p1)) ends in a~! and & (1 (p2))
ends in b. Hence Q is transformed to a vertex of the form II-6. O

Claim 7. A vertex of the form 1lI-1 in I'y is transformed to a vertex of the form 11-6 in I (v, in which process
no other vertex newly occurs or disappears.

Proof. Let Q be a vertex of the form IlI-1 in I'y. Also let p1, p2 and p3 be reduced paths in I'y; with
terminus Q and labels ending in a, a~! and b, respectively. Then o (u(p1)) ends in ab, o (1 (p2))
ends in a~!, and o (i (p3)) ends in b. This implies that Q is transformed to a vertex of the form II-6.
Also we can see that there does not occur any new vertex in this process by the construction of the
reduced {a, b}-labeled graph I'c). O
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Claim 8. A vertex of the form 11I-2 in I'y is transformed to

either (i) a vertex of the form 11-4 or 11I-2 in I'; vy, in which process no other vertex newly occurs or disap-
pears;
or (ii) a vertex of the form I1-3 in I'; (v, in which process a vertex of the form 11-3 in I'y disappears.

Proof. Let Q be a vertex of the form IlI-2 in I'y. Also let p1, p2 and p3 be reduced paths in 'y with
terminus Q and labels ending in a, b and b, respectively. Then o (1(p1)) ends in ab, and o (1 (p2))
ends in b, whereas o (;(p3)) ends in a (this happens when ps3 has label ending in ab~!) or b=,

There are three possibilities. First, for every ps, o (j4(p3)) ends in b1, in which case the vertex Q
is transformed to a vertex of the form II-4. Next, for some p3, o (u(p3)) ends in b1, and for an-
other p3, o (i(p3)) ends in a, in which case the vertex Q is transformed to a vertex of the form III-2.
Finally, for every ps3, o (i(p3)) ends in a, in which case the vertex Q is transformed to a vertex of
the form II-3 and a vertex of the form II-3 in Iy disappears. O

Claim 9. A vertex of the form 11I-3 in I'y is transformed to

either (i) a vertex of the form IlI-4 or IV-1 in I';(my, in which process a vertex of the form II-2 newly occurs
in I'; vy,
or (ii) a vertex of the form Ill-1 in I, vy, in which process a vertex of the form 11-2 newly occurs in I'; ()
and a vertex of the form 1I-3 in Iy disappears.

Proof. Let Q be a vertex of the form IlI-3 in I'y. Also let p1, p2 and p3 be reduced paths in Iy
with terminus Q and labels ending in a, a~! and b, respectively. Then o (;¢(p1)) ends in ab, and
o (u(p2)) ends in a~!, whereas o (1(p3)) ends in a (this happens when p3 has label ending in ab~1)
or b= 1.

There are three possibilities. First, for every ps, o (j4(p3)) ends in b=, in which case the vertex Q
is transformed to a vertex of the form Ill-4. Next, for some p3, o (u(p3)) ends in b~!, and for an-
other p3, o(u(p3)) ends in a, in which case the vertex Q is transformed to a vertex of the form IV-1.
Finally, for every ps3, o (n(p3)) ends in a, in which case the vertex Q is transformed to a vertex of the
form III-1 and a vertex of the form II-3 in I'); disappears. In any of three cases above, a new vertex
of the form II-2 occurs in I vy, because o ((p1)) ends in ab. O

Claim 10. A vertex of the form lll-4 in Iy is transformed to

either (i) a vertex of the form IlI-4 or IV-1 in I'; v, in which process no other vertex newly occurs or disap-
pears;
or (ii) a vertex of the form IlI-1 in Iy vy, in which process a vertex of the form 11-3 in I'y disappears.

Proof. Let Q be a vertex of the form IlI-4 in I'y. Also let p1, p2 and p3 be reduced paths in Iy
with terminus Q and labels ending in a=!, b and b~!, respectively. Then o (t(p1)) ends in a~!, and
o (u(p2)) ends in b, whereas o (j4(p3)) ends in a (this happens when p3 has label ending in ab~1)
or b1,

There are three possibilities. First, for every ps, o (4(p3)) ends in b1, in which case the vertex Q
is transformed to a vertex of the form IlI-4. Next, for some p3, o (u(p3)) ends in b~!, and for an-
other p3, o(u(p3)) ends in a, in which case the vertex Q is transformed to a vertex of the form IV-1.
Finally, for every ps3, o (u(p3)) ends in a, in which case the vertex Q is transformed to a vertex of
the form III-1 and a vertex of the form II-3 in I'); disappears. O

Claim 11. A vertex of the form IV-1 in I'y; is transformed to
either (i) a vertex of the form IlI-4 or IV-1 in I'; ), in which process no other vertex newly occurs or disap-

pears;
or (ii) a vertex of the form Ill-1 in I, vy, in which process a vertex of the form 11-3 in I'y disappears.
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Table 1
Vertex transformations used in the process I'v — I's(m).

Vertex transformation ~ New occurrence  Disappearance
S1: II-1 — 11I-6 11-2

§2: 11-2 — 1I-4 11-2

S$3: 11-2 — 11I-2 -2

S4: 11-2 - 11-3 -2 -3
S5: 11I-3 disappears

S6: 11-4 — 11-4

S7: 11-4 — 11I-2

S$8: 1I-4 — 1I-3 1I-3
59: 1I-5 — 1I-5

$10: 1I-5 — 1II-3

S11: 1I-5 — 1I-1 -3
$12: 1I-6 — 11-6

S$13: 1lI-1 — 1I-6

S14: 11I-2 — 1I-4
S$15: 1I-2 — 11I-2

S16: 1I-2 — 1I-3 1I-3
S$17: 11I-3 — 11I-4 11-2
S$18: 1lI-3 — 1V-1 11-2
$19: II-3 — 1II-1 -2 11-3

$20: 11I-4 — 11I-4
S$21: lI-4 — 1V-1
§22: 11I-4 — 1lI-1 1I-3

§23: IV-1 — 1lI-4
S$24: IV-1 — V-1
§25: V-1 — 1II-1 1I-3

Proof. Let Q be a vertex of the form IlI-4 in I'y. Also let p1, p2, p3 and ps be reduced paths in Iy
with terminus Q and labels ending in a, a=', b and b~!, respectively. Then o (w(p1)) ends in ab,
o (u(p2)) ends in a~!, and o (w(p3)) ends in b, whereas o (1(p4)) ends in a (this happens when
p4 has label ending in ab~1) or b,

There are three possibilities. First, for every pa, o ((p4)) ends in b~1, in which case the vertex Q
is transformed to a vertex of the form Ill-4. Next, for some p4, o (1 (ps)) ends in b=1, and for an-
other p4, 0 ((p4)) ends in a, in which case the vertex Q is transformed to a vertex of the form IV-1.
Finally, for every p4, o (1(p4)) ends in a, in which case the vertex Q is transformed to a vertex of
the form IlI-1 and a vertex of the form II-3 in I'); disappears. O

Claims 1-11 are summarized in Table 1.

Note that A(I}y) is the total number of vertices of the form II-1, 1I-2, 1I-5 or IlI-3 in I'y. Table 1
shows that every vertex of the form II-1, II-2 or III-3 in I} is transformed to a vertex not belonging
to A(I'5(my), in the process of which a vertex of the form II-2 newly occurs in Iy (m). Also every
vertex of the form II-5 in I'y is transformed to a vertex belonging to A({»(m)), in the process of
which no vertex newly occurs in I (v). Moreover since every vertex belonging to I's(y) is obtained
from a vertex belonging to A(I};) in the process of applying o, we have

AT o)) = AT w).
On the other hand, note that B(I});) is the total number of vertices of the form II-4, II-5, II-6 or

[lI-4 in Iy. By [Sj] (1 < j < 25), we mean the number of vertices in Iy which are transformed to
vertices in Iy (v by the vertex transformation of type [Sj]. From Table 1, we see that

D(I'y) =[S4]+ [S8] + [S11] 4 [S16] + [S19] + [S22],
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and that

A(I'm) +B(I'm) — C(I'm) = [S1]+ [S2] + [S3] + [S4] + [S6] + [S7]
+[S8]+[S9]+ [S10] + [S11] + [S12] + [S17]
+ [S18] + [S19] + [S20] + [S21] + [S22].

It then follows that
A(I'm) +B(I'm) — C(I'm) — D(I'm) = [S1] + [S2] + [S3] + [S6] + [S7]

+[S9] + [S10] + [S12] — [S16]
+[S17] 4+ [S18] + [S20] + [S21]. (9)

Since every cyclically reduced finite {a, b}-labeled graph I' has the same number of faces as
1/2(the number of vertices in I" of the form III-1, IlI-2, IlI-3 or IlI-4) 4+ (the number of vertices in I"
of the form IV-1) + 1, and since I'y has the same number of faces as Iy vy does, we have

[S3]1+4[S7]1+[S10] + [S18] + [S21] = [S13] + [S14] 4 [S16] + [S23].
Using this equality rewrites the right-hand side of (9) as
A(I'v) +B(I'm) — C(I'y) — D(I'y) = [S1]1 4+ [S2] + [S6] +[S9]

+[S12] +[S13] + [S14]
+[S17] +[S20] + [S23]. (10)

According to Table 1, the right-hand side of (10) equals B(/%(m)), which completes the proof. O

Remark 3.5. The same statement as in Proposition 3.4 holds if we replace o and A, B,C, D by ¢ and
A, B, C, D, respectively.

Proposition 3.6. Under the foregoing notation, we have

AlT7my) =AIm) +B(I'y) — C(I'y) — D(I'w);

B(I7(my) =B(I'm).

Proof. As in the proof of Proposition 3.4, we can analyze how each vertex in Iy is transformed in
the process of obtaining Iy (). We summarize our analysis in Table 2.

We may apply an argument similar to the proof of Proposition 3.4 to get the required result, which
completes the proof of the proposition. O

]_{erpagl(_3.7. The same statement as in Proposition 3.6 holds if we replace t and A, B,C,D by 7 and
A, B, C, D, respectively.
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Table 2
Vertex transformations used in the process I'v — I't(m).

Vertex transformation ~ New occurrence  Disappearance
T1: I-1 — 1I-1

T2: I-1 — IlI-1

T3: 1I-1 — 1I-3 1I-3
T4: 11-2 — 1I-2

T5: 1I-3 disappears

T6: [I-4 — 11-2 -6

T7: I-5 — 1I-5

T8: 1I-5 — 1lI-4

T9: 1I-5 — 1I-4 1I-3
T10: II-6 — 1I-1 11-6

T11: 1I-6 — III-1 11-6

T12: 1I-6 — 1I-3 11-6 1I-3
T13: 1lI-1 — 1I-1

T14: -1 — 1II-1

T15: II-1 — 1I-3 -3
T16: 1I-2 — 11-2

T17: 1I-3 — 1II-3
T18: 1lI-3 — IV-1

T19: 1lI-3 — 1II-2 11-3
T20: 11I-4 — 1II-3 -6
T21: 1lI-4 — IV-1 -6
T22: 1lI-4 — 11I-2 11-6 1I-3

T23: IV-1 — 1II-3
T24: IV-1 — V-1
T25: IV-1 — 1II-2 11-3

4. An example of volume equivalence without rank equivalence
Throughout this section, let F, = F(a, b), the free group with basis {a, b}. We start with fixing
the notation that is used throughout this section. Let I be a finite cyclically reduced {a, b}-labeled

directed graph. In the beginning of Section 3, 11 possible types of vertices of I" are depicted in Fig. 2.
Then we put

)

P;(I") = the number of vertices in I" of the form II-i foreach 1 <i <6
Qj(I") = the number of vertices in I" of the form Ill- j for each 1 < j < 4;

R(I") = the number of vertices in I" of the form IV-1.

The following lemma is needed to prove Theorem C from the Introduction.

Lemma 4.1. For finitely generated subgroups H and K of F», if E(I'yH)) = E(I'y(k)) for every automor-
phism ¢ of F», then

cap(Fpys {a*'}) + R(Tpay) = cap(Tpaios {a*'}) + R(Tpx)
for every automorphism ¢ of Fa.

Proof. Let ¢ be an automorphism of F,, and put

Hi=¢(H) and K;=¢(K).
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By the hypothesis of the theorem, we have

E(I'5Hy) — E(TH) =EUT5 k) — E(k,);

E(I5H)) — EUH) =E(I5k,)) — EUk,);

E(Iry)) — E(Hy) = E(U k) — E(Tky)s
E(It-1(yy) — E(THy) = E(Tp-1k,)) — E(Tky)-

In view of Proposition 3.2, the above equalities yield that

Pi(I'uy) + Po(I'wy) — P3(THy) + Q3(Twy) = P1(Tk,) + P2(Tky) — P3(Tk,) + Q3(Tky);
P1(I'y,) — P2(I'y,) + P3(I'y) + Q1(Uy,) =P1(Tk,) — P2(I'ky) + P3s(Tk;) + Q1(Tky);
P4(I',) — P3(I'ny) + Pe(I'hy) + Qa(I'H,) = Pa(I'k,) — P3(I'k,) + Pe(I'k,) + Qa(Ik,);
P4(I'y,) + P3(I'ny) — Pe(T'yy) + Q2(I'yy) = P4(Tk;) + P3s(I'x;) — Pe(I'g;) + Q2(Tky).

Adding altogether these equalities, we get

4 4
2{P1(I'uy) + Pa(Tu)} + ) Qj(Tuy) = 2{P1(Tk,) + PaTk) ) + D Qj(Tky),
j=1 j=1
so that
1o 1o
P1(I'y;) + P4a(I'yy) + 3 ZQj(FHl) =P1(I'x;) + Pa(Tk,) + 2 ZQ]'(FK])- (11)
j=1 j=1

Since rankHy =1/2Y"%_; Qj(I'n,) + R(I'y,) and rankKy = 1/2Y°%_; Q;(Ik,) + R(Ik,), we obtain
from (11) that

Py(I'y,) + P4(I'y,) + rankHy — R(I'y,) = P1(I'x,) + P4(I'x,) + rank Ky — R(I'g,).  (12)
Also, since E(I'y,) = E(I'k,), we have
6 34 6 34
Epi(m) +5 ; Q;j(IHy) +2R(Iy) =§Pi<n<l> + 5};‘ Q;(Iy) +2R(Ik,),
so that
P1(I'ny) + Pa(Tw,) + cap(Typcy: {a*'}) + rank Hy
= P1(I'k,) + Pa(Ik,) + cap(Tp(xy: {a*'}) + rank K;. (13)

Subtract (12) from (13) to obtain

cap(Tyy; {a*'}) + R(Iy,) = cap(Ik,; {a*'}) + R(Ik,).
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Fig. 5. The subgroup graphs I'y and Ik.

namely,
cap(Tyy; {a'}) + R(Tpa) = cap(Fpio; {a™'}) + R(Tpci0)),
as desired. O

The following theorem answers, in the negative, the question of whether or not the volume equiv-
alence of two subgroups H and K of F, necessarily implies that H and K have the same rank (cf. [1]).

Theorem C. Let
H=([b.a"']b[b,a"']ba"'ba),
K= ([b,a‘l]z,ba_l[b,a]b_2a>
be subgroups of F(a, b). Then H and K are volume equivalent in F (a, b) but rank(H) # rank(K).

Proof. The subgroup graphs I'y and Ik are depicted in Fig. 5.
From Fig. 5, we see that

E(I'n) = E(Tk), (14)
and that
R(I'y) =0=R(I%).

Also, from Fig. 5, it is easy to count

A(I'y) =6, B(I'n)=17, C(I'n)=3, D(I'y)=3;

A(lx) =5, B(I'k) =6, C(Ix) =2, D(I'k) =3;

A(Tw)=6, BUw =7, CUw =3 DUTm=3

A(I'x) =5, B(I'v) =6, C(Ik) =2, D(I'x) =3. (15)
Hence we have

A(I'y) = C(I'y) = DUI'w) = Alx) — C(I'x) — D(I'k);
B(I'n) = C(I'n) = D(I'n) = B(I'x) — C(I'x) — D(Ik);
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Loy

Fig. 6. The subgroup graphs I';(yy and It k).

A(I'y) = C(I'y) — D(I'y) = A(I'x) — C(I'k) — D(I'k);
B(I'y) — C(I'y) = D(I'y) = B(I'k) — C(I'x) — D(I'k),

which implies that

E(I5H) —EU) =E(5x) — EUTk);
E(I'twy) — E(T) = E( o)) — E(Tk);
E(I5my) — EIH) =EU5 k) — ETK);
E(I’sHy)) — E(Ty) =E(Isx)) — EU). (16)

Let ¢ be a chain of type (C1) or (C2). We define the length of ¢, denoted by |¢|, to be the number
of factors o and t in ¢ if ¢ is of type (C1), and the number of factors 6 and 7 in ¢ if ¢ is type of (C2).
By induction on |¢| > 1, we shall prove both R(I'yny) = R(I'y)) and E(Lyn)) = E(I'y(k)). Then, in
view of Lemma 4.1, the equality cap(Iyn); {at'}) = cap(Iyk); {at!}) will follow immediately.

Case 1. ¢ is a chain of type (C1).

We may assume that ¢ begins with 7, because the graphs I'y and I'x remain unchanged by
applying o. The subgroup graphs of t(H) and 7(K) are depicted in Fig. 6.

From Fig. 6, we see that there are no vertices of degree 4 in any of I;(y) and Ir(k). Hence,
if |¢| =1, then the equality R(F¢(H)) = R(F¢(K)) is obvious. Also, the equality E(F¢(H)) = E(F¢(1())
follows from (14) and (16).

So let |¢| > 1. First, we shall prove that R(I'yH)) = R(I'y(k)). Obviously R(IyH)) = 0. Let us now
consider R(I'yk)). From Tables 1 and 2 from Section 3, we see that every vertex of degree 4, if any,
in the graph Iy can be obtained only from a vertex of type II-5, IlI-3 or 1lI-4 in the graph I (k).
However, in the graph Iy k), there is no vertex of type IlI-3 or IlI-4, and, moreover, every vertex of
type II-5 remains unchanged even if we apply further o and t. So there cannot occur any vertex of
degree 4 in Iy k), which means that R(I)) =0, as desired.

Next, we shall prove that E(Iy)) = E(I'y(k)). Observe from Fig. 6 that

CIrmy) =2, D(Irmy) =2;
CUTw)) =2, DIty =1,
and, furthermore, that for arbitrary non-negative integers ¢; and m; (1 <i<t),

C(th[(rzt...fmlgzl r(H)) = 2, D(F-[mra'(t...fml ()'Zl‘[(H)) = 27

Clmgteematiog) =20 DWemgteomgtizqiy) = 1- (17)

Please cite this article in press as: D. Lee, E. Ventura, Volume equivalence of subgroups of free groups, J. Algebra (2010),
doi:10.1016/j.jalgebra.2010.03.027




YJABR:12925
20 D. Lee, E. Ventura / Journal of Algebra eee (eeee) eee—eee
We consider two cases separately.
Case1.1. ¢ ends in o.
Again, we divide this case into two subcases.
Case 1.1.a. ¢ ends in o2
Put
¢ =0’¢1,
where ¢7 is a chain of type (C1). Also put
Hi=¢1(H) and Ki=¢1(K).
It then follows from (17) that
CI5Hy)) +DUTsHy)) — CUTH) — DWUH,)
=CTo ) + DU b ky)) — CUky) — DUky). (18)
In view of Proposition 3.2, we have
E(U5Hy)) —EUTH) =A(THy) — C(THy) = DTy );
E(I' k) — E(Ix,) =ATg,) — CIk,) — DIky).
Then by the induction hypothesis,
A(T'Hy) = CU'Hy) = DUH) = Alky) — CTky) — DTky). (19)
Again, by Proposition 3.2, we have
E(I'v2y)) — EU o) = Al owy)) — CUoy)) — DU o wy));
E(I2k,) — EU s k) = Al 5 k1) — CU 5 k) — DU 5 (kyp))- (20)
Here, in view of Proposition 3.4,
A(TsHy) =ATH,) and A(Tp k) = ATk,)-
These equalities together with (18), (19) and (20) yield that
E(FUZ(H”) - E(Fa(Hl)) = E(FJZ(K])) - E(Fa(lﬁ))-
Combine this with the induction hypothesis to finally get

E(FO'Z(H1)) = E(FO'Z(I(1))’
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that is,
E(IyH)) = EUpx))-
Case 1.1.b. ¢ ends in o 7.

Put

¢ =072,
where ¢7 is a chain of type (C1). Also put
Hay=¢2(H) and K;=¢2(K).

It then follows from (15) and (17) that

C(It(Hy) + DU (Hy) — CTH,) — D(Iw,)
=CI7 k) + DU 7 (ky) — CUTk,) — D(Tk,).
Apply Proposition 3.2 to get
E(I7(H,) — E(I'y,) = B(I'y,) — C(I'y,) — D(T'y,);
E(I'tky) — E(I'x,) =B(Ik,) — C(Ukx,) — D(Uk,).

Then by the induction hypothesis,

B(I't,) = C(I'y,) — D(I'h,) = B(I'k,) — CT'k,) — D(Tk,).

Also, by Proposition 3.2 and the induction hypothesis,

A(l'y,) —C(I'n,) — D(U'p,) = A(lx,) — C(Ik,) — D(I'g,).

Apply again Proposition 3.2 to obtain

E(I5z(Hy)) — E(dT(Hy) = ATt (Hy) — CT T (Hy) — DU T (Hy)):
E(lsr(ky) — EU (k) = Al T (k) — CU (k) — DU (k)

Here, in view of Proposition 3.6,

A(It(Hy) =AU H,) + B(I'y,) — C(I'y,) — D(IT'y,);
ATt (k) =AU k,) + B(I'k,) — C(Ik,) — D(I'k,).

These equalities together with (21)-(24) yield that

E(I'z(Hy) — EUTT(Hy)) = E(orky) — EdT(k5))-

YJABR:12925

21

(21)

(22)

(23)

(24)

doi:10.1016/j.jalgebra.2010.03.027

Please cite this article in press as: D. Lee, E. Ventura, Volume equivalence of subgroups of free groups, J. Algebra (2010),




YJABR:12925

22 D. Lee, E. Ventura / Journal of Algebra eee (eeee) eee—eee
b g b a b
a
a
b a
a b
b a b
Ly D)

Fig. 7. The subgroup graphs I'z(y) and I (k).

Combine this with the induction hypothesis to finally get

E(I57(Hy)) = EU5t(ko))s

that is,

E(IpHy) = E(Tp k).
Case 1.2. ¢ ends in 7.
This case is treated similarly to Case 1.1 to obtain the equality E(Iyn)) = E(Tgx))-
Case 2. ¢ is a chain of type (C2).

We may assume that ¢ begins with 7, because the graphs I'y and I'y remain unchanged by
applying o. The subgroup graphs of T(H) and 7(K) are depicted in Fig. 7.

From Fig. 7, we see that there are no vertices of degree 4 in any of I';y) and Izk). Hence, if
|¢| =1, then the equality R(I'yH)) = R(I'y(k)) is clear. Also, the equality E(I'yn)) = E(Iyk)) imme-
diately follows from (14) and (16).

So let |¢| > 1. First, we shall prove that R(I'yn)) = R(I'y(k)). It is obvious that R(Iyn)) = 0. So,
let us consider R(Is(k)). There are two vertices of type Ill-1 in the graph ;). Denote any one of
these vertices by vi. Let p1, p2 and p3 be arbitrary reduced paths in I';y) with terminus v and
labels ending in a, a~! and b, respectively. Then we see that w(p1), u(p2) and u(p3) always end
in b~1a, ba~! and a~!b, respectively. This yields that the vertex vk always remains as a vertex of
degree 3 even if we apply further 6 and 7. So there cannot occur any vertex of degree 4 in Iy,
which implies R(I(k)) =0, as desired.

Next, we shall prove that E(Iyny) = E(I'y(k)). Observe from Fig. 7 that

C(I'zuy)) =2, D(Izwy) =2;
C(lz)) =1, D(I'zk)) =2,

and that for arbitrary non-negative integers ¢; and m; (1 <i<t),

E(Ffmr&ft...fmu’rll f(H)) =2, D(Ffmt&@r...fmléﬁf(m) =2;
E(Ffm:(‘;é:...fmm‘ﬁf([()) =1, D(Ffmr(;éz...fm1(‘;41f(1()) =2.
This situation is similar to (17). So, from now on, we can follow the proof of Case 1 to derive the

equality E(TyH)) = E(Tpx))-
Now the proof of Theorem C is completed. O
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